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63.3 


(1) If till' Hjiiti'Ui of furcos is riHlut'ililfl to a eouplo, in which 
ease » » 0 , tlwt is, x sa Y * 0 , < 1 , = » j coiiHi'iiucntly the mo- 
iKient of that eoajilo is tho 8ftm& for all iwiuts iu the plane of the 
forces. 

(5} If the moiiteni of the reaultant eonple vanishes for three 
points ill the plane of the foroeii which are not in the sanio 
straight line, the gyHtem ia in equilihrium. For if (d?i,li)> 
(•*■«! J't) three points in the plane of the forces, and 
wiUt reference to them we liavo 

Q — t», + Xf, m 0, 

0~Yar,+Xf, ■« 0, ■ (?6) 

O— Y*, + X|^, SB 0|, 


then eliininatinf x am! n wo have 

hilt tlifi ■eooml factor of the left-hand member of this equation is 
twice the area of the triangle of which the three given points 
are the angular |K>int* ; anti as they are not in the same straight 
line, it doi^ not vanish : consequently <1 = 0 j and similarly 
X as 0 , Y ao » ; and thorofore the system is in equilibrium. 

(fl) IlentMi if the moment of the resultant couple of the system 
taniala* for throe jiointo in the plane which are not in the same 
atraight line, it alao vanishes for all points in the plime. 

(7) If the nirimcnto of the resultant coiqdes of a systom are 
given for three jKiints not in the same straight lino, the moment 
is given for every other iioittt (*„ y.) of the plane. The given 
«|uatio»* aw 

0 , * 0 + 7-*'|-5t.fu 1 


0, SB tJ + xj'.-xy,, ^ 


(77) 


a, SB ii-f Y«,— xy, 5 J 

from which «, x, Y may \m cktormined } and consequently a„, 
of rvhich the value is given in (75), may \m found. 

tlJt.J The pwwling invwitigations on the composit bn of forces 
ill one plane have tlepended on the magnitude, line of action, 
and flircrtbii of the acting hmm i hut, the prineipk of tmns- 
minsihihty having Iwn applbd, have been iiulepcndent of the 
pMinto of application of the forces. 1 come now to t he problem 
analogoiw to that of Art. 56, and proiKisc to I'oiwidi'f a case in 
tthbh flic last ini^ta art requiriHl j vb. to investigate the 
cireimistanTOs nmler which an equilibrium-systwn of force# in a 
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nlauc will also lie in tKjHililirinm, wWii !l»’ i . .i« .|.i«v4 u« 
the moit ge»ral iwmner in tHe J tin' m K ... 
of awHt-ation in the My, »nd ..| »1„. »..r. .* i, ty 

mttw as liefore the dwplioeinenl. awl iW !»».•« ..f .•. !>»„ ty 

new iiowtion of the My beinir ^fflliel t.* th*-.*’ »» »J« ** i»»> i 
position j or, in other wtmk, when the oi ti„. 

we tnraod »» >»*“® direction thnoiifh lh«’ miio’ »»» 

theplmwoftliefowe. 

I^fc m take two tytitim of reot«»nr»»l«r r4»..«I»n«to 
of (*,y) fiM in the My, end the other of (A /« h'o«*l •« <h.« 
plane of the foiwi | »wil let the« rwm,i.l.. «« the r.rignwl 
jKwition of the My. IM the My W shifWl ihrooah .Iwtamv* 
C«'i,y») naiiavtively, |««iUel to the »»rijfi«*! fnwj »%re, m> that the 
oniiii of the iiitw Axed »« the b.aly is hn.»itfht to the jaiiwt 
M let the lenly l«e turned thnoiijh the angle H al««it 
m asi* perpendienlar to the plane «»f the hirwa, and jaMMiiog 
throttgh (#„ y.) S then, if (/. /} W in nefeiwnee to the a«e# Iked 
in spee th® tnaw pint »• C-r, y) in rdfownee to tlie Mm* Iked in 
tib Wy, ^ % 

/■* r,4.#e«*#— yiinn, I 

/m y,+#«nl>+ymii®d. I 

N«w M the if atWB of f»iw* is i« eH******'"***" «*''i«tnal 

and in the new paitloiMi of th«* My, and a* tlm hiw of a«*ti»in 
of a force in tb new pMtion ia foifnlW !•» that »n lb fotmer 
pntion, we bee 

m a,p«n« m sr(;#*i««”yew*mi m «, ctW} 

a.r(afidiia-/««a#) a* » i i*") 

Mtb 'wd««» irf if$f wbieh tm »i»wi in (?e| W in 

(«0)j Ibn 

*i a.r m» «— f t i.f e<» • 

id«lt.PC*'e*»s« t y*in'«'J 

A* the firrt three tmM of tbia eiprwwiwi* ta*M*h t** »- va-o »f 
( 79 ), we mnat but bio 

a. r s . 

am! a.s this i» ilHh-pMdi'Ot ./l .i., y., \ ‘ 

dmphtt'onuinti of lb bdy, and a : ■ 

111 iht' {bftiHSi and ih;". j- ut'.'' - i 
systl'ttl is is Wbt(’1r4:'«' i» 

li.nlv, ■>. H*i fb phitm *-f li«.- '■■■■ 



piilicatioB of well htm l«a t«» iHilat 

ilfitMl orifin Wing th« jmiIh, imhI th»> fixed 
«iiu«. liet (r, 9) \m Uia id aiHdit‘ation 
rwdved •long and jHirimMlieulurly to ilin 
1 1; W thp compeneni ^«ng Ihii rwliu» vretor 
li» jwle, wid l»t V b« ealUil the fvuimi enm* 
h« ewinponent aetinf perpiadicukrly to^ tibe 
tending to inereaiw 0, and let it l« ealled //f« 
mii nil tlnww Wng tyjw-»ymlM»K and type* 


IJ.IIIU-' 


, »,f (jr Iwa « +1' •*»« *•) **‘* ' **» 

a.p (# «n tt— y a) ■» ■ »• (W) 

Th«» tt, whirh repn^nti. (i3). k Uw anm nf th« pwdaeto of 
melt ireiitwl ««hI iHa dbtanat fwin the owgm of ita 

laiint «r «|ndiwiti«». lad « h« ««1W rndml numml . A« 
the lim* «f iMdton nf •« th# c««t«d oompnonta imaa through 
the mittn, thoy pnaliw iw proetiirfl nf mtotton idiout that 
jwiiit} wiiwxiMHiUy the woniwnt of the rwmUant i-ouide w due 
I, the tnin*vef»«l iwiniioiienta only i and evnkntly, w tn (M), 

Thoa if an w|Milit»rii«ni-« 3 «*«n of force* »»> o«c “• 

in after the d^di«l«wl^ of *1® *^*1; to the 

mLi mmUmm, the of the hmm are gtvm 

t.v til-* Jiiiir oonditioiMi . 

' X w f m U m n. W 

•li,. .,.1 Ikm. U.g "quHK » ‘W.'k" ■>'*‘7,r'“S! 

1^ — n ■ « ne l»r. Wiwsia* 



an additional oonditioa w that it iiwuia « 

system after di^l*M»imenti 

641 Sum>ose now one fiwe to iw laKon out 

** (• * t I- J 'Lm *»#■*** ill *■%#*.•* 


applied at (% |), iU btiiif iiiil I 

action being tura^ in the |iliuttt of llie formi tiinmgli 


and these assipi the ponit b» of the wttw of I 
If the QTstem conaWa of |NimIW fowfif** 

K m OOSa n m ^n% .j *,v 
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wS»»« l» iW*' *»*»»** m (S 3 ). 

uri.J Till* w«tn» two forc«t aoUng in n |>k«e tm two gi?<»n 
ntity t)»»t«Mmiin»d in the following inittiniT Uy n gi«o> 
ioi«tr«t‘iii txiiwtruotiott. Iiot the forMi Im r, ^ and let their 
of ii|t{t)imtiun he a wit) « | let tlie linen of ttottoii of the 
fiinve ntiwt itt t> ; dmerihe « drele [teiwtig through o, a, n | and 
ki ot: l«e the liitif of notion of the rmultant M, and let it eut the 
idrele in t { then v M the oentre of r, Q. Wliahwer b the jawi- 
ti«n of o in the einmmference of the dn»l« Imtweea a and », and 
MittiNwo it to Iw at ti', the aiiflM ACfn, Bo'0| oo^'a mt) •qnal 
wvemJty to Atin, Mtu% t OA i an that tho aotion-Him of all the 
tamm are turtwtl throt^h eiiiuil anglM in the plane of the forces, 
M long aa n M on the etreumfwMM of the drele} and aa the 
fl{}iiilihiatiitg rebtion between r, q, a depiidi on thaie angl« 
only, it ia tlw aanio whatever w the jmnition of «/ 1 hut in all 
0 rentatn* the laiBie i therefore u b the wntre of tho foroea. 

00,3 Tlie twilbl moment of whbh the value b given in ( 83 ) 
ha» the following pnipertiwi! 

(I) Sinee 11 ■■ » 4 .'r m i.pj-ooaa+i.rf am#, it api*«w that 
the rmlial moment of the whole ayidem b e<ittal to the aiim of 
the rmltal rooment# of the two syrtOB#i of the iwdived forces 
along the axe*. 

(3) It b evident tlmt th« vtliw «f the radial moment b not 
allenxi, whatever b the poailioB of the etKinlinato axes, if llm 
origin reimiiii* the mmt. 

(.1) If the ongm h# wmtial to pint (<«••* y*)} so that, if 
/,/ are the rwrdiaatos til tha new origin, 

ilool », f n m a. r (j'eoa • + /rin a) + », s,p eon « + y, s.r sin a 

I ./i?* + 9, *.f eoa «+ #• »•* « i 

k.. th)»t *f ii4 b it* value at (#«i#«}r 

.% M,» ^ (»t) 

^«d tho* the twliaJ nuiOMmt vwba with the jiotttiMW ol the origin 

Im it m 



Kll 




If {*»*]!>) »• • prtn* •* th® ■ • ■ ‘ 

limt w, «i wHicfc «, • 0 , then 

wlitrli k Ih® »|««lit»ii Im a hiw, <4 hI,«v1, 

mir4iii«t«M{ aoJ *1 any |-»»»* sm .. 

riMty momvnt 11ii» hiw ** «*ll>i4 tit /?’ 


t>n Ifcii #*»4 f*»”S si 

tUa «!* lH» fe«wi» iip» on lli»» ln»« *4 ,4 

M it alii*** •* it •|>|«»«» (*?) lw“* «*» Its*' ,.f 

arlinn *if tW i •!«» vi »» sli« nslrtwli**ii 

of taw liiwa, anti lb#*!* Ia»* mirm*-!, m lb*»r t^m* 

tiniw alivw, at r%kt an|{W. 

Ftmui (at) « mmm nf ilimwfwwt# may >•»» ntntiLiir to 

ikuMi a-ba’-li liavv barn tnfrft«s«{ i«» .\rt. ns. ffi»iw U >i| 

#^43 If tbr nyrlrm «rf f*«fr»9» in il» wf*g*n*| r*>i»ilitiwn k t». 
dliMibk to • i*» *b«l » f *’»»• a «• «', t r a •• «», bml tbai 

n Ml S «b>im nwt t-»m«b « *n4 4 aflrt tbr ilk> 

islnointrttt th» ryttom i# m rijnibtomm-tyrtom, Iton ln»m fill, 

tiMi# tm ■ i . * ti») 

%t{» «i»* SI ♦ y MU «i II ' 

Nttd tbtt* tlM> Mtftk k tbfiawgb «bir>b lb* mwA 

to tuni^il, «M aw to to Isna^bl into nit <R{tilbiirwiii<iiyti«w. Tbk 
tMHtlt m •!•<> MMMftot ftow tto toltow'inff 

I^rt Ito tonw* nf tto iwmfito to tabkb ito ay atom h 

«a|ni«itont to an t umI l»t tlwir »4 to 

totil’i) Mwi tot • to ito M^sfto brtwwn Itoif artiwn'Itww 
imi atol b* a to ito liwlnnrw Mwwn iliwr 

ininlr^ bvliiwi* tbi« liwr «9 i 4 ito . 
Kim et tto town, fkm if Ito imm *4 miimn ito fw»iw» *.ti’ 
titrndl ttouash m # towwni* tbr btir tbiw Ktsn 
ito «to^ ri^ tto twn town nill n«MM»imto« «w:b .4to«^ *><4 tisc 
ay»l«w will Iummi* m ii|«ilitoiiii»**| *»#«♦.• K<« ^ -* t, i- «■.*. i, 
II aa ?! * 1 #* I «» . 


IS ittob M Ito i 


toniwi I 
M* 

• (ii). 



rpinlwl 1*11111# of foiwi #loi^ ihwm #*#• } then 

* Mi r, roini 

m *,r iw • I 

¥ » r, co» /}, + r, ow 4 . . . + 

m C® 8 ) 

t « f I f • 4 •** ^ 

m aroMiyJ 

m>l r.»i»«|«^»illy, if « in ih« wiwHimt of th«w thn .• (hr*-..., 

l» ■ 1* 4 »*+**! 

mm\ »f A, I? ««» llw of tlm lin« of »<*twn «f «* 

. ma^ttilodir, Uio ««« of oelioa, md tho dilution of 

Itl. ^ 
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As to ft® 0 ®*fte which »ri«w» fwm i*. it** i«*‘»tM'ss5 i-- i-f : 4«4 
asj 9 is the perp^sdieular durtwiw tnm iIm’ «»n«o» . ft 1 4 ... 
ing through a po*»‘ ^*>9* **‘*''‘ ’ *' ' ’ 

j9« « (^wy-* «osj8)’+{s «»«—*'”’• S'** * ’J 

and as the rotatioBmitw of the mij.le i« *il,tr v, »!«• 

plane pr»*ff throi^h the orijfin ««4 th»*« hf***. ii-4 

direction-cosiaee aw 

yoosy^ieoaff $cma-*cmY^ # «i# |1 ~ r.«. 

JP Ji ,P 

in aco«rdM »«5 with the law of Artble (83) iri m ll»> 

moment-axis of the ciiii|»i« along the Ih w iwanhnate »si^ j 
then the r®wlved part* aw r (>»»• y - # f i j s r.w y|, 

r (#co8 <«»«), which aw the «jf tlw* ihrw imuii. 

poaent conplw, and wh«« wtation-axoe aw al.»Mg the Ihnw 
coordiRate aKW. Let the wnplea curwapitwlmg t*» all the im. 
pr«d foR» be wnilarly rwolwil, awl h*i t, a, w Iw ihe #um* 
of the moment-Miei of those ennplw wImm rt>tatiiin>aiiw aw 
dbnf ^ thm coordinate atm : m that by r«wMin of 
(80) Article i% 

ii sail (yiOeeyi^^Si Hh • - * 4' sr# Cj^»noa y^ — cia* 4 ( |n8) 

similarly g « *.p(»«ai «-#««• y)i » (tot) 

» sa ».a(d'eeii)l-f eoae) I _ 

imd if o is the wiultMt »ei««»l-axia of ihwe three waiplee, 

«• SB !.• + *• 4 a* I |I04| 

and if the #rediMi«Wf!«a tlw rwiiltant rt»iatifi«i*a«i« aw 


tmr m } 

<1 


(SOD) 


so that Iwth the M«MHnt«Mia and the fwlalio»»»«»w of ih.* w. 
snltant couple aw ditawiiMNl, Thtts the f«rro« «w jwlurwl to 
a force of twwhillon, tta. !• wding at the ofiipn, ai«4 tw » 
couple 0 , whew ixfa k datinwined by ( losj and f i »*« 

69.] The formtilao (194) w^itlw elower 
right-hand momWr rf i^h of the wpwtlon* 
p^, one of which fi i^mtcd with a pwiln 
wiih a negntive Mg«, Thwi 1 , m newpow*! |W« J? .^1 

couples, via. x.p^t wiy8»d —Macoait j the fftmrr -.4 i:» 

the sum of a syitfeio of aMples, the fonw in mrh »i « hs*-;. i'-j 
s-wmponent of the iwpr<«#aid fewc, and ilw »«« ««. n,f> , 
nate of Its point tii f^iwtlntii and m il«* tin* 


(H).] iiisijHwiTms or roitcKH in wace. 88 

>4' fUti h i« thp f«c»imj>onciit of ti» impr«Md force, 

mill tho *«« i* #-onlin»l» of it* of aji}«li«>!ttio!i, Ima- 
ijiH,. sli<>f«‘foit' tlio foroB r to lie, mi it* |ioint of application, 
ntlft componont* along lino* panlW to the eo- 

urtliiw**’ «*w; *»« rcw«a, I'cou/i, juntsy; and lot 

ftiHphw* Iw rotwklwni po*itiv«, whioh having for their rotation- 
#in*or«lly the axn* of #, jr, mid #, tenil to turn the hody 
toon the jr-ani* to the «*a«i«, from the ?.axi« to the /-axis, from 
the ^--axi* to the jf-a*i*{ and let thime oMuples lie negative 
n hieh net in a eontrary direetion ; which arnngeinent, it will 
till olMwftetl, i* oyeiimi. Now mtmidcT rcoay; and, fig, 36, 
intivwlnOT at m and at o two ei|ual and oppoaito fofM, etimd to 
it and acting {mrallel to it* tine of aetiuni *o that wo have a 
immllel and »i)ual force aeling at o, and two <»upl«i, of one of 
which the arm i* um, and of the oilier the arm is kh ; of which 
the former ha* the axi* of y for it* nitation-axis and it neptive, 
and the latter ha* the axb of # for it* rotaiion-axi» and i« 
poaitive i liwnw r ww y acting at r i» rejdneeil hy 

A parallel and otpial fnree, m reo*y, acting at o, 

And a emiple w Iiomo mi>roeni i* r eiw yy, and whose rtito- 
lion*a*w hi the asi* of #, 

And a wmple who*e moment i* —fcoey#, and whoso rota- 
tian>axw i* the axi* of y. 

lly a elinilar proi'e** will r ooa a and v eoa fi tie replawd ■ and 
the eanie pmeea* having lieen pftrtfortned on all the impreeeed 
fiim**, we have ultimately 

a.r r«*n arting at n along the axi* of f, 
s.r mm |1» •••••*•’• jfi 

l,reM*y 

and the wwjde* wh«*e momwela ate 

J ,f i y e«*i. y r pw* /T), the mtetloii'aak of which i* the axis of jr, 

s «-<*■«»• yh • • 

».r y^we), • • f , 

nhi.*h ftpvnlla are the Am* tavwiliptoil in the prifvdiwg 

‘I hr pfin**i|»l« on which i%1M are afllxml t« ♦•nnideii i* oi 
mtUimty } we have ehoam one dejwmdiiig on the order 
„f ih« h4iem which dwlingtiiah the coordinate mmi the wn- 
irmto iwliiy of the aign and diwetfea ia involvixl in tho wgn 
„i III f iti3h which may he irithMr pomtiva or 

Ha 


A5< E«ini IMII 


*}«» 

twilling s 


»4 


7tl,J Tb* f>( ft»tvrm lliMt 

imMiliitttiii I, iInk lin« »rHtm «f 

m nflrtlrarily {)«*ifilt •»»4 !« « 

Miaiitvnt ht o, iHw* mm t>mt mm* l.» ! 

(I) wfew »)■«■(*>, »»l lb* WaJjr i» »l pe»'t »r.raii«i ^ 
nOTl}M>r « ftww# »f tnmilalw^ »»»» » r«>«i|4<p >s . »,» hSk.-Ji 

wp ImfP Ml a *,*, ^t,4 

ItM » Unitp MAKWlndk, In uliirl* *f»*» ibir •»»!*«» >« I,, 

lb»<lin(^n»« *»C •buns' U i 

(i) •h»ii « • o, tmA i bM * 6»»l* m ijt,. 

Ml w«l»w 4 l« • irtttgb IWw >4 tlw byw 

tu'lMin wf •hkli iW ii). mkm » mhI q 

Hrw |h4Ii nf iiniip mititntiMtb a m l}i»« l«*l if tl,^ iim, ^ 

■rlMii) of H itm in Ihp of lt*« f*>fr«« <»f u« m Attxl IbMiW tww 

fnivM bnving Itnw <4 nrl*»n m Ihn mmf mm fmlnrilib In • 

Mnirb IWfw m n, itn4 «» ins** itw Ittit4 rmm. Alt tlww cMit 
•ill tin pfMMMipmt m it**' Wlonin^ l««^, 

ti4 m An4 Inbn iW mm •}m^ m m u ** n ^ iImiI i*, wlwn lb* 
inMrtipIp nt lli» ntwlmnljr rbopn origin i* nl rwii, mmI wlttn 
tlnm b no t»it4oii«^* in fwintiitni niwnl Mijr «»i* |w»iiig ihtMigb 
IImiI ^at, m iImiI iW •Kob tjivipat b in , nn4 Ejr 

MMii nf (itw) )iii4 (lab) •» bit* 

ft a a, % m% 

hm», M m% 

aVf Stfamn 


CIO?) 

(tOI) 

(tot) 


# a »i 

M f» I 

lr,f ^ » ©I it y ^ H I 

i,P(#P«ll«--#fWllf| O, I |||0| 

bf ^wm^—grwiiil I* o* I 
wbM m irii fvMititiMi* 

OmI b, ila mm mf ii«# 

IbM id^ aajr ifcwa iwlaigp^ 4 «pi llvr ^4 

th$ mmmrn «r Mm wbw 

ttip »««i of tjfgim ar walMigiiiM 

Tbi ftdtoarian (• gg anaqid# ia tb* 

{»n* rwjttiiaAt : : 

J i;l. .• 
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a# #1 $ stv tW cwonlliMitoi of #«y »» 

^ ♦ _t 4, 4 ^ y, Ml tho |iw#!tiwi o« »j»* *»«“ «f 

,.j »•, ,4 liw 4».l4m«. «f (#, ji, ?) ftwii ^ oHjpii j wwl tliiwfow, 

« !!«■ ..fiM.tt .U •* •» nrWliwy p^t, tkM 

f,!H- liHwfow, If «» wwHirt »»«* «i a 







system of forces vtntsUes, tin* ««»» u . a. I* s’,,r/ r 

and of the projection on its lino of iiHmii .<l'a hm* j..u4»ui» ?«,. 
giwn pointe (ixed arhitMunlj) is «|w»i t« «*r«. 

Also as one of the forces of III w syniom ii*, *%l»rn latt n in ait 
opposite direction along ita a«*twm-liiM% the n-wnhaiit «.|‘ all tit** 
others, we have the following thwrein ; 

In a system of forcM acting on a rigiil U«*lr, Iho »mn «4' ll»t» 
products of each force and of tho pmjwthin on it* Imi* itf 
of a line joining tw given jioiiitii fiawl arhitmrily, i» to 
the product of the reaaltantof twiwlat»«n ami of tlw pr**jwt>un 
on its line of action of the «»«♦ atmiglit line 
Also if I. K8 0, X #■ 0, N *■ 0, then multiplyiitg Ihwe eeverally 
hy we have w+jijr+Mi ■ 0; {113) 

and replacing them by their valtie* given in { I ! o), we have 
{(yi cosy, ~a, 008 /3,)ji+(r,oo«a,-#,eM«y,)y 

+ (#,oo#)9, -jr, «««,)#} 


+ {(y* cos y,-8, 008)34 # + (#, e«« eo* y Jy 

+ « 0. (U|) 

Now this expiCMiion admitii of the following interfirelntioit. 
The ec^aatious to the planmi passing thmt^fh the origin mmI Hits 
lines of action of the foncwi w» 

(yicosy, + (f iOOB«, — »,eai y,)e + 0 , i 


O'ncosy^-r^oos^^f + (s^a.-.#^y 4, + 0 j 

Mid if i>i,y», ...p* are the Itaaglha of tlie pef|»e«lieiilai#» front 
the origin on the Hdm of action of the foiemi, liien 

P,’=s(y,cosy,~z.eos^,)»+(f,(M 88 ,-.»,etiay,)» + {#,w*)f, -y,eiis«4%{| 

with similsr values for p, m that, if l„ «, A, aw if,,, 
lengths of the peifomlipulars fbm {#, y, a) on llw j4»iw 
equations are given In 0 

^ ■■ ^ .Oi 

... K* and thn* (l 1 1| l«>t..«o, #, 

' linos of aotioit of ih® fortis* hi* ai#' 
proporthmal to the 

nwim to I',, . t»^} then fp is iwii-^ it,o awA nd' !!,.» 
fie whose vertex fa at the origin. m4 ..f h 1». i* i),„ „ 
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72.3 


tin, hni' by r : ami m fi in tla* pcriu-nduntlar 

ilintani'*’ (■*’, y. t) «»» tli# |ilanc< of tli« i>;j5 « hix 

ti))). '' «bi’ M.liiHo* t»f tlw trlrabminin whtm imw in tl»' triang'le 
.,,,4 ttli.JM’ %frtrA w .r, ♦, .'j i tliat ia, whiwe ftnir vtrrtim ar»> at, 
till* orwin. ibo |•oint (#, y, #), and the two imtremitiei of the 
!»n«’ r«*j*rwntalivi’ »»f r j and a* the drat two jwtintn, viz. the 
on«»» y» Bfbilmry, thia «jiiatb« expi»s« the 

fiillowtii^ : 

if at any ja*»ni the mmltant eoiiple of a ayalem of fomw 
vaiiithfw, ti»e anm of the volumea of the tetrahedre wliieh have 
for on*’ *’«•««’ bne» al««i»if the aetiondimvi of the fortvw {irojK»r- 
tiwiial to the foirr* and fur the oppoaite dipithe Umi joining the 
given ptiint and any other fixed jaiinl in ia eqaisd to j»ro. 

Thb and the f«>riner theorem aw of eonrwB tniii for any ayatem 
of foreea in ei|iiild»riMm j and in the latter theorem it k to Ij® 
oiiaervwl that the l»a»e of iwh letraheilnin k pmjairtional to the 
mmiient *»f the eonple wintdi w»rrttijM»nd* to the force. 

73.3 When the unmlwr of forww of which an wi«ilihrium- 
ayrtein etmaiala «h*eii not exceed »ii, eiiiiatiiina (toy) and (IIU) 
fwmlaiti witn# remarliabie thetiretn* roneemitig their liiiM of 
aetion and |M*int« of apphealmn. mm wiiwtiona of cc|uilibrium 
tm MK in ttnmioer. and the •ymhoU of the fonwa enter into them 
hitiiic^fenfNoiieiy ami •yinmetrteaiiy in the find d<yn«, the oo» 
eifielettla being funrtntn* of the direetion^omiiiiw and ourrent 
(Munlimt*'* of the aetmndinea of the foreaa. (!ottm|H0Mt!y 
the ntiMiWr of furm tl<«» not exceed MX, wiatiotM among 
iitwe fxteiiieienle i limt %•, antaiH;ii|. liw elementa nf their mdion* 
line* i and t)>«w rwiatmn* expnnM gvotnetrinii thenmna. 

m* ai»r*dp the ttolalron I aliall Udie l,m,» to I# the dinx-titm- 
rwiiw* ‘‘f the aelmndiim of r, and I *hail employ the notathm 
of delerwHnanla. In rmuwiiteaee of the fomer axwmption, the 
** ei|«Mtn<n« of e«|tidtbrtnitt tmwoie 

* r f *.r • t,y» •• tt; ( 111 ) 

t r<«y «•?) m a tifn — M) m m 0, (tWj 

if the p.|Mdd»nMm-«y*teoi eonaiid* df only two b-;,-' fh>-« 

r. h <1 fJt - r, m, e r, •, * f, «! + f» *. * 0 * (131) 


f, *".y. ’“■*1 fJ * rita,y»— ■**!) ■ •*, 
r, —•»*§) ■ 0* • 


(tm 



from which grotti», hy the "* •»»»•! f «i- h.n*' 

**<«** ass — ! • 

jgg 1M " » *" 1 ^ 

7, ill ». 

ir,— 4*, yi”".?* _ 

whence it is evident that the actiwa-limw tif ll»r fiirw * ,«,* «-,nsi. 
cident, the forcee beinf equal ami acting m 

directions. 

73.] If the equilihriam-ayatem «oi»*t»ti» n( ilmt* f.irt**#, Hn n 
(119) and (120) become 


III lil l» 

m Of 

jMfafc mm jg^ 

m%f Wfi »i 


•w *«f * • 


a,yi-«,aj, «,y»~ia,r„ 

a,y,-w, i. 

^1*,— «s»i, 1,#,— a,#„ 

t, r,- »,jr, 

hftt **!*'•"“ hf»t 



(123) shews that the M!tMn4inM of the three ftirm are imnillei 
to the same plane | and (til) thews that they nnet in a {wint { 
consequently these lintt meet in a {mint and am in tW mtnt 


are parallel and lie in the Mttw phute. Henew thnw idmight 
lines CM be the aetion-liaes of an eqttiUhriu»M*syst«m only when 
they meet in a point and lie in the Mtnw phiiio. 

74.] If the eqaiUbrium>iytiem oonaista of four f»i»w» } than 
we have the foUoiidng equationt i 

¥i f*’!’ Oj 

. • - • - ■ 0, . (I3A) 

fii 4* '»» • • * *i § j ^ 

!“»(% yi“«»i«i)+J’t(«,y,-«<#,)+f4«,|f,-ia,*4.f r^CAf,- 

^31 '{'^l 4* m * # • 

fjy,)+ . . , . 

lict ttie ratios of p, ; !►, i », i p, be d#teri«im4 (mm 1 1 ;? i«n4 h-* 
denoted by the letters |, } tlmn thw •« 

the several equations of (126) we havo 

^l||%+ # a, ^ 1 # ^ 
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74- 1 

t iw siijtiMtiM’ llirw nrtiun-lincw to Iw given, ami ccnwider 
the tt» *l*at »vlii»>h it* to bo UoU'riniuitl j w» tltaf k', 

sm’ an4 »r» uiHli'torniiiiwl in tlui pawling 

Then the jinitlMi't of the lell-hiiml nmtaher^ tnurntfil 
t.) ihrtt of the right-lmiiil ntemhent in, in terww oftliene vjuiuhli'H, 
th«’ iHjHtttieii to rt hyperholoiil of one nhwt, the thrt*<» i>*iuiitu«!n 
ill (12?) th««iio of three llinrf lin« on wliieh ejw4» of the 

(A. •».. ■ (At •». ».) i »»»( eonnwinwntly thm* 

fitiir liiiew nte |{«uemtur» of the eurfAiee of the Mime ; the 
thr«*e linn* gi%'eM in (12?) Wing genemtow «*f the «urfmn» of the 
other rb<M. Ileiteo We have the following tluHiretn: If nn 
eituilihriun)*ay»'tetn e«»iijiiitte of four form, thair liiiM of netlon 
Binel he gioieratore of llie iwmo ehii» of n hyiterWloW of one 
eheet. 

'I'hiii i* eW* MlherwW* evident ; m the »y»teni eoiwist* of four 
foroee, end thn»e enter hunmyi’ni'Oiiely iiitti the eix iHjiuitioiii of 
e(}uihhritini, we have three ditfeient end imU*jM«ndenl ndiitione 
whk’h i»«ntain IW eleoionle of Iho liiiw of wlion only, Itnt ue 
twneider three of the eeHMH-lim* t»» W given ; then tho notion- 
line of the fourth niml nwliefy thwo) three condition*. Now the 
eqinittunii «f « elraighl line in •}«» wntain finir iudejHmdont 
eonetiinte | three of lh«*e ni«y W iiay»flid hy the tliwe piwding 
winditioiia, hut one other » etill miuirod for the cotnplate de- 
temiiiMtiun of the lino. 8tteh » windillMW wight W th»t the 
Inn* *lii*«ld TOiwl a given lino. Hion thia wwlitlon hwd# to the 
fidhiwing rwiiilt i led Iho four eeaon.UiMii of the fonieii he culliKi 
end lot y he »ny «*«Mght line which rowds the 
flrel ihrwo i th»n ae the wottionti of the forwe vanish tdaiut any 
atraight line, and m the tnomonto of the flr»t throe vanUh ithout 
^ which nwvla their aotton-line* i the wioment of r, aW* vanwhw 
atoml it j and rsinowjuently /», wwrta W't four sowra! pom- 
tion* i»r f W lalion, and lot llieee W f u fi, «/* I t*<»**» *^*** linoyn 
|i,<»i *»« all llnw linw*. lint Ihii wWon liotwiwn tin* /n and thn 
i» that whirh wo know to etlat^ between lli» gv^nomtow «i th« 
of the hyperboloid tf one ahoet } vi*. every line of 
,.n.? rS*w* of gotioiwling line* intoiwede every lino of the other 
rU,» of gwnrrwtwiw. Ilonoo any four line# whieh tiro Ihe mdwn- 
.4 ' m wjiiilihrittin-ayidem of four forwa lie on fho Hurlhif «t 

ii III I'#rlp4»44 »f ^ ^ I »4 

A» ih»” t»*ne hi • (^vgemifate fiww of » hy|a*rl«di>idi» »» d<«''* »> 
i;n.- .1 I^iinnhir oww of the |>neudiiif Ihcm-w. I»« d lln^ 

ftirt# mn. iil* 9 


THl fHiORY Of MOMESr*! 
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!.'.v 

? I|» I 


M'l 

jMs|« 


Mioa-lma of th« foip^ 1^ liii^iitli th«f »JHV 
ate a© pneratinf Haw of th« co»». 

75.3 If the eqmUbriam-ajfiti'iM •»f «!*•* i, s., ; 

two independent oonditiona eaw lie fmtm ilu- #n 

iions of equilibrinni } and «ooaet|ttenlly if IW ^ ,4 

four forces am mppcMed to l» fiwn, wi« |«%-p .mly im„ 
diMons for the detoraaiiiaUnn of that «f th«» fifth fnm- ; 
according^ trro other* aw wqniiwi j th«^<‘ in«v W that ifi*- tnu. 
should pwH through a giimi fsnint or lio in a platon 
If six foMet eonutitut# an M|uitihritiio»iiy«totn. tlwn otiiy mto 
condition can he ohtiuned the Mx t»f •typtiiihriuiii 1 

imd consequently it th« a^n'tinM of Hve ffimm aw givvt>, that 
of the sixth force mtuitaaltsfy thnw other that in, it 

may lie on three given atmig ht linw. or it may |ia«t through 
ft :^ycn point and intaraeet a given atiiHight line. 

Sk etnnght liaM MAlUng the condition r«<|ui*ite that they 
should ho the ftehtnnoiinea of fercos of an oijMilihrnim»ayai#m aw 
said, hy Profewjr Sylvwter*, to lie in involution j attd certain 
gwmetrical relidiona emMoming thwn have lieen ilimvivewtl hy 
him, whereby he hftft ftwived at a gMmfdrteal fwnmtrurtiim of the 
sktli, when ftv® aw i^wn, M. ChaalM haa aildMl to tWemr 
SylvMtw'g paper mmo ntnarb which well de^irve attention. 

If an wjuilibriuia i^m ooniya ^ neven forew, the ratio* of 
the forces can be dekmM Aunt the «ii .^uatioii* of i«|ui. 
librium in t^s of the eteoMfa of the mtimSnm of the foreim f 
and if an arbitrary n^gnllude fa givm to one of the foivw* thoNe 
of all the other forow will ifao he fiveii. 

^ 76 .] We now to the aeeond oaae mentionwl in Art. 7 «, 

vu. when ft«o nm! 0 Im a Anito value. Il-w it fa t« W 
observftl that a w ituhqw'infaftt of origitt umI of the rm»f* 
dmto «es I and tf i • 0 at any one tht» 

<arcumstan« lolda f^tml for all pfaom of the origin an«l r«*r 
positions of tho coonhiitthi iMe«{ and atwirdingly a 1. 01, 

Mt. 0, however, genorally depend* on the pooftiMt* .4 ft... 
origin} hut IS an mvamnt when g.©. ih„ ,4 

moment j and t iewem« afr,.a,|y deiiioiwtwM thm i|.«t ft,.. i 

t mSS r ’• "‘‘'"v? ** 

Its rotation-axis is pamlfal to a given stwighl line 


Compel K,n4«», |,|| ^ 
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TIu! jimw« ftlw* proves that if ii ss o, <» is au in 

variant ; 

Imt the orij^in lit* traiiaforred to s,), and let i.„ N„, c 

he the vnhiea of i., it, N, o oorreapondiiig to the titw origin j the 

SB s.t' {(.Y--y,)ec»y— (#-#,) oo*^} 

SB a.J*(jf«»«y~«cW!^)“f»5S.Pcajy+*ii xrwH^j 

/. r,, « L-x*.+v*,n 


©qnivaient to » eottpl® whoso moment is a. 

77.] lOi® thirtl ease is tliat in which the system, is rcduciblo 
to » single form* of tniuslatioii, If at the arbitrarily ohusen 
origin, 0 * 0 , and a has a finite value, in refereuee to that origin 
the systnm has a singlo resultant of translation acting at that 
origin ; hnt since « depends on the jKisitiou of the origin, as 


f » *{/ ctMi e— # 0®* * ^ ■ 
there he ititodueed at the origin two mimd and opposite 
fowea, each of which is mpml te a, and whose line of luition i» 
pandlel to that of a : so that wo have now a mdang at the 
origin, and a (maple whoso moment is ur j and resolving each 
of these along the three coordinate axes, and eipiatiug tlm ni- 
solvwl parts to the eorrospadiiig parts of the aggrtgate of tlie 
imprcsWHi forees, we have 

H eos tf as a.P OOB a as X, ] 


n 


tHI THWiV or 






eo» w t « *_f- 1 j. 

m Mm t .• - # i-. 1 , 

• »(#cai 4 — y«»»») • it SB . ! 

Tiiese equation# «f« not iode|»CTMl»>iit, amJ «<*» *!.< «..i »! !.«,;« ,|, , 
fiaite’rala^to#,f,»s th^ are aulyw^t i« « «■,, 

multiply them aevmUy hy X, f, *, »» Imw 

fcX + inf + »*« 0; j, 4 „j 

and this reWoti is one wlileh the foroiM niunt if 

leduoible to a ramltant of tmiaioliuii. 

Now tx+Kt+w* h »« inwriaiit | !«♦♦««• ..f »!»** 

p^itbn of tl»e origin, and of any j»airti»“M!sir mymtmu i.f •*.„nhii»i„ 
ax<^. From (128) it la widont that it t# of tbo 

pcmtion of the origin } for fVom thiaw 

It k ako independent of the poaitiun of the itMiniiiioto atm j 
for ^tet a aw qyitom of mm, my of ✓. /, /. origiiiaiiwM at tlw 
same point ho wnneekd wirii the foroer hy I ho ayaiom „f di. 
twtion-<x»iiw» ipven in Urn fbibwing sehonm s 


a ' *1 ; *• . », 

I / u ri7\ I, 


(131} 


lUt 3C', ■/, If, m%if be lytie vtaoM id* x, f, », i., m, n m- 

lively m rdiwmt! t« the new cottrdiwrto wmi* } m th»i 

s w 1 

. ^ * **> * * + ^# *t^ + #( 'if I ^ 

with also eorrespcmdiuf; i»vi.iw »y«t«in*j no 

K + MT + N/ « (,,, ^ ^ 

* n j,| ^ 


of coord »*••• 

A» it w 0, when the $y*lmn of form in rmhiciblo to & sing'lo 
fftoltant, theroforv, fri»m (133), «#» •■ 90*5 that w, the rotation- 
Rsu of the rioiiiUanl-ctiinilw b n«rp*ii«lifukr to the ftction-lin© 

m i 4i, 





m- 


u fBl ©OMWITIOH or 

ai«l thm*f«re f|po« tlw •ywrortry wf lli» 1 iu‘-mhrt 


x+t+* 


ff 


X ir + « 


X f « 

Or the eqmtieiw (lit) mej h» j**»t »«*«> th«* 
mw!tiplyitt{f theneeettd byiend llie thin! I»y i'» i*«4 
w« biite 

m-inf w X (Xf 4 if#)- (*• + »*) * 

+ 1M #‘| 

■ X(X# + lf# + Xl)-#»»i 
MX-N¥ 


i* 


11 — Li 


it -II 


. X , 1 " * * 

' , and ^ther ifitaK Is of the oquuiliiitii to the liite of artioo 

eltibem^o WMdtfuitt whkh is {tlMitly fionilM to thaA of the 
’ ' \ resultant x aotlaf at tiM «%{r. 

I’’' XfXtMiXwiiasdi tte iSf if 0 ■■ f>, then t ■ ti hltotlMliyi 
aod &e Qonditlon n^alelts for • dnfie rMoilMil of trondbllM 
, ' is sa&fiod} in this law* the rwnltiutt |^mmi Ihroofh the oi%in. 

Tf.J If the iBS]^r«wd foiwe tie giowdy, the «iii4itio» (llo) 
it wi^ed, and th« s^lmi tdmlfo of i ainfie mwitont of tfwie* 
Won. M the form ht f„ f„ ... f,, sitd l*e SfifiliMi el the 

: ; •»'#•)» ...(•.*#«*•)) »he« 

X « a.r Mo at ow oxf/ 

X «t *.rM#«|lO0S^l.f*, . 1 1 33) 

X «• »4*J , 

»V »• # x*4<i*4t» • CXf)* j 

't; ' ' . -A ,».p !l.»| 

ay con8e(|uen% 


llil 


»«m 0 t SMtmvm'pi 

1 f ^ *'”***^'*' ****^ tot-l' hl-h w 


i»r 


It 


rit\rrKii iii. 

I pr mm m \rxisu **1 

A »nisti iitipt. 


*S|;i I -^1 -/ tmi/ifftm #1 i%«l ill 

tff^ 


:ri i'iM|«*rlir% I»f n rinwl l«*lf ' IrAiwmirtiliiliti* wf f»*rw .» 

In. |\»iii|.i«itii.*ii Iw.i rnrim^ pH » ri||i4 hnly 
II. rlfrvl *4 A f»»rrr lU IlftlW iilt4 

'!«. Ali< 4 lirf pt lli«" t^'«tllt »»f 4 rt, |l> .. - • * * ** 

13. *4 ttip |»4if«llrt »rlin|| pH » rigitl l«^ly 

It. IlirtiiiiUf r^*** til# |»#rftiy hnm mu\ mi in 

|i|i|*ii^ilf« ilifrrlii*t|^ .» *• ** ** *» ** 

lil Till* pf llir till# *4 w’llPli 


•II 

U 

iti 

44 

4 ii 

Bi\ 

51 


«l« t’lll fPW| 4 i*i , lillil fpill|PJtllliillt 

4 li A r«ii| 4 *’ ; li# ii%U. «riti, #ipI iiwiiinil ,, 

47 . psi ,, I* ». *< ** ** ** 

TIw I..lali.>ii «»»«, »»•*! Ilir BSi* *•? »• .. .. 

•HI, Till* t*f MMiiy t'MMjtUfi U 

rtiti|il# .. • •• *■* •* '•* ** ** 

flu, 5! t 1 ,i. rxmi^wUum uf t»»«» iTttttjilrit nut wiBJtiil .. 
fl’i I'hu Mimmwiiiuii «»f «>uj4«* whmni rMtntiMii***®* !»»« any 
in •}«•«» •• •• •• ■• *' " “ 


51 

S3 

65 

58 

57 

69 


3, ' fA' ttmitmlMm umt rmJufum miln;/ m 
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S3, t ,.f nwny fimlWI fum- m’t\m m n Hgul !H«ly .. »» 
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1. as tmcxfjf—temlfi.i'z, ' 
u 9a pmai.Pi-^emexvx, I (137) 

s 3s ro«i a.rj7— 008a , 

.. . ti* a (s.i'jp)’ + (a.P#)’ + (a.p#)' 

— (««« a a-pj + MM ^ a.p,j^ + MW e a.Pjr I ® ; (1 an) 

ami hcrulty may «*tw A, «3ew#», eosp, (Xiuations Ihj iuund. 
tVinn (137) w«i have 

t. «<iw II « M MM A + *< ctw 0 a 0 ; 
niul tlion'foro from (ISli), 

LX + «v + sa « 0, 

whioU w tliP ortwliltoii wjUMito that the ayatem almuld lie khIu- 
cilili* to » aingh' form* of tmiwlalwm. Imt tt Iw this force; a, b, e 
the iiiiwti«i»-anghw of its line of aetioii ; (#, jp, I) its point of 
applitMtioti } then iiitrodueinpf at the oriffin two and oj)- 
posite forces, wieh of which is to a and acts alon;? a line 
of aotioii jmrallel to that of a, wo have a force acting at the 
oriffin «|ti«l to », anil ia a j*mllel lino of action, and a oou|>lo 
«i«h of wlioio forces w a, and whoso arm is r, where 
r* as (| ros e - # erw + (1 008 » — ir cos e)* ; (i «m b -| cos «)*, 
and the dinwlioH-oosiiMw of the rotation-axis of which arc 
It^r-lcos^ 1‘2"±3F„^'; (139) 

' ~ '“r * f * f 

then, a* this system is to prrsliico the same eflhot a« the aggre- 
gate of all the improsewil pamllol foroes, we have 
%0m« SB en*oa.P, ' 

a*>«4i4 BB eos)Sls.p, > (HO) 

Hiswe BB cosyS.P; , 

whence winariiig and Mlding, 

«» SB (a.p)*, and therefore » m aa*. (Ill) 

ciMrt Bs «M«, ooaA Mi eos/S, rose a* cosy; 

a MB a, bmj^, e my. (142) 

k)m 

M *8 tt(lttMtt-#«My) * c«aaa.P«~cos)'*.‘*^# 5- (148) 

K » a(,ro.*8jl-|eoa«)Bi^j8».P»~‘’»w*«*-*'.f* i 
Tims (til) and (142) waiisn the magnitude awl dir«t'tion«angln» 


?(li ^ K%tgil or I'ASUSti:, , 


Ufl 


lti»# *4 iNCSSn-Si »'^ *, , -,, I ; 

imf J*"«t»ll l« i^l '-SIW -I •>•?«-.«>, ill itfv ilw , J,‘ 

*114 III# (» »»4 tU sl» I'VlJ-'t -Is ‘ J 

IW 3 ,%*«4W< 1 „ ,,j j,,,. 

I» Ik* |»«W«4«^ ,'.v’. _ . ^ , , , 

tliWelMi wf III* ,■•■,■ 

ikrrrlMitf |<iM»ll«i t *.-..1 ik* , 4 ^,,^; i 

t«. iW f»«llll* »# Imi*« tt-vl i^rss, i»- : 

I# 01*1. ♦•Iixl *»» lit* Sjj^ : 

*4 •, It, f, $' *» (*»f M% llml lli»* ?»w}.|n.4te, 

•II lll« !•>» *ifl •! «1., (t,*| 10^ || 1 ^ 

fi^lil-lMitt4 l»**»li*t* *4 ;n*i k*ii» g»»*« #bo «*j«^ 

|||» ||A«» ,4 vt*mm *4 *11 II# iuMttm «l |I|«II fm,mU *4 
Im W tl•nlw4 ikfM^gk m iW ^ 

|i<l«IMMy •*» ilwl IIhb •pIVMi .e«>A»Ml* «l |W1fkil«>l ttmm tJim t|» 

|4uH^ i»l Im»» *4 •eliioi® j «Mi **i«)itm|M»«|||i Ini# • MwwilMrt. 

tkr Itt*i(frnlw4* «4 lln* t* iw ilm uf iknn 

of ikr girtn* »»4 thm tuw «4 m*wm m foMkibl t«i tknii 

llir I aihI Iwlii Ikim* MV lndniv^wilM 

of Ik* iMutlmilM «( m*m, mi«MtijiM»tl| %$,f 

§f» •1)4 !!• *4 t4 t wwl Im 

(wi^lariit »tl|i tkto vhimIIimi Itml i 1 1 1 j 


mt • mm $ ’** f«ii» f * 

• #~irr m i|-.|,»r ■*-> m ij 


I • 




i,r# 

/ j 

*r 


|IW| 

CIISI 

|IM| 


* • # * a 

Sf * ' It 

|| ^ «| 1^# |W4*il#ffc| $* fxii 

jpj. J J ^ Mf , J* i. j« 

tl» tfanmmit «» m tkM iW u j.i 

Ir 4i<*«ikii4 . 

Kt,. t. KiMr|ifMiM &mm f, 1 , «. » *#«> *|'5 ,■.«!, '.i-? 

wf S ^WMr lA§ inflk ttf ikr r t ilr i4 niliwlii »• # /i , ■'.'■' </. .• • .s'tr 

IM IW fikMit «f tkr W III# r-i . ,, , > i 'V'l '?«•. 

iif^ U •! Olf «Miini of 111# «|«^ t^i ‘ 'h‘ , 1^4 

ft ^ of i, («.#, #, tti «r' i. *»«i . 
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B 1 


a.i'ii' 


a.P = R : 

: 

i I ®* ’ 


: 20 ; 

; -8rt; 

2 a 


a.p . 


KI.3 T!t« ln«t t;jwo nunitionetl in Art. 70 , viz. tluit. in which a 
untl o liavc inhli finite niagiiituthm, remains for tUHcuHsiou. In 
rcfcn'itce ty an origin and a ayatem of* coordinate aKcs, both 
*>t’ whii'h art* arltitrnrily chosen, tlie ayatem of forces is rtMlucud 
to a force «»f translation acting at the origin, and to a eonplo 
whose moment ia «, the lino of action of R and the rotation-axis 
(»f 0 Inniig given hy (1 01) and (lOfi). 

\Vhate%’er jsdnt is taken as the origin the magnitude of 11 is 
the same j >dl its Uinw of atrtion are parallel, and its direction 
is the same. 

Bnl the vahte of <1 varies aa the place of the origin varies, 
IsH'anse i., m, K elcjiend on tlio wantlinatos of tins points of appli- 
cation of the htrees ; and if 1.,, Mo, N„ arc tins vidncs ol 1., m, n 
at the new origin (j',, yo, «.), then hy Art. 715 , the now axes 
la'ing pamlle! to the former, 

SB n— 7 . y, + vr„ 

M, «■ il — X r, * (147) 

N, m M — Yif, + Xy, } . 

also if the ax« «r® ohanpd, sea Art. 78 , 

l.X + MY + NXasI.'x' + MV + N'x'ao KE} . (148) 

and if # is the angle Iwtweea the action-lino of n and the rota- 

iion-axi* of «, . 

am»^ m K ; (I'ln) 

s»j that tho rosolvotl part of every moment-axis along the line 
«»f atditsM of tt is constant. Thews are propertim of a which have 
elrejnly been invest igateil. 

Ami further let it he ohscrv«l that of all axes passing through 
a given point, that corn*s|Kmding to a is the one whoso moment 
or m.imeiit -axis is the greatwt j for the moment of the impressed 
conjilea with rrsjH*et to a rotation-axis inclined at an angle S to 
t hat of u is o cos Q, w is jdain from tho law of resolution of such 
niiiinent -axes { ainl as « ocw 8 is low than o, it follows that of all 
lines pa-sing through a fives point, the rotation-axis of the 
resultant ituiplt! is that with r«^t to whh*h the moinont-axw 
is the gft-atest. V»f th» rwuion o is called ik eompMe or 


»•«» »;, vui., HI. 


o 


fllE 


II W 


r 


•ilW 


»4l» f%-tlc«' till 

^ H#W» mlm^ m^ mimi lli^l %* I. ,, 

m-rnirn 1^ fe® ll^ mi^ $jm til 

fii^^ *1 l|» m^ m^h li* #%%i »-f i t ,r I f ^|s; s 1 r j 

tl»«l t*. *11 Mtm t4 »»i..«»«»,S •til, |fv^.#t•.„r S, 

«»,<«m>^|.4«nlfw Wm « iiigkl 
*4 {«n»r«|«il m^«iNMNal fc# «!• mm h*# 

*3 3 fi$«lP» liMWll «• « M « «f.,IM««0<, *4 Ik** ,1* 1,4„J 
*lif<i fw*# |»M rt, . iWl M. 4 - rt. *,4 .j;', 

t«ot«lt«««>MM mafiwnilim •«ll» ll» Itisr *,(«»«, , ( * 

!•»* tj W IW |M>i.«M««.«'»ttlf« «l tth»h ti»M -fltTMtll,. 

»laii«« lalw» icIm* , Iti^ 

|., i»„ », tt, t 

_ • • 4<>. ■ 

» « * » »* 

•tt4 t»|»l«irM»4j I,, 11,^ », (fji t})M>«r «iili*<<» til *> j«^, 

*’■..'***#« * * *« « — *#,**#, »-*#.«» I, A 

* ' * « 
wh^» <m faiiM 


IIIO) 


**• * «lll) 




tt — n* 


M - «■% 
9> fc* 


», - 


•il - IP 


^ -. ^ j , 4*1) 

Itfcjisil •«» 1^ lii^MalMI* la « IlM wHww iniinNHit MMh 

4«imI«)» mv *„ j?,4 #, j «m4 m «» »lii*f fhiPm *• |H»«i buliviMt 
#»♦#*» i,, liwii |w«tti m»f W aMjiitticfw *m 1^*# hm >, anJ vm* 
•If1|^|,| tiM> *m llw W«** «r ll».M*» WM.iiMl*ilt<«««lfll 

if> ItfcfcA 1^ MtollaaMMIM *4 iW |m»l*»»ji«l MwMtOtll i!«iHlwsi4* 

ii §ht m4M «f the I m%4 

mf fkm pifpiMlIitiilMr to it m. «»IM 
*fmm k fwiiwiltb to • lingla 

iPto tbti^ tlw #1^1 |l«i* 1 1 Hi 

Mi4Ctai|Mi»i«laiiiM. 

M atl iNilitto flf Uii* Urn I W fritifftiMl 

i| ^ ^mimi Wv m: /4 ; su I '-iH 

Ti»« fiwiMi nit Ii IlMl. till* »W|, Ii,*, .V ..t ..^ f.4 ^ 
i^lWWnpi if toMMjMfeM » m #»«! 4 ;,. 

l<>!liili<t||>IMlill ^ Wmtftow t Otyln I|r||<«a« »Si ». 

tim tamm piwIiMi m ctiiMaii pmmm *s« .4r;.s ,..4 

■' »i4r».."», l« mak* ika ,al^ ^1^1 
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iiuleod moHt. iiiinplo form in the nature of the case to which 
the wynteni of ioreoH can he reduced, ami from thia noiut of view 
the rewult. iw moat important j hut the complexity of the ctjuations 
(152) id’ten prceludea u« from making that use of them which we 
might, were they more simple, and the reduction to a single 
force of t ranwlatijm and to a couple whose moment-axis is (i is 
iunphyed in preforenoe. 

'I'heae reaults might have been arrived at from investigating 
the locus of those moment-centres at which the principal mo- 
ment. is a minimum, viz, when vary so that 

(1/ as (r,-7,jf.-i-vi'.)* + (M-x*, + zr,)’' + (N-ya-a-fx;/,)» 
is a minimum ; and wo should have the following results : 

(1) With respect to moment-oontros taken at any point in 
spa<x^, the moment of the rotation-axis coincident with the 
central lutis is the least. Thus x is the minimum mrurlmorim 
mmmf: 

(2) If any point of the central axis is taken as the moment- 
centre, of all axes of rotation psissing t hrough that point, that 
coincident with the c»‘utral axis has the giu'atcst monumt. 

H3.3 The folhtwiug is another mode of dcmonsl-rating the pro- 
cedi»)g results. I«i tig. 42, lot o he the original moment-centre ; 
oa the line of action of the force of translation acting at it ; oo 
the moment-axis of the resultent principal couple at o s let 
(to a sm tf), m that 

, lx+mv+nz, 

~a — 5 

resolve oa into two parts, one along, and the other porpen- 
dieular to orj then the part along oa is a coh<|>, and that p(w~ 
pendicular to oa is « sin^; the rotation-axis of u coh</» is oit, 
and that of <i sin</) is a line in the plane couriuuing on suul on. : 
at o <lraw or perpcndicidar to this phiue, and take or ol a 
h'ligth such that it x or = ci sin </>} at r introdiu^c two equal 
;uid opposite for<‘ca, t*iu:h of which is ocpial to tt, and whose lim) 
of jicfion is parallel t<t that of a: then the c<mplo whose arm is 
(ir, ami wlmst* force is a, neutralizes the coupli* whose moment- 
axis is o N ; stud there remain (1) the force a act itig at r, and in 
a line parallel ttt the original lino of action of a, atttl (2) a couple 
whose moment-axis is a eoB^, and whose rotation-axis is along 
OH. Let the rotation-axb he transferred parallel to itailf so as 
to puss through v, and we have finally a force of translation a 

O 3 ' 



JOO THE CKKTKAL AXIii iH3. 

actiBg along PR, and a oo«i»l«* whtw rf»tati..n-as«« i# along th© 
line of action of R, mA wUoao moroont-asi^ i* ci tw whirl, « k. 
Thns the line tough p, and lairalh't <»R» ^ »■*•»* ral-wsi* j 

and its equation may thus he R«»id. 1* !«*«» Ihmtigh r, wkI 

II 

its direotion-oosines are proportional to x, t, *. Sinw op«» ^ ait, 
r.B ia TiflTOflndieukr to OR and to oo, th« «ioifdiuat« of r are 


consequently the equations to f » art 
nt-mz LZ~1IX 
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do not inwt : ttiid tlierwJbrc If a nectiou is nmde of the eylin- 
driail lurlaoe mentionwi above by a plane peqseiuUmilai' to the 
wntml asw, bu« 1 tlm principal morntmt-axM are drawn for tbo 
n««»nu*nt-t*fintmj ailnatwl in tlua cireular aoetion, tbeywill form 
a hyperboloid of revolution of on® sheets having th® central axis 
for it« iBei* of figure. 

84.] Those theorems however, and others of a like kind, may 
las invifstigated more wwily by the following process : 

I^ot a i»int in the wntnd axis be tsiken as the origin, and let 
the central axis bo the axis of ? j so that the system of forces 
consist* of a fowm of translation a acting along the «-axis, and 
a couple whoso moment is K and whoso rotation-aads is the i-axis 
also. At (««, y„ 0) let two equid and opposite forces, md eaoh 
otiual to ft and acting immllel to the «-oxis, be introduced,- and 


kt ti, be tlie moment of the r«ultant couple, of which let D», 
«„ N* bo the axial components : then 

=s N, = K,- (ISC) 

«,« as (157) 

last .n*+y,* SB r’l and let 0 he the ^-direction angle of the 
rotation-MM of o# i then 

Na as 0 » 008 ^ s® K i ( 1 ®®) 

O^siu^ as (t., • + »,*) ^ sa Efj (159) 

ff ^ 


l?rom these equations wo have the following theorems ; 

(1) All momont-eentree of equal principal moment are on the 
iurfaoe of a right eirouhijc oylinder, of whicli the coutml axis is 
the Mdf of revolution. 

for flrom (157) wo have 

a„* — K''* 

.V+y»* = — ' -J (if'i) 

the right-hand member of wbicb is constant, if tia is constant j 
and const-qnently all tbe momont-eontres, at which (!„ is con- 
statd., lie on the surface of tho right circular cylinder whoso 
equation is (1(51), 

Also tho greater «« is, the greater is tlio radius of the cylinder, 
and the farther is the moment-centre from tho central axis j and 
the least value of «» is k, 

(2) At all points of eiptal prineiiml moment*, tho rotati<m- 
axis is inclined at the same angle to the ueiilml axis. 


This follows from ( 168 ), beeaiino et»^ = ; Iwhw ^ » «»u. 

stant whoa G, is constant, and the Kivmtion to the cylinder in 


( 161 ) becomes 


®0* 


K:‘(tan^l 


1 

I 


Also at all points in the same pnerating line of tbi« oylitnlnr, 
the principal rotation-axM are pawllel, and lie in the plane 
which touches the oyMndor along that pnemting lint*, llenoo 
also the larger G, becomes, the smalUsr m and if tl.^ m §Oj 
(|» = 90'’j and as the tanpnt of the angle Iwtiwn the mtation. 
axis and the central axis is proiJortwmal tt» the di«it«tnw of the 
moment-centre from the oentiid axin, the rotatitm-asi^ i# jit>r. 
pendioular to the central axis only when the Huntient»r4)nlrt? w 
at an infinite distance. 

(3) The rotation-axes of the prinei]^ moment* for the mo- 
ment-centres lying in the oirolo given In (l«l| are in the stirfaw 
of a hyperboloid of revolution of one shoot of whieh t he wntral 
ads is tire ads of flpre. 

By reason of ( 166 ) the equations of the rtitati«»n.axw twrm- 
spondmg to the momont-oontre (^», 0 ) aw 

£=fL.i:ril.£, (10„ 

-ay, K 

from which and ( 162 ), dliminatinf », tad we haw 
. 4 ;:*< ... • «“ +y* (tan 0 m — (taa j C I « t J 

, jg the equation to a hyperboloid of remdiilwn of mm 

of^sl^ the ti-adi, that is, the watwd axis, Uie axiii «f 

one of a pnenil elw«; ti*. 

' ■; b find th» «ji»timi to 

'ife.^isliet''STjAee ft® eon^iponding ft»t«.ti«n'«w 

df from (ISI) we have 


of the pri 
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(4) B’or all moment-centres lying in a straight line cutting 
the central axes at right angles, the corresponding rotation-axes 
«)f the principal moments lie on the surface of a hyperbolic para- 
Iwloid. 


Let'the straight line on which the moment-centre is be tlio 
axis of X, so that the moment-centre is (d!„, 0, 0) j consequently 
L, as 0, M„ = Rflfoi N, sa Kj and the equations to the rotation- 
axis of the principal moment are 


0 J 


'Si a K ’ 


(166) 


K^ssnsS} ( 167 ) 

which is the equation to a hyperbolic paraboloid. 

Also generally if the moment-centoe moves along a straight 
line which is perpendicular to, but does not out, the coutral axis, 
the rotation-axis lies on a surface of the second degree. 

(6) Tlie line whose equations are (163) is evidently perpen- 
dicular to that which passes through the origin and 
consequently this latter lino is the shortest distance between tho 
central axis and the principal rotation-axis corresponding to 

(6) The plane which contains the line of action of the re- 
sultant and the principal rotation-axis at a given moment-centre 
is perpendicular to the line drawn from that centre at right 
angles to the oontrd axis. 


83.] The preooding theorems supply means for investigating 
certain general properties of planes and lines with reference to 
moment-centres, and also criteria as to the reduction of systems 
of forces to a force of translation, and to a couplo whose rotation- 
axis may coincide with a given line or be perpondicular to a 
given plane. 

Whatever is tho position of a plane, that plane is always a 
momontal plane with rel'erenco to some point in itself which is 
tho corresponding momesnt-eentro : that is, tho system of forces 
may always he reduced to a force of translation acting at a 
point in the plane, and to a couple the rotation-axis of which is 
normal to tho plane. 

If the piano is perpendicular to tho central axis, it is a central 
piano, and the theorem is soir-eonlained. 

If tho plane is not peri>eadioular to the central axis, at the 
jwint where tho ecnlral axis iutereocts it, let a line be drawn in 
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i. B c ~~ 

-i£±H±I^‘. ri 7 o^ 

*" AX + BY + Cz’ ^ ‘ 

, ^ DX + BN — OM -I 

AX+BY + OZ’ 

BY + CL— AN 
““ AX+ BY + OZ ' ' 
g — P^ + AM — BL 
" “ AX + BY + CZ' - 

Hbbcb the ooordinatee of the xBOBeent-oentYos of the three 
coordinate planes are. 

Of the pkae (i-, «), ' iP!«o, |/w — 2 , ^fas^. 

- - • (#,*), »=a2, ^saO, «f=s — ij .(174) 

- “ - ( 4 »,y),. «=0; 

// J 

all which points evidently He in the piano whoso equation is 
i.» + Ky4-N« « 0, 

and which is the momental plane of the origin,- and hence also 
we infer that the moment-centres of tlie three coordinate pla»fls 
Ha in a plane passing through the origin of coordinates. 

Also if Q, is the principal moment-axis with refeenoe to the 
pint (4?„ M^) given in equarions ( 173 ), 

(A* + B* + 0‘)t . , 

“ ** AX + BY + OZ ^ 

Hmoe if 0,5, o,, % are the principal moment-axes of the planes 
^)> (*> APd («, y) respectively, 

0.= ",- = (176) 

the moment-contres of thcso phines to which these moment-axes 
oorrospond aro given in ( 174 ). 

87.3 In Article ( 86 ) it is demonstrated that if 

Ar + By + er sa n ( 177 ) 

is the equation to a momental plane, (^ , 2^ is its mo- 
ment-centre j and also that, if (»(,, #») is a moment-o^nte'e, 

- ays® 4 . ar«y+K («—«„) #H 0 (178) 

is its momental plane. Now from those rriations problems of 
riuoB, vou m. t 
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THEOBIMS on MOMINTS 

x, „ »«•»«• rn Given the iofu* of the mwwent 
the ofthe domsiKmtling momentaUpliinw 


centre»,Hxx^ «urfaw. md the 
thi. Oiven the kw 

problem IS d ^ ||,„j the 

S rfL »..r.»pondin* mom.»U«ntm. Tl.. Wl..»,»« .» 

examples of these pwhleffis 5 

T?v 1 To find the ewrfope of the motuentel t.k««, when 

the Lui of the eowMpoadinf mom wt^ntre. w t. p ww. ^ 
*.) momeat^Btre; and kt tlw plane m 

which at always is he 

tt. oririn, the p»iton ofwWok «" ‘k” ““I"' **" “ 

tne ong-uj i „!.»« thm jiwntMl BJJti mt«rmat» thli 


XTken at the point where the etntwl wk intent* thi. 
”®' ° . _ii„ ^«v{«o. ».. «... 8. to varv, awl wimt) 




a, mI4jb of tbo oo«fioi«»l» of Uio diffenj»U»U of 
), we have 

»» »* K 


to vary, awl wimtinn 


■ 


liil^Blill 


■I 






BK 

M. jjtt 1; 

m* 


J 


H ‘ 


At 

’ S' 


oi 


t»wi 


BiilR 

fM',' 


SliP§ 


I a peinl ia ttie pkne of (l 7®), ***d whiob Uw in tSw 
line of its iiwsectton wili Gje plane of C<r,#)s ««d thw Hot 
rsh^fthe moamt-oiatw ofthe plane {l?i|j t«ii». 

», «)nw|>o«dinif »** th» mt.«wni« 
sW in. (ITSh pass tMOMU *a0flMiit*wnlw of that pl*iw, 



' »e» aJJh'vn in. 

hA Aflllad vava ! t 



rt'ftBW tli» of the 

pBwdlnif nwwit the follow- 

theorems 

' '^thcrttoment-eeialm of a^pkw Itai in tho liiw of inteiwi’iiwH 
of it’wiijt .JBwthet pka^tito »ENMot«e»tr» of tte lattor plane 
also lies k the same line of l«t«w*wii. 

. The momental phia«^ of idl maMWiOMtiw lyinsr in a f»y 
intersect in that layj of,'« otkir iwA, a ray w th» h*Piw of 
the moment-oeBtras of tf. ylanw paada^ thwwgh that ray . 

Tlic moment-oentTM of A wW4 |tt» throM^h *•» awl 
the same point lie In a Wfcfeh h th# pkiw «»f 

the point throngh whlA aU the |d«we pWk 
If the momont-oentre w in the pleat of {#, yl, m th*! »n IS toi 
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A s= B as: 0, then from (180) the origin is the moment-centre, 
and the ori^n of rays | so that all the momental planes corre- 
sponding to moment-centres in tire plane of (.r, y) pass through 
1 dm origin. 

Since from (180) we have Aa-f By = 0, and this is inde- 
pendent of 0, all the moment-oentres of the planes intersecting 
the plane of (#, y) in the line A#+By s= 0, lie in that line i and 
as this line passes through the origin which is the moment- 
centre of the plane of («, y), it is a ray of that plane; conse- 
quently the ray is the locus of the moment-centres of all the 
planes passing through that ray. 

Ex. a. To ind the enydiope of the momental planes corre- 
sponding to moment-oentres, of wMoh tihe locus is a sph^oal 
surface; whose centre is on the central axis. 

Let the equation to the sphere he 






( 181 ) 

then the envelope of the plane (IT'S), when y„ are subject 
«*E9(3f»-|.y»)— iss— 

which is the equation to a hyperboloid of revolution of one sheet, 
the f-axis being the axis of figure. 

Ex. S. If the locus of the moment-centres is the ellipse 

4. sa 1, the envelope of the oorresponding momentel 

planes is the idliptio cone 

i.*(«*y*-l-^‘<r*)-— K*s’ ss 0. 

Ex. 4. To ind ■^e envdope of tlie momental planes, when 
the loons of the momMt-contoes is a straight line. 

Let the line which is pei^jendicular to both the central-axis 
and tiie locus-line of the moment-centres bo the axis of sf, and 
let f ho the perpendicular distance between those two lines; 
then the lino is parallel to the plane of (y, «) and cuts the axis 
of « at a disiantio = r from the origin. Let o he the angle at 
which it is inclined to the plane of (a-, z ) ; so that the equations 
to the locus of the moment-centre y,, #„) are 

( 182 ) 


sin a 


cosa^ 


then replacing #9 and y, by thoo values in the equation of the 
momental plane, wa have 

•--s%»tano4'3a^|'+K(«**'®ii) “* % (l®®) 
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•whenoe, as *» we 


urjf+K^wft; 8»teMa + K«rt; 

K«»t« 


(184) 


B ' ' W** 

wWeb express a straight line entting tl« «i» of # at right 

angles at ft distanoe « »« »»»« 

and inoHned at an m^h tan- (~ |,) »«» the «»* fl. 
thns lying on tiis opposite aide of the plane of tl. *) t® that on 

which (182) ia. . , t . * 

Oonseqneatly all the »omwnt«l plan* wh« moment. w«trw 
m on (182) paw thwiigh tlw line CS«t|. whirl* n the en¥rl«j^j 
of them j and oonvewely, the nwtnent.<*ttlr«« of *11 i««ment*d 
pkn«i which pass thwi^h the wi»n« alraighl line lie ift a 
irtafaight line. 

Now these two linw have many remarhaWe relaiiona. If 
T184) » the lt>etw of mowent-wnlrw, all the «»rrwpwling 
momental pkn«» intweet along {!«3). hnr let U„ I*** a 

% «il m ^ 


SO' that %$ ofUiMoas to (iSI| 

m f I } ^ • 


»r 


imt 




* # IS liifi i, 

m 

Consequently the eqoatioM to th® Um of inl«w«lion of At 
' okaMsm 



Je«t«» ■ rj j* w ^ w ton «#» 

;S|||;; '' ' »■ r I 

» %«» w** b»w tli» fwllowing t 

,., moBftent-nentw on fl*i| intorwl 

' 'fei (Ifl)* a# stoimki ^mm kf ail B»«»iiiwit*«wnt*f« m 

As these two 1 »«( haw woiprotsil wklton*. they aw wlW 
redpmd Bm, It k ttiiknl that to ovwy line 

there is ft seeipto^ Mae* 

Ilonoe ako it ftf^na %ai An line, vk thn «hi»h k 

perpontlloulaif to hoA of A«i, k p«Tpdli^l*f !•» »*»4 sntor • 
sects the centMil.aik. 

If ft and f, ttrei of il|pi, tk« |wfp«Nlwi*r 

distance hotwtion Ae ewttwd stk and Ite two tw 4 |«s«^l linf>«» 
'.a, and o, ftre, ate inwipMlif^f , of «%«, Ab 8 ii»«i«« at 
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f j ss - eot j 

I ^ « j 


f j tom a ® 


tamaj sss 

tom ai 


(185) 

(186) 


which these lines aw inelmed to the oentral axis, we have the 

following relations ; 

K , , K 

Bot a„ ! tan a, rs — — ■ 

Itf, 

K 

* 
a 

If two woiprocal lines aw ooineident, this line is a wy of all 
planes passing through it. The analytical oondition is 

Ef* tobfl ^ "1“ IC St 0 « 

If two reciprocal Knes are perpendicular to each other, 
a,+«i * K*+»*fiif, S 0i <187) 

Ex. 5. Find th© loom of the moment-centres of a series of 
planw, which intersect in one and the same strmght line. 

Let the equations of the lin© in which they intersect he 
4?— f, asOj y~«tana=0; 

so that the equation to the planes which pass through this lino 
is X(4i— fB)-Py— «tana = 0, 

where X is an indeterminate quantity j then hy (170) the oo- 
ordinates of the moment-oontre are 

K __ __ XK Xf, , 

^ ■" Etima’ 

K 

^ m ' 




mtana^ 


tana 


an 




.(188) 


which shew that all the moment-centres are in the line which is 
rewprooal to that in which the planes intersect, 

Ex. 0. Knd ^e locus of the moment-centres of all the planes 
which touch the sphere a’-t-y’-l-** = 

Let the equation of one of the tangent planes he 
# cos a 4 ;/ cos 4- - cos y aa a j 
80 that by (170), if (a*,, «„) is the moment-centre. 




K C! 0 i a 




eas y 


K mu ft 

It cosy ’ ^**"“EOOBy 

Ert//„ a E«J'« 

co«a»™— f-, cos^i* — 

,• . «• a* (#,* +f ,*) -- K" (^„’ —a*)saQi (180) 

which is the equation to a hyperboloid of revolution of two 
slieetB, the axis of figure of wMdh is tibe oentr^ «is. 
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JiHBOEilMS ON* MOMENTS [8B, 

■ 88.] Although every point in space may be a moment-oentre 
and have a momenta! plane and a principal rotation-axis passing 
through it, and although every plane may be a momental plane, 
and have its moment-centre in it, yet every straight line may 
not be a principal rotation-axis, and may not eonsocpumtly liavs 
a moment-centre con-esponding to itself in it. Tbit nwult b 
evident from the properties of principal rotation-ax« which are 
proved in Art. 84 j for every principal rotation-axis tonehes a 
cylinder whose axis is the central axis, its oormspoiuling mo- 
ment-centre being the point of contact, and it is inclined to the 
central axis at an angle <(> such that 

tan^=™, (ISO) 

if r is the perpendicular distance between the given line and the 
central axisj and this is a relation between r and ^ which all 
straight lines evidently do not satisfy. 

The conditions however to he aatisied when a straight lim» i« 
a principal rotation-axis, and also the coordinates of it* moment- 
centre, may be asoartained in the following manner s 
' Let tbe equation^ to the stmight line be 

til 

m 


I 


g—e , 
n ' 


(H»l| 


and let («ojyo;«o) be the moment-centra on it. Then eempartnf 
(191) with (166) and (167), we have 


^ ^ M 

(/• 4 -»*)t 1 

Of* 

am) 

nyo a«o i ~ 

, . «S!K 

Ik 

(JM| 

» * t i^a SB ‘mmmm j 

r 


_ iic+/da 

'tM ti ^ 

m m 

(t» 4 ) 




which assign the moment-c^atre. Abo from the two vainw of 
So, we have the condition 

(^ + «**)K M «tt(fl*i|—M), |ifS| 

The geometrioal meaning of this ooaditiott m that if # b the 

angle at which the Hne is iacUaedto the ewtral-axb, tmi^m 
two tn^bers of (i0s) b 
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perpondioukr to the pven straight line) so that this line is the 
shortest distance between them j let it bo equal to >■ j tlum 

(lan^)» as ^’ + “1 g- 

UK 

s= 

• *. tm6ss~, 

^ IC 

Thiw (193) and (194) assign the raoraent-oentre } and if m is 

the pnnoipal moment at it, u o, is 

If the onpn and axw of ooordinates are taken in the most 
general position, and the etpations to the straight line are 

i m n ’ 

mlfJl wtation-Mcis, whose moment- 

oentre is (#„ y,, #„), 

^ « n 

n — YtP^ + X//, 
h + mr+nz 
Ka ' 




M- 


-xir„+iSg 


Ka ' ' 

whenee j-„ g may be determined ; and the values are similar 
to those given in (1 78). 

If one of the ooordinate axes, say the axis of is a prineipal 
rotetion-Mttt, y. **s»asO; eonsequently^ 

^ MM 

M *— # ** aa I 

and the condition, when this is the case, is 
Mf+m=o, 

ma the momeut-aicii m u A similar rasult is triio of tlio otlior 

Mei* 

In further illustration of tlie in'ceoding conditions, wo can 
Iier(il.y shew that if two reuiproeal lines tiro porpendieular to each 
other, each IS tlum a princiiml rolation-axis, the momont-oeiitros 
botng on the axis of x in tlie oonftguration of Art. 87, Ex. 4. 
bor in this case, by (180) and (187), 

ttm « — 

ttr, K ’ 

consequently both the reciprocal lines are prindpal rotation-axes. 
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i Let Go and 0i be the corresponding principal moraent-axcB 
K = Go cos ao = Gi cos a„ 


G, sm Oo 


Since the product is a constantj by (187), when the ro- 
ciprocal lines are perpendicular to each other, fo+r, j« a mini- 
mum, when 


in which case a, = «! = 46“, and G. = a, = K 2^ j thu» the two 
reciprocal lines are each inclined at 45“ to the plane of (y, g). 
Hereby also it may be shewn that the principal rotatioti-ax» 
at (>•„, 0, 0) and at 0, 0) make equal anglet with the re- 
ciprocal lines at these points. 


Sbotion 6.— jT/i^ redmtion of a syitm tf foms m »pim 

, forces (f translation acting along lines mkiek are not in iko mmo 
flam. 

89.] The reduction of a system of foroas aotuig in apaw to 
two forces acting along lines which arc not In the mme plan#, 
^d consequently do not intersect one another, may h»i efRadet! 
in various ways. Each of course demonstrate the {x^wihility of 
JtjHuction. The following arise out of the prmwiMi of wm- 
which have been employed in the pmeeding ArtWw. 

gaaewd osm of Ibreea noting along lin« 

IH $p{lC6i 

finKnf ^ r *) ft point in its line of 

acrion,, which we will suppose to be its point of nppUmlim. 

Let A, B, 0 fee ^ree pomts taken arbitrarily and fiaed j *«,! j#t 
M jsume that the point of application of f is not in tli« plan# 

valentlT^ ^ applwtion w 

valently replied by three forces along Un« 

A, B, 0 lespeetively ; and let aE the foro» be Mmilarly • 

then we shall have tliree groups of forces, oorrwpondijijf to tb# 

let Z ll^Tot It. 
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90.] TO TWO POliCES OP TRANSLATION. 

group bo eompovmded into a singlo force j «o lluit tbe system is 
roduced to threo forces acting each at an arl.itrarily^ chosen 
point! let these forces be respectively q, a, s acting It a, „ 'o 
r apoetively. Lot i> bo a point in the line of intorsettion of the 
planes A Bit, ACS j and lot it be resolved into two forcoB, whose 
linos of action are ba and bd; and let s be resolved into two 
foreos whosa lines of aetion are ca and on: thus the system is 
reduced to three forces whose lines of action pass through a 
and to two forces whoso lines of aetion pass through nj let eaoh 

a fowa; then we 

have finally two forces whose lines of action pass through a 

other^ and evidently do not generally meet each 

The m^nitudea and lines of action of those two final re- 
sid ants depend on the positions of a and n, and indeed of a, b. c : 
and as all these are arbitrary, so is the system of the two final 
resulbuits arbitrary j the extent to wliich tfio arbitrariness ex- 
tends, that w, the determination of the oomliiions to which l.he 
eleinents of these two resultants must bo atd.jcct,, will he in- 
vestigated hereafter: at all ovents the system is not unique, and 
the niimhor of puim of (brocs. which arc cciuivalciit to a system 
of forties in spae?, is indeterminate. 

90.] Iter a second way of reduction, let the forces and their 
knes of action he referred to a system of reotangukr coordinates. 
Let p, as heretofore, bo the typo-force, and by virtue of the prin- 
oiplo of transmissibility let us assume it to act at the point 
whore its lino of aotion interseote (he pL \ of (.c, w). At (Imf, 
point let it be resolved into two force**'-! linoH ni'- -.c 
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and as the choice of the coordinate-axis alonj? and p«n>e»difulftr 
to which the forces are resolved is also aidntrnry, so the system 
of the two resultants is arbitrary; and the mmdHT of ways in 
which a system of forces can ho reduced to a imir of forws, 
whose action-lines are perpendicular to each other and tlo not 
meetj is indeterminate. 

The magnitudes and lines of action of these two r»?«ultant« 
may be determined in the following manner ; 

Let p be the type-forcOj and {ns, y, 0) its point of tipjdieation : 
also let sin 0 cos cj), sin 0 sin (p, cos 0 be the dircudion-WMiiiHii of 
its line of action. Consequently if s at its point of applioalhsn 
is resolved into components whose action-lines are in and jter- 
pendicuJar to the plane of {x, y), v sin 6 and t‘ 6 art? these 
components respectively ; and they are appliwl at the jwint 
{x,y^0). Lot all the forces bo similarly rmilved: and let k, 
and iia be the two resultants respectively in and i»erj»eHdie«lar !*> 
the plane of {x, y). Then 

K, sss a.P COB 0 J facS'i) 

and if (x, 0) is a point in its line of action 

S 2.P cos 0 = 2.P ai 00 s 8 , } (203) 

and compounding the forces whose Un^ of action arc in th« 
plane of {x, y), 

Ei“ = (3.P sin 0 cos 0)* + (s.P sin 0 ain ^)* j (an 1 1 
and the equation to its line of action is, see (80), Aft. S8, 

(ra.p sin0siu p-yxs sin 0co8 ^=s.p sin $ (#«n $). (2rta) 

S lj^iagnitudes and lines of action of a, and a, aw ti»- 

#v«a in (sot) lies in (SOS), th» liow of 
»««<#■ ®f imd as these may In that Iw 

a single rewdtsat, the »y«tom of fumw w 
i^e single xesultafi*, The subrtitation of im») in 
leads to the condition ( 130 ), Art. 77 , 

f Agii% if all t 4 e forces aw redneed, m in Art. 6i, ti» a 
! toree of toandation acting at an w-Mfcearily eh«n nngiii, 
and to a smgle couple, we may rappoie one of the hnm of th« 
couple to act at the origin, the eetitg along » detenniiwte 
Ime parallel to the line of action of the fomef. Now the femior 
force and the resultant of translation nmy ho toapotmtltsd i«t«, 
i|le force acting at the arbitrarily chwn origin | and tints 
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the ayatem is reduced to two forces of translation acting alone 
lines which do not meet. ^ ® 

11 the arm of the resultant couple is turaed in its own plane 
the point of application of one of its forces, viz. of that at the 
I’tshig unaltered, the resultant of that and of the original 
resnltent of trwislation will vaiy, and consequently the system 

of pair of forces to which all the forces may he reduced is inde- 
terminate. 

The reduction, however, admits of the following' simplifloation : 

Let » be the resultant of tnmsktion at the origin, and let o be 
the moment of the resultant couple, and let all the other symbols 
ha employed as in Art. 68 s let the arm of the couple be turned 
in ito own plane until it is perpendicular to the line of action of 
It j let a' and a be ^e force and the arm of the couple; both of 
these quantities being arbitrary, but subjeet to the condition 
It a as a. Then, if ^ is the tmgla between the line of notion of a 
and the rotation-axis of o, so that 


cos (fi 


tio " ' “■ 0 * 


(206) 


« 

2 between the action-lines of a and if, these 

action-lines meeting at the origin. Let these forces be com- 
pounded into a mugle force a"; then 

a"* s»s B« + 2 aakin^-t-a'’* j (207) 

and the system is reduced to the two forces a' and a", the lines 
of action of which do not nxeet, and the shortest distance between 
them bwag a which is peipen^onlar to both lines of action. 

this reduction may be so arranged that the lines of action 
of the two forces shall he perpendicular to each other. Thus, as 
before, let the arm of the couple bo perpendicular to the lino of 
action of a; and let a bo resolved into two parts a sin 13b and 
a cos ^ respectively in and perpondicukr to the plane of the 
couple t so that there arc, (1) three forces if, ~a', asinf/» in the 
plane of the con|)Ie, the lines of action of all of which are parallel 
and are perpendicular to the arm of the oouplo, and the resultant 
of which is asin ^j, which acts in the plane of tlie couple, at 
nght angles to ite arm, and at a distance r from the origin 
along the arm, such that ar sin 0 sa 0 j and (2) the force 

a cos 0 whose line of action is perpendioukr to the plime of the 
ooupk. 


Thus the ayitom is reduced to the two forces Esm0 and 


q a 
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[9*- 

E cos ^ acting along lines perpendicular to oaoli other which da 
not meet, and between which the shortest distance is r, where 

f . ( 208 ) 

Esini^ * 

As the line of action of e cos ^ passes through tho origin and 
is perpendicular to the plane of the couple, its etpiation# are 

f = ^ = (aoi) 

L M N 

and as the line of action of E sin ^ lies in the plane of the eoupb 
and passes at right angles through tho estreniitj of r which i* 
perpendicular to both the line of action of the original rwultant 
of translation and to tho rotation-axis of tho coujdw, it* etjua- 
tions are 

NY— MZ LZ — NX «X — t.V 

^ Esin^ * BsinA 

^ ^ (210) 


E sin <p 


K sin fp 


G»X— LK 0»Y-MK 0»S!;— NK 

Thus the lines of action of the two forces are deterininwl, and 
also the shortest distance between them. 

As the equations to the line on which r Hm are 

® y * 

' NY - MZ *" 'lzZnx ** MX—*' M 
this line is perpendicular to the centnd axis wha« wjnatwM* m* 
given in ( 162 ), and also iuterseote it. Coiw«|«enliy we Iwvn 
tho following theorem : 

If a system of forces is reduoed to two fur«* of traiwkiiwn, 
which act along lines perj^endieular to each other, the nhorlwl 
distance between their lines of action mtoraiwt* the wntnal axi^ 

, at right angles. 

' if'ielsetmina-tenass which is involved in this mwlc of 

;:'»®d«efi» ,ajnfies &p^,the whikMy position of the origin. Whwi 
^ ; '-that 18 feted, ^ aw signed. 

.^so if lc»r^ u redneetl to tho him* of 

f % oenfesl aadit, and to the winjdo a 
:-axiB M the central aadg, -wi may repkw? k hy it* 

two equal and opifis^iteces each of which b to i , if « i* 
the length of ai arbitrary am. Of th^ two for««^ M mw 
ao' a ong a me through central atw, anti of wntw? 

. Frpendicrdar to rt f ^ rt and tt may hi mmpmM into a 

I,,. Single force b", stioh thut . 

. 

K* 
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ttjul there remains the other force of the prinoipal central eouplo 
acting filong a line, ijcrpendicular imlood to the eontnil axis but 
not meeting it, and not meeting the action-lino of r"j and the 
shortest line betwmi the action-line of these two resultants is a, 
which is auoh that, if a' is the force of K, E'a = K. 

This reduction may also be effected more generally by tho 
following protws j Isjt us suppose the central axis to bo the 
axis of rj and let a ha replaced hy two forces a, and a,, 
the aetion-linw of which are parallel to the central axis, and 
which jjasa through two poinfo q, and q, on the axis of a? at 
distances r , and r, respectively from the origin, and on opposite 
sides of it j then we have 


R * a, 4-Rt } Riri as E|f, ; 

n r, r. + r, n + r, ^ 

Lot the principal ccntml couple be replaced hy two equal forces 
a' acting in opposite directions along lines passing through Q, 
and Qs and parallel to the axis ofy 5 then 

K s= (214) 

Thus there are now four forces, vix. u, and a' at q,, and b, 
and — at q, j each pair acts in a plane perpendicular to the 
^-axis, and the action-lines of tho forcsea in each pair aw peipen- 
dioukr to each other ; let », be the resultant of ft, and 11' which 
act at q„ and let r» he the resultant of Bj and —a' wMoh act at 
q, j then 

r,‘ m ft,*4.it;'*} r,* as (215) 

so that the ^stem k now reduced to tlie two forces r, and r„ 
the shortest distance between the aotion-lines of which is r, + ?•,. 

As to the aotion-lines of r, and r, j let 0, and 0, be tho angles 
between them and the central axis ; then 
11' Bs i», sin 0, as I'a sin 0,1 
It, sa r, cos 0, J ttj B5 r, COB 0, j 

111 

K 

’ I 


coiwisiucntly 


r, cos 0, 
r, sin 0a » 


r, 008 0, + 

I’, sin 0, 

f 1 + fa 

r,f, nt}a0| SB I'af, eos0a ; 
tan 0, tan 0, K 


(210) 

(21?) 

(218) 

(219) 

(920) 

(221) 


'■i f, Ilf, fa 

so that if f , and r „ arc given, the forces and toseir ineidente arc 

f*0 


ompletely dctonnineil. 


iii 
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93.] In reference to this system of two foroei to which th« 
general system has been reduced, tlie following thooKum arc 
noteworthy : 

(1) On comparing (221) with (186) it appcaw that th« action- 
lines of Pi and Pj are reciprocal lines j consctiuently m the }Kwi- 
tion of a line is given when that of its reciprocal line w given, 
so if the action-line of one force is given tlint of the other force 
is also given. 

(2) Xiet ©1 and 0, be the prindpal moments at q, ami q^ | 
then evidently, 

G, cos 01 SB ©, cos d, » K I 

therefore from (220), ^ i j |g 32 j 


which gives the ratio of the principal moments at q, and q.,, 

(3) The volume of the tetrahedron of which tlm liiie.r«*j.ro- 
sentatives of p, and p^ are opposite edges is eoMtiuvt. Fur lot 
V be the volume, then 


■(n+f,)Kn(fl,4.#,) 


n-l-f, KR 

6 f, +rj 

_ 

-“g“/ I838J 

whch is constant; and consequenWy the voinm* of th« tftr«. 
hedron is constant whatever is the position of th« two (onm 

B eqnivalentiy replace a system oShtmt. 

(he volume of the tetrahedron vaaitb*, th# two foiwM aot 

@»e the sygtmn k redaeiWe, olthor to a wnglo 

- >' i®- K-0* «r »-o. 

»*w fcm, » l„ »,niUW„B, 

fiVfld'"^v ’ WKiifePttdiid on tlw li»».ri»iwwf»t«i- 

oa tha Ba/iiSnS* *° «oi»tnwl-l 

, , “fa* «a« two. 

00B«,am%i4 


a t 

tf, as f, - 1 


otkoB a™ pvoa , «, h„™„, V«,S 


, j: -.'■A >3- ; 
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oonneeting tho unknown quantities is leas hy mm than the 
number ol unknown quantitiog, the number of ways is infinitt' in 
which a system of forces may bo rwlucod to two forom adiutf 
along hnw at right angles to «u)h other. 

When any one of th«i quantities rokting to one of the forepa 
is^gned, then all the incidents of the other force am also 


(S) Hie system of two forces is however unique, when the 
fo^ a» equal and act along linw periiendieular to eaoh other. 

Ib thii eiit Fj m Ft I and FOBsecjuatitlj 

0 , ss d, SB 4S®; r, = fa = * «! a « n . 

a* gl * 

and wo have tho following theorem : 

A given system of forc« aoting on a rigid body may be w- 
pkood by two equal foroos whose lines of notion are perpendicular 
to each other, and each of which has a lino of action inclined at 
48 to the central axig,* and tho forces act pcr|icndicidnrly at 
the ends of an arm which is bisected at right angles by that 

axis j the magnitude of each foroe is equal to ‘‘ , and the length 

of the arm ^ 

* 

This result may also be arrivod at dirootly in the follawiiig 
manner { 

Let ft be r»oIvod into two equal «id fowai, ^eh of 

whioh aa and let them act at two poiato q, and Q, on tho 

ms of * wWeh w equidistant from the central axis, and at a 
distanoe r from it on either sidej also lot tho forces of k ho 

|, Mid act at the poinla q, and q„ so tliat itr « k. Then we 

have at q, and at q, two equal forces mding along linos which 
are perpendicular to each other j atul the resultant at each point 

is equal to , and luits along a Ilms inelimid to the central axis 

at an angle of .I5“j Imt ns those lines are on opposite «id« of 
tliat axis, they are at right angles to eaoh other. 

Ihis is the only miiqiiw system of a pair of forces to which a 
system may bo reduced. 

(0) The distance lietween the 8t4 imi-lines of the two forces 
which equivalently replace a system of foroes m a mioimum, 
when the iowm are equal and their aetiett4ines are pirpondioukr 
to each other. 
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SaoTiON 6 .— ef hb ffmkiirisim-Mftifm. 

94.] In this section I propew to invwtigwte for nn wjnili. 
brium-system of forcM aetinf in spaw tli« oowJitbw n»i|tiiiite 
that the system should also be an equilibritim-ayrtom, whfii (h# 
body receives the mMt pneral dinplaeonient, wid the forw net 
at the same points of the body, alonf lini* pntlb! to thdr 
former aotion-linM, and in the wae direction m liofow d». 
placement. 

Whatever the di^koement be, it may alwaya be r^olvwl into 
a displacement of transla&n and a diaplacemwit of rolatiun, lh«* 
effects of which may be aepamtely roaddtrwl, Mow the ilw. 
placement of translation will b# efctted by iran«ri»mii|| ilw 
|oint of the body which ooineide* with the oriifin in ita oripnal 
position to the point (4r„ y„ «,)* ft»d makiiiff all partieh)# of Ilw 
body describe equal and parallel paths : then if {/, /, /) i» the 
place of the particle which was originally at (#, y, t% 

'/say+Jf,, faiSJ 

As the systems, both displaned and origijwl, aw «tjttilibritiw. 
systems, and as the direetion-«gi«i of th* actiiin-liinw of the 
forces are nnohanged, we have following wndltioM i t». 

cos a as cos ^ *.p «» y w 0 1 {33i5) 

3,p(yoosy-« 008^9) as «(#««— #Wiy| 

1 0, (m7} 

. 'S.li'(/eo8y‘-/co8j8) m 

Cllil 

- «d &»:(»«) 1ft (828), Ci«) am 

tedlsy'rfeMoa-<^(8M)»d(8lf)| ao that whafowr k the di«i» 
..placem^t of tiMSidatioft m 'iq^Wnm-ifatem ermtlwtiw «tt 

. the di^lawn^t of lofestfoft hi pwdiiiwl by waking the 

;;5Aody turn ihrongli aa .angle I ifowt an ads piwlnf ihnmgh tlw 
ori'gm ,aad of which the dfoietioB^|l«i m/,gji let («, y , 
he the place of 'flay'parilrie # the Wy In il» origtiw! wwii'i.,n, 
. and let thffl |oiftt after .the' wW« he (»+ a#, g + ay, # «! a rs i 

ftft two p^dtfofw of thfo iwifit, 

' ? C32{»| 

f perpendicular mrnrn f»w y,- r) to thr mk 

'' ''I'?*’.. ‘ ''' 
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of rotation ; m that a# i« the ehonl of a oiretthu' arc, of ratlinn 
p and angla Q, dowrihcd by (jr, y, «) revolving about the as-ia of 
rotation j and therefor© 

A« m a/i8in,j* (aan) 

Am this {wint is in Iwth it* ptwitioiw at the «mo dbtanw from 
the origin, and also in ths «ame plane perpendicular to tl»e rota- 
tion-uis, w© have 

AM (2«+ A») + Ay(3jf 4 . Ay) + A J + A.’} » 0, (28 1 ) 

At eta>/4 Ay ewy 4 Ar eos 4 « 0. (381) 

Also from (330), 

(A.p)* + (Ay)*4 (Ai)* *» 4 /»»(*ing) j and (iS8) 

(rooiy—yftis/l)* + reo« /)* 4 (yeof/— (334 ) 

Also a« reosy— yoo« 4 , (Jt«is 4 — reos/, ycoay'— xt'osy are pro» 
portional to ths direotion-wmines of the normal to the piano 
which oontains the ndat ion-axis anil {m, y, r), and aj*, ay, a? 
are pro|wrtiofml to the direetion-eosineK of the ehnrd a«, and »» 

^ ti the angle emitnimil between these Hm«, 

m ^ 

(reosy— ycso»l)A» + (4'eo8i<—#w»ay*)Ay + (y<,«»/‘'-4*t!Oiiy)ar * pAum* ~ . 
Thus we have th« thrw foUowii^ M^naar ©fwfcloM in tama of 

A», Ay, AS, 

(r0O8y—yeo»i)A#+(««a8i--ti*c»/) Ay 4 (y eoa/— irooay) a«i® p* ain 

/ . 6\* 

B A# 4 * y Ay+ * A*fas ~ 2 /»*(»in ,^) 

OM/ A# 4 - <S0»# Ay 4 * eo»^ a*« «i 

and from them w« have 
AM as sin d (® eoi y —y mm i) 

ik^ s mn 6 c’tw k ^ ^ 

4 4 I ' PSftJ 

m iin 6 y mm 

W ' .0 

I may hy the way olwirvi, that if the «Rfli whieh 

the laxly is tuniwi iw inhnitwiimal, say m M, then omitting 
raie*, voi.. ui. e 


(reosy- 
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powers of it higher than the flret, and r^lacing &x, ai, 
which are also infinitesimal, hy A, 

ss (# coB^—y cosi) dS, (23«) 

C 287 ) 

ifo S3 (yco8/--»co«y)#iW. 

The signs of the terns in the right-hand inemlwr* of th«ie 
equations, which are amhignous hy reason of the ayatem of 
squares in (284), have been talcen in rooh a manner that if the 
af-axis were the axis of rotation, the p<»lti¥e direction of rotation 
would be from the y-axis to the r-wcia. And the rotation* ttl»nt 
the other axes would have similar pmitive direetiona 1 «» that 
the system is cyolioal. 

In (228) let/,/, /be replaced by»4Ar,y+Ay, r + ar re- 
spectively j and let the following aymbola b# employ oil for the 
abbreviation of the results j via. 


y cos y ss a.p z cm « 0 , ' 


3,rsooBa a z.Pzcoay n it, " 

(2Si) 

Z,J»00S/3 m Xtyooftt w f t .. 


a,i'(y 008/3 + zoos y) ■* 0 , ' 


3(.P (g cos y4'» OM ft) w V, . 

(ll«) 

3.3P (z 008 ft+y mfi) *• w } ^ 



the first three equalities following from (22?)} then we have th« 
equations, viz. 


— -ffliwf + Ottwl) 

(til) 

(tl3) 
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95-3 

and from those the dircctkm.t»8inM of the rotation-axis are to be 
determined. Ai, however, the/ are more than sufficient for the 
purpose, a relation exists between them,* and eliminating cos/, 
emg, © 0 * k we Imve 

livw-.0*u— »»v— rsw—aDBr SB 0{ (246) 

whieh expr^»« a relation between the forces, their action-lines, 
and their {mints of application, when an equilibrium-system is 
alsfo an eiioiHhrium-a/iitem after rotation through any angle 
about a certain wit. As this wci« has important properiaes, it 
is oonvenient for it to have a distinctive name, and so it has 
been ^led Equation (246) is the condition 

that an equilibrium-system should have an equilibrium-axis. 
When that wnditlon is wtisfled, the direction-oosinefl of the 
etinllibrinm-asis are given by (244), and we have 

<«««/)* * 1 (246) 

n»— vw B»— wu y*— uv t}S4.jj»4.fS~(vw-|-wu + uv) ^ ' 

As tliesi eciuations give only tiw dirootion-oosinM of the equi- 
librium-uls, all straight lint^ ptuallcl to that thus assigned are 
also equflibrinm-axM. 

If o» m vw, »« m wii, r* bb wv, /, ff, k aw indeterminate, and 
the body i* in equilibrium, whatever is the position of the axis 
about whioh it is turned. 

If all the forM act In one plane, say in that of (s, y), then 
msiymQf and consequentiy n on s m 0, wad ftom ^e last of 
(144), wwO; that is, 

m 0 , 

whieh i» the same oonditimk w (t2), Art. 68. Hence also 
eos/sK cosy w 0 and «il * 1, so that the equilibrium-axis is 
perpendlmikr te the plane of the foroes. 

Ihe wnditibtt for the axistenee of an equiUbrium-axis 
given in (246) will Im more easily interpreted, if we take the 
most eimple ease. For this purpoee let us assume the system of 
ooordinate-axe* to be eo taken that the s-axis is the equilibrium- 
axis I then omt/»ie«8«ya»0 j imd eonsoquently dsssjswO, wasOj 
that is, 

X.py eoe y w 0, 5I.I* # OM y *■ 0, (# oos « +y oos /3) »» 0 { (24f) 
irom the first two of whieh tideen in oombination with %x ebs y 
KB 0, see (22tt), we into* that, if the forces are at their points of 
application rwolved in direotions parallel to the ooerdittate axes, 



titiose pitrallel to the axis of s m in ; aiitl fmrti Hw 

last, combined with tlw fiwt two of [rui} mnl th© Swt of 
we infer that the forces wh(*e of aetion aire immliid to !},« 
plane of (», y) satisfy the oonditioRi nHjwiwl for m emif,\ - 
Art. 63, and are tlmrefore in tHtiMlihrium when the l«»dy i» 
turned through any angle about tlw axi* of s, lliuiw the 
meaning of the condition (§45) is, 

If the forces ae&® on a body aw ro^dwl along a mrtain 
straight 'line, and in pkaes parpeodtenkr to that linej mnl if 
the forces parallel to ths strai^t liw are in wjiiitihriutti, and 
those''in the plsmes porpcndioulw to the ilnitglit litw siti iil» in 
equilihrium, and satid^ the wndltions iwniiiwl f«r a will re, 
then every line parallel to that line i* an eqtiilihriwm.a^w. 

Also if the foroM are such that the j'- and »«» Isith 

equiUbrium-axes i then from the oquation# {3<W) 

D w * «» » w 0, tl w ¥ » 0 1 
and therefore cosAa# 0| and tlwwfow any liiw }»aialh4 t«» tli< 
plalke of (», y) will also be an equilihriMm-axi*. 

* 96.] ®o investigate pnewdly tho «>n<Uticin» fi*»|ttiflito thal 
any two lines indinid at any at^fo to t«ih othor slntnld Ik 
equilibrium-axes ; let the dir»eti«n<«»gl#ii »f tlie two lin*' ^ h- 
f> h h f) /) V} then from (t44h 

. , —v<mf +f cosy + i«l » 0, " 

»oos/ — f »sy +o«»l » 0, ' fStl| 

* 008 / +D 008 y--W«Ml * Wj J 

m/ + Mwtk * » 0, ] 

I (ili; 


rw+PiwiO} (Sio, 

i 
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which »hewt that toth tb«» lines «w {■•wUel i» «*■ h*’ *“ **»*’ 
plane whoao ctjuation in 

t>l jf + vi f -S’ « 0 1 {*<‘'■1} 

hut that the |»»ttion of th« Uom tti th« plane w^imletermiiiali’. 

Henoo w« infer that a hwlf whush i# in f«»r l«f»» 

MuiUhrium-axw which meet atwl are not p«»!lel to each wilier, 
w al» in etiuilihrium for dl me* pmllfl to th« plane which 
oontaiM the« two «|«ilibwttm-a*M. And htn«» 

If a body b*» thrg« tcptiUbrittW-nEW which «« not fWwlW to 
one and th® sam® ptaw, mmmf fourth «*» «n ^iupbrinw-nib. 

And m a body hw an «|ttilibrii»m-a*w, if it » »« ^nihbrimn 
in two diffewnt and not pandhd ptwitiona, m if it i« i« ^n»» 
librium in four ditlbrent and not j»aml!®l pwiti<Mi#i it ia idiw iw 
eriuilibrium in itery fifth |»«iition. 

And when this !a»»t war oopura, n » a » f • 0» u w v « « wO i 
m that the |H«ttion of the plane C*i8 i| lm*»mm indotermiimto. 

97.3 Although a syatein of forc» actini? on m riB-id tody and 
being in equilibrium admit* of an oquilibrtum.ttxw, only when 
(248) i« WJtiafiwI, and thercfoiw not gcnrraUy yd if » w 

in wiuiltbrium, two ticw wjnal hmw ading at rcrtoiti defiwto 
pminte, dong th® aaine lino of a«tii»n and in op|M^to tbwliona* 
may he inteduced in auob a mimiicr that the ay^tow thna tiasali* 
fled may have an «aittiHhriMni*iisl« in a i^ven diwitlow, 
new foroei, it wUl be otofervtwl, «» int«du»d into the imt |^* 
tion of the body, being equal and oppmito, W4«t.«lli(«««ch other, 
and do not dkturb eqdlihrinm, and in the other pwltion# form 
a oouple which ei|ttiUh»hw with the impww^ fonv# id the 
^justom in thdh ft«w j^tion. 

Iiifc, M in the preoedinf Article*, /,y,i I*® the direcUwn. 
ah^M of the given eqtuUbrium-ast* ; — r' and r' the tw« new 
foroea, otpml and opjmeile to wh other: !/(.»', /S* (/*./*, 
thoir point* of applittation j /, w, » the dirw’tion.coeinw of Ihdf 
common Him of action ; r the tlidtatire to>tw»i»» thdr jwmli of 
appHealion j let /'-■/, /' — / to.’ j»«#iliv« quantitiiwi} 

then y'— y /* — #' / 

, a * *' » » rj 

(mm 

and if the aweidinl lettorm refer to th« #y»tofti when ii»f«i*4 
hy the Iwti new ftiriw, and the Mnacwnlwl tottcw to th« ©ri* 
i^ttdayatem, «' « iH'/r'a-yVa 
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and 


i^sss D+rr »*»,•» 

similarly B'sai+pV«/, i (tSS) 

/sa J 

t'=±U+P'>-{«'+»’), '/asv+p'f(»* + ^), w'aBW } «»*).(< 

and substituting these ?Jum in the oonditbni (i'H)* which we 
requisite for an eqtuUbrium-aitiij we have frwia the fiett of tlieni 
— u oos/+ T cos y + 1 oos ^ 

tsi's'r {(«t»+»*)w8/— faa»f— 

as p'f {e08/--l(f «»/+*»«»# + »w4||, (Uf) 

let if) be the angle between fte line of iMJtion of e' amt the 
equilibrium-axis; then 

008 ^ as /oo8^-j*» ec«y + ncmSi (iSS) 

and therefore we have 

— trooq/'-fi'oosy-f Koos^ *■ y'r{et)i/--l «i*^| • «, *» 
'Sees/— voosy-hnooiA as f^r {©«|f— wcoi^l w r, Ifias) 
;.;i;.y.,».oo8jf-|-i).ooBy*-'WeoBA ■» {ew4— ■ m emuihl « I 

e^llo'ying' %%vfm abbrtvkttof eymbob for the left-hiiwl 
aii^bets of ilih eqmtiotti, wMdi are known q^nnatitic*, 

•'' Ifenee we have 

' «cps/+ecosy4>woo8A »« /f {l-(wt^|*| 

« fr(dit^)K 

^ Also + »• 

,* 
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■willi wli«n t}«» knly ii ttjrawl abtiwt a certam axb, oquilibrato 
will* the f«m<« «f the »y»item t Imt as the Uvt> foreea in this dis- 
plawtl |H»«itit>it farm a eouple, we infer that 

If a rijpii Wiiyi on wiheh a iyatoro of foroea in equilibrium 
seta, ia turned aWnt any ajtw, and if the force* act on the eame 
poiste of the l»ody w boforo and in the «am« dirwtlons, they 
are genmlty wdudhl© to a wupk} but in the partieulmr ease 
when the mnditlcm (its) k fulftUed, the moment of the couple 
vanithw. 

W .3 In Seelion 8 of the prwient Chapter it Inw been shewn 
in wiott« ways that it k ptawibk to reduce a system of forces 
Mtinif on a ri^d bmly to two f«r«a», and that the two forces 
are geniimlly indoterminati} in all th«r ekmente | it was Aewn, 
however, that the pair k unique and determinate, when the 
two foKvw were wpwl and aetwl along line* at right angles to 
each other. I prti|H*w now to (dt«w that it k always p^ible to 
reduce a ayatiutt of forrw to two fon’t^ of translation, such that 
th^ with two other new (unm shall k* in tHiuillbrium, and also 
shall haw a given M{uilibrium«axk. 

Let the two now foiww k« r' and j*"! let a *' ^ •/'be 

the ditwtiott-anglw of their line* of atdion ! (/, /, V), (/', O 
thwr points of apjdtmtlon ; then for the wndition of equilibrium 
of tttwo two now fojwi, with the former foroot of tib© aystem, 
wt haw ft 1 


we n»T« X w 0,' 

4 V w 0, • (M 3 ) 

r'«w /4 4 * *s 0 ,< 

Ako kt ^ y *, 0*, xn mp » n", 

s.r# otwa m it, m.mem y » s", 

*.v* ■*. vy w a ®» 

%f{ymsp+9omy)mW, .a.i*(#«>iy+#«a)»v, a.p(»©o*a+feos^)s«w} 
ften, m lh« thwt «prwri«a for moment-aaes of the couples 

about the eoowUnati-ftxw wrt lo vankh, w® have 

f/mit / 4 pyc« y''’ 4 I f. ,, , 

» v'/cstw / 4 y” 4 - i*'» i (^)< ' ; • 

•' V 1!,;, . 

m //«» ft ' 4 f**/*cm (*"+ /*m t Mf)* - 
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Also let 

r' (/gos^ + / cos /) + f'ifim «« y") + 1 ' * f*, 

s' (/cos y'+Zcos o') y*^+****‘^“*^ + ’^ " '■’» 
s' (/cos a'+/c08i8')+/'(/^«w eT +/' 1 w » w' ; 
and therefore, if the di»etioa-w#« of th« fitea •nailibrium. 
axis are/, y, k, the oottditioM required ww, we C 3 < 

— f'oo8/+f * 0» ' 

' ' tOO«/'-VcM|f + OC«»^ " 0, ' (Si4) 

. :ieo#/+Beoi#-»w'«i«l* 0{. 

aud lihese M6 all the eoadiions which ure rwqttyte for tli« 
existonoe of an eqnilihrium-iaii s ▼», the ^t»tioa» wwraJIy 
of (262), (20S), and (284), and of which the whofe auwlwr i* 
nine; and they oontain twdv# aadetenaiaed cjnwitllif* : tit, 
I'dosa', s'oosjS', ...l^oos/', /»/» wf thi!w» thcwfore aiae 
may he eliminated, and there will wmwa a ceaclitlna iatwlving 
the othfflc three! the elimination, howwir, ii w long tl»l I »h*n 
only statesestiita. If we eliminate the for<« /, r**, the tlir«,wti.«- 
ahgles of thw Imes of aetton, wid the aHwlinatw «r the jwint 
of n;^l»lioation, of one. of timm, i»y, t”, it will I® found 
that the resulting equation is ^ tti •wind dt^w» »« ternn* »f 
(if,/,/} and will therrfore r^p»i»ftt a auifm* «f the ttswuul 
order i and it will also be found that the imint «f applirnffon of 
the other force is also upon the «t»B iw^*, and alen ilwt 
pery point in the line joining the two pofnte b on thw «»tne 
surface ! the sur&oe » tiierefore an hypirfwhdd of one »hwt, 
the line joining the points of appli^tion the for^ Iwing onu 
; of the'g^erating straight Unw of the irnffiMsei and tii» 
ahrfw^^ is iit@ «* of «» Aud hotww 

, we comelKde'ii** inlw n lyrfm «rf fo«« which fo not in i^udi. 

; hrfuin' twd iasoes: may h» inferodus^, m th«t the thtw 

moMed -may be k .and, wty ate hate Mt eqtii- 

librkm-'aadsy ,and the pokte of i^iettfon of ttiMM two fonw 
f;:;,. may be nt.spApointi on ^ rf» wirtnin hy|iortn»foW 
'<rf' one, Aeet,.&at the Maftjdknf them ll« wWly in th« 
s^aoei’.'iand.when these ,pomi( of tqpplfaidhm we pwa the 
hues of. actidin.,ief the foroes im idso Aitermii^, 

; •. -^though i:kpeappMed%.tbti.^«ftlmoqttiliiyttm.a^l« 
, . Only the geometrical 'ohanges of s*, |r_ and t, giv*^ fo Art. » 4 , 
equations (236), yet th^ are of much 'nMm ifyBcrtfen, mi will 
be largely u$$d» 
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Swriox 7.~ Simisitff ftmit •>/ Kqmiiltr’mm, 

99,3 I'll® ititwtigsliaiw of Ih® pwwwling wlion, m aW 
of Art™ iS* if* **f i«t|w*rtaiiw »» drtrriiiining a tWicala 

qt»eirti»M. via. tlw elwmctrr «f «|uililiriM*ii «4* an ♦H{uilibrium- 
lyttw. Pw if » bwiy * *1 ““tiw il» aetion of many 
foitwt, wwi nwrtvwi »» •jiwll ilwjjkwnwnt of tb« ttt***! g®n«»l 
fajtttl, Intt of •«*!» an i»*tlwtt‘*titiifll amMiint Ibat ll»» fom*, wbta 
att{»!le4 at Hw «»«** jwinta •» liwfow, «pt in tiw ««» direotloas 
atoRf !»n« iwwSW to* and infinilwtitnaily from, th®tr 

formw linw nf motion j then tl»r !«% in iti» nw jawilinn will 
»nrtr#lty wot t>« •« ^inilibrinw I afwl tl** »»^tinK f«rt« may •tend 
to Wtiff it Iwsli to Ito former fMwitioa or to wmov® it 
fartlier fn»m it ; «f tl»e fwmier i« the rli«r»etor of the far«.'« Urn 
MiiUilifiMfn in i«id to tw rtalilf | Mil if the latter the w|«ilihrittm 
ia Mill t«» Iw *m»t«t4e. A heavy »i‘hert'’ rwling in 

a hollow h**«l. w htwivy #|»hcr»»i4 tt'»tiiip: on n IwriMntftl 

Iitane with it* wrliral, a lnf«vy wdthl wwpwlwl at n 
ptmlttlMin and »t rwl» • kwit!«l whwl with the liMiil in th« 
fowent j»««*il4w ji»niiti«»ii, mu »ll i'Mw of »»ithle wjnilihriunj. 
C)tt tho «*tln»r twiid, » twII with it* hwd m high at 

pwaihki bii 4 nwlittg »*« » hwiwntal jtlnw, an l*l«n«Hl on 
th# iiinnllw ***♦»!» a heavy Wain Haling on two inolinoti plnnwii 
a lioivy h*til l*tani'<*l on llw h%lie*»t |ic*ittl nf # tphnw* aw ril 
iitilsiinew of ttii*t«h!e pfjtiihhrittttif If* hnw'wwri tli« hotly in it* 
ditplawl tlnte it in » mwitinninf (Wj|«iliWwtti» it wn^ h# *0 oitliRf 
for llw dwipfowwient whfoh it b«« Ktnnlly nndw^we and for 
iwi oth#r »«w t»> It, ill whfoh v*» tb» wjuilihrinm ii taid to W 
nnatml i or It wny l>i in •fwilihiiuii! for tlii* wwl ril other inB- 
nihMltnid dif|*hw»®wt», and than lh« »:|ttiHhrinm i» i»id to h® 
»nlinM«n«. A h«vy hawwififnwrtw cylinder Iwvitig ito «ndi 
fwpisnliettlar to th# tail nwtiiig on a hoHiwntal plan® wth^ite 
nw bor»nt*i, and • h«tf .h«w^»®o«i eiwnlar «« mnng 
ito lm$ |»r|irt»di«il«f to ito »ii» wtiiif with ite^ttot rid« on 
a hnriaowtol pton#, aw iit«to«»w of neutral wjailihriMm } a heaty 
honw^iww «}»hw rwting on a horwontal plan# k an ln«to» 

of«Mili«w»i««|Ml{ihri«ttt. 1 a ' 

100.3 Mow the general «li»|d«w»M»t wbteh * Wy ^ 
ttudoigo stlwaya «f a di^plawment of ^ ®; 

a di*ida«f«ont of rototion afomt a tlatorwiwte axto, I« Art. 84 
It hw lawn Amu that if a fo«ty i* at 'rri* «»!« Ifca aotion of 
WllOi, 111. • 
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given forces, it is also at rest when it has a tli»Iilaee- 

ment of translation, the paths deserihwl hy emty jmrtieli' »>f the 
body being equal and parallel, the forw* Iwitig appliwl »fc the 
same points as before, in the same dirttetion, and ah»i»ff aetion. 
lines parallel to, and infinitesimally distant from, the former 
action-lines. Thus wo have to eonaidw only the efR.»ta of an 
infinitesimal displacement of rotation ahoat a wrtaJn d«ster. 
minate axis. Let the direetion-anglM of the ttia of mtatiao 
he/, y, Aj and let dd he the infinitesimal angle throngh whieh 
the body is turned about that axis j then tb« ehatm« in tht 
coordinates of the point (sr, y, «), which are due to thi» i«fini« 
tesimal displaooment of rotation, are those wbieb are giten in 
Art. 94 i and we have 

da ss (r cosy — y ms I) ' 

' % aa (*008 4— *00S/)<#, • (3«i) 

' <fe'as! (yeos/— #ooiy)#,- 

If, however, all the ootion-linoa of the for«m are In one fdanw, 
say, in the plane of (a, y), and the rotation-axis it pcriiendiowtar 
to that plane, then 

MSi'::'- " ’ ^ii i/f' da‘^ -^ydff, dy ms t/S. (i0«| 

S’; ! ■■ In reference to equilibrium-axea it w evident that if a l«aly 

' in equilibrium under the action of certain forow haa no w|ui. 

, ' librium-axis, its equilibrium is either staW® m nnataldoj if it 

•/: has one or two oquilibrinm-axes which ro«®t, its «|ttilil}riiit« w 

' ; ; neutral, when the displacement of rotation tdkes ptow abont on« 

Of them; and if the system of for« ia weh that m»ry mm is 
' ' ' " , equilibrium-axis, then the equilihrinm i« eontinnotiit. 

'ippHoarion of this ttieoiy I will first taka tb« iwatt 
•! hddiy^ Mdl equiUbrinm ondw the aetfon of 

fproes^oibty} of oduisiemfe equid to iwoh otter, and 
‘ act' aioi^ fat opfo^e diraetionij but tbi*n 

be;s9:M#ffiei tte few* my «rt lo 

'■ >■' pf apflioaMoa nearer to, or fhrtter tem, 

ttSni' b# tte two forwsi *„ 4 , 

resfeorive pomta of appMoaifea, Jm tte body rwdw an 

atentan axis pep|»»dirtthr 
^ *««« J *0 tte lino 4 , 4 ., wbfob 
the drsplaoemmt mm lina with tbg «f 

"4'; ■ ' Wlied at a^ and 4 . tend to brini tte 


fS; 

■' ■nho ‘ 


I©*-] 


Of pjriyisiicM. 


I«l 


H«ii^ to »" **“* »^»« »*»*• 

ik«in«»i i*«* »i»* »•**«* **»*' **• 

lb« f-rtW *♦* 

_j ia *ii^l» »rnii»ttl »«|iiil»l»«*»«* »»» 

« « Ik* #«# i*» •‘^ *" ^l*"»** ^*‘**** f 

.Si^»iiiiL»»» to *»««*» »**** **“ •vt’ rr 

CTti. 

and »b» *!»«- !*«»•* ‘*.**^*” f , 

«»«i|***'*l *Kl|^l»W « 0lll*«*«« « 

I t. ,^«nii *liil«» *4 wwibtottw l<»» \iif f«> 1*® to* 

»dnU «f »|*|4w»*to.tt mI f, «tid >d f ♦ rwgwwliwljr * tlw* »Im> »«* 

4iii«i»» *rf «|tiiltt*rt»M« iliw« *«« fttow «» 

f, ♦ r» • o, 

«» »ia« s.r# -"*»*»»«'#« ** 

I|«1 tJw \mAf i» iMOU*! «w«l **» *«'• t.» ll» 

.iffy |4 i#, «| ltifw*igl» «»» J llw tor »«»4 llw»r |^H»« 

ti w *1*^ **'♦** 4«wto«»< to»i*g »iii«t«n*»»l» «ni 

lirir ll««» «»^ ****^ teiiisto«rt«w»M|* to 

t!b imam *» «»r»w»j »«»» »**• el**«*ir «* »> wl«^b w 

t# tli^ il«ii4i(w*t«««rt b ll^ i»«f*^l ef *fc» «»»« 

i«li, «i itt ito 4**pfewl »*« 

« «1miii«w «f # uttrf #t atol ** l**w 
m mm m »,r tAr-ww « t-f •#♦ 

»- |ii»*. Mf ♦»«*•»•*} <*1 

\mi ^ « l***‘^** !«»»*♦*«’. *** «to«* 

bwi^l ittto iwito# H »b* to«4 to 

W| furtlwr rto«. Mf to l««il i* 

abw 5 ». <w to w|iiil»l*H«» *4 Wto «y 

awtAfe .«f A)wi l*»»* «|iMhkri*iiii » AiM« 

ttwrtny*, w . 

t,r # «w» a 4 «*» « '* ■' 

fa twllife f»r it 

Att4 a fa tk* for Will til# 

wWfawy, tli» C««»l *«!*«» »*•*" ^fJir ^ 

8ti4 Ifctt* %h» mm%y ifo|«rfi •« ifc# i^ of to***- 

• i 



STABtLIfY AKB IKSf ABILITY 

If (260) = 0, then, iittW P, + P, * 0, je,mjF,m 0, *,f, *« • 

that is, the forces are applktl at the mme point, via, the 'nri|pn, 
and tlie equilibrium is continumis. 

The rototion has tak«i place about an ask p«r{«iitikulgr to 
the line of action of tlie forow. I would only furtlwr olwtrv#, 
that if it takes plaa« about tha line of aetioii of tlin two 
their points of application undtifo no dii«pliiee,»«tti, and no 
orilerion of stability « obtainfid. 

102.] The prooMs of the ppiwdiinir artioh* k ak» ftmemlly 
applicable to the determination of the criterion of the atebility 
and instability of forwi alt the action-lin« of whWi in the 
plane of (», y), Iiet the &iw and thkr ntveml inddenla Iw 
denoted by the same symbols m bwetofotw. ITnm for tW «tj«i. 
librium of the system we have 

X SB ajpcosffls* ft, y« 8 a.faitia » oj laioj 

I<6t the body on wMeh the forw act amforKo mt inliiniwinml 
dtapkoement of rotatioia through S almtit an mk {»r|wi»dn<ttbr 

to the plane of the fowteai th«ft 

*-a.f(y«m«+#«»e)*#j |iyi| 

and consequently the cffeet of the wonple hronght »«i«» mdion |,y 
the displacement is to remove the body forthcr Hhm, op t« bring 
It hack into, its former state, aewirdiag a* i- f dri i*| k 

posirive or negative; but th» qttm|tity la the rmlkl motwwit, 
see Ari 6S| wnsequently the equHibrium h atahhi or nnufahk 

'aeyfcas:^eralWmm««ftt«|»dtiv#o^ 

va«iA4>h« tb ifattm h*. n ountw, «»d *« 
te ft* plants „f ^ 

b<% » tm equiliMm in ifo <ikpl**,| itnfo, m hIm to tt« 
^stete, -iml: ft« «q*iiilri«» atmtea or tontioMo. 
®8ttee #e have itb follow^g t^wwHu: i 

, 'lOf acting mt a jyi 1,04^ l„ _ . 

ewe, according m aw:(t«t««4.««in«i ftat k ib« 

moment/«posj>tivft,Mto,ertteptim ^ ^ 

■-^The pimdmg ««« kkmmiffyt * of the 

My about an jorpalnlieMl^ to the • i !r 

loeees aot; for let uaWppose few fow* ^ * ***^ 
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103*1 

,,f i|wi« m m »'*|«*lil»««tti * M**! iWtmfwr* tl»« 

l^f dm I-* ^*d} <- >•*«»*** « 

?1 »•“* **”*'’' **‘I; 

m^rnnm «f «l»^ ««? I- .mhU m 

^t»y#* md iC 1^ r»Uimm i*i» l»l»w <«*■ *’^ **’**”*» 

TZ r^r. ii«» *«“y ^ 

M»y ^r um4M*i **»4 m^hntlf U m 

^1 W %4 ll*» »*»»» rtofW'lwf m llw <»lli!rt* . I»«w w 

W# Uliilltl# t# ^ ill# 

rf iiiwIiM^ mmtlAfMnm 

Awl prwwlto* iswl »• *|*|4*r*y* l» *»<*» i^f 6»w 
ifk^ |itt» m( ml^ ^ p«»lW A pwii fh>m m^m 

tofcw |tl**-« «!•«** » i»»»« I*«l»«3w6«}i*f Iw lli«l |di*i»- 

1 W» mil mU* liei*** 

^ tlw •*»** »*»^dAhif 4 •« l*»t 

tk wlwl «* *» *** ^ t.^ m, m |l«i 

II •■# t r i» *«»* # •! jr MW *1 i if • 3| 

,- . in i.f «<» * ♦ '^1 **« i»f* 
m t f 1 * ti»« -"f w»*<» 4 #* 

• 11 ^ » 0 # 

^ ly w i« ^«*lil*«»*» rnrnmimmif « ■ «. 

llgfif* III •!! 1^ ri4i*l mtmm% h** » ««l»* 

filiw, i»«l i* * «**wl*w*»wi* « ^ 

» prtl^kr 4 llw» T*» 

Srtinsil mhm^ mp ***** 

#« rftt ^ ^0t 

"S* • i# 


f «»»«?. 


• Mi 


(lfS| 


i» fh** i few • »iiAifinii« ttiMittwttwi *4«« «* fc* 

^ b .1 -«**« - «. *'«'< >• -i'-"* 

-. w fmmum m m m mimkUimm »liiM# «r 

tt«ii«t4»» i *i» fe»w »*»* <m%vm ■« Iti iJto 

eb*(Rwt»r «f *#f m *|’<*#« wf ftiwm 

fy «|wi|lkittM *» *i«l*fe «r mmmirng iw » I* » »•»*• 

WWW m witti«niw i m w « ^ «* 

If n w «, 1^ l«# «» 

liWuai i* «*«lii«l. », 1 I i % 

If llw w4^4im« 4 «tt llw (mm tm !*«•«, m m mv 



4111 mwfkmi 


!■ ■< -• . 


t »* w(^ )♦ tamtl mO^im %mm # v • . i 

Ik# ^•liifcfi,»* ^ ^**1*14, f 
rm m Ik® «ibi» «f|teA » , 

ikwwtt ««4’ /s, . 

k»i««»|«| 11,^9 «: W Ib*. #t4,' „f 

*• +#*«««) 

** ^ (« f ^ t* « «i4ii #«*»»# i. #i„ ^ 

. «« tt. .. > ,, .. 


* ^ |f » k^ hmst tm* Amimi it iMh 

» !?“'"*' •“* W itwi 1. 

iiMi'l V ^*T'.‘*«*^ *» 

»k+, «,*»_,*/' 

%S5li3. %•*». 
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105 .] "• - 

Kx, 8. WImt h tlw» »>h#wrtrr wf r»|»nlii»ritim in tb« |»wW«» of 

lx.S, Art.ttO? 

Ijtt » W th*i wrigin I it*®** 

H +n-etm0(f-e) 

m 

m — w^swi# 

» w (#—«), 

ana this w pi*iliw m «»«E«itiw aiwttitnf mfik gumtwr or hm 
than « $ honw Ihf ot|ti»liliri»tn » *t«Mo or awralnf *• 

Ex. I. Two liia»:y |*rtieliMi «ii.iiwtel oj » »te^ aappoit 
wieh othor on iJi* eiwninfenwe® of « «reJ« in ft ▼«rtW 
IWorenno th« natwro »f ih« ®i|iiillliritttt. ' ii jii 

Ij©t th« wffilihia «f tht» l» » ftna q, ftttd M w« »di» 

flf th» pinar a«w« l*» tho jwints whwfv f ftml q rwt mako ftuglw 
# awl * with lh« vortiml. ta»t tho string wthtend »« angw ® « 
at tlw oonlro. ** that ti i-i#. « « ! thm, if th« cHgin i« tAm 
at the »nlr#, 

It 

lilt • 

lani iin# 

If ® I 

wmawittontly « m the 

im In the ««. of ft fi^ hoajr in ^wlihrinm tmatr th« 

it many hwm mAkm mEn Z 

\mm to «m«iaor only Ih# of • ^lft»ment of rotetion, a* 

to th» kina of enttiHbrf" ^ 

the aitfctioMngte* of feb* «i» f ^ohtfelon be/ y,k ,md 

U .h. ^ ^ tm »f r. 

;: to ui. •>»* ‘i- 

wnaia of th» Iftw of r^ktion of oenples, 

II m !,««/+>* noiy+s oo«A 

*, i»i/».r (yew y--»<»«^) + '••+•• -i ^277) 

_ to ^ .,»&««»+• «•)+“» I (■»■“+'«•)') 

— (ofli ly *»*‘('* a-y f ^ ' 


^Ttusirtf is#fA»n.itii 


I 3 « 
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MiJ ill# «f‘ Aft 

» I ' % r*# -- ■* m%4 i}^ 
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# I p / mm I I |« i 4 I ^ ^ ^ flli| 

1^ ^ *♦ «l«^ « mmM vmtitiifitt nf i b to lirl»f 

^mh liii* l» |^#||s#i m III wwitg It 

«r w I# ii,^ 

««,«nl).l<#t-ii«i •i*t‘iw B» •4ii*»i«l«'fe ** llti® f%l»l.|rtn4 iBiw. 

Wf »# I?*' » «f j»'t»ilitm, 

4if 1^1 I** ifer|*r|« lltl^ «|^lftl|ly ^ ||| 

■«Qi I ^ 51 # I 

# ^ ... ^ ‘ i mimmiJ 

ill? ^ mm 4 I 1 «« 4 rt^ f iff | 

«..ji»t34'i»t.»«w w «uli?« *.» »<*«,if4««ig *i » w 

«>f **»4 SIm# **rf»* tij'iott*!*, t»»l ofl til# 

#ii»»4 iW"*# i»»if»»lrta*.®. t'*»? •l«< Bti Siw 4lf^clWSI» 

*%« , **•! *« *«j»»slil>-rM»itt-«ywl«i 

*«jj hm 1*4 *m i‘*t «fi**llt«, Mitl 

Ir-# • <k»i 4 1 lh*i *» **** *?*»»« way 

%mt<f •«. mimhHmrn ***», oiwl <i mmf W «»<|w«l I'u $mm, 

|'«8 » ¥> *»WIi> 4«4 »» ^»»W» 

I s »#««!'*« i| *«/ « !*■«•/- 1 «w f « to«*» Ij ew^ 

I |i «*^ # ^ r*^|f # («*A| «(»l, 

#ih 4 »■« ***** 

,» t *w» / » » f«4* ^ I # *«* — *. 

* *»**>* 1 ♦ 

§«»»/■* -'•»* A » O j 

llito I* ^«Wl# isf li^ •« ^«i» 

1 <1^ m *iiM» ♦ - »« **4 ih» #»|»s»l«l»«i*« b 


if iJwffl, l« Aft 'fit '-i 

^ t f ^ 1 . 

4 |1»* ni-wl 1^ *» |««!JW 


lie Ifc® I l*r« I* 

I.' # * 1 * f # ** # ^ *^» 

*« t**i#l#»i fo# l>t| ••te'll •%« i 
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t f «»« I« rr»*Mi m% «»!**> I»««» a»»?f 

if the ehw«« O* **** ** ^ 

in tk« j»S*n«. , 

r m % m W m i 

„ ttai «j *«» •<-“* *'*•> "* "'T' It "‘ 

go Ml* ^ y «i«»iiiii|»nwm *« r»»iit*«***»w* f’**' ***•' 

* **^ . ,««t titi* »««•* *»f r, « . • . <». ♦** * *** *'**»«««*» ^ 

tw*«i(« '-f • “ *“■' "’" "t: “'“"I “'^ 't' 

,i,ri u» .-«>■> '••“• '•'""7 

j- »Ut> *tiirt« ww • I****** ^ ■ *'***^** 

tr* - '■’ '”■ '■ ■”* '■ *“' " 

. 3..»- .»»•■' 

i7ir:7wr: ;:-'7 r .^-•' ‘'■' 

s:f.1:5T;.;’...... ..... - -i-tr'u^rr 

»«,«!!» *J«w i|,*,«»n»i mi for *<»« «»« 

-r'rrrxtsi 

l .. r« «- 

Ilf^ mmmimg m fnm r^mi» m ^ ^ 

i» pmiiw I if ^ I* *‘^*‘’«* ^ wium 

i3f»l •«»»*«» «l«»t*t4w It Ife «We, 

L«tto 

^»its Ihk mhm ^ m*h nml tl» wd«w» 
rflhtfaw 
fllCfc »• 
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which, if the upper sign is taken, represents the a^cis of z i and, 
if the lower sign is taken, two planes per]iendicular to tho pinna 
of (iP, ^). In the former of these two eases tho axis of g is an 
axis of neutral equilibrium, and other linca are axes either till 
of unstable, or all of stable, equilibrium : in the latter cam, any 
line in either of the planes is an axis of neutral equilibrium, and 
the other lines are either all axes of stable, or all of unstable, 
equilibrium. 

One or two special forms of ( 277 ) require notice : if the «-axii 
is the rotation-axis, the condition requires that 
w = a,p (« cos o+yoo8(8) 

should be positive for stable, and negative for unstable, equili- 
brium : which is the same result as that of Art. 102. 

And if all the forces are parallel to the axis of #, so that 
cos asscQsfizs 0 , cos y = I, then 
^ O' 

(sin /O’ 2.P « -1- cos A {cos/«.p a!-|. cosy a.py} } ( 280 ) 

ani if the axis about which •the infinitesimal rotation takes 
place is at right angles to tho lines of action of the foroas, then 
A s= 90'*, and wo have 

( 281 ) 

and therefore equihbriumL is stable or unstable according w s.p* 
is positive or negative. 

Now on referring to Art. 80 , (146), it appears that if {i, I) 
is the centre of a system of parallel forces, Ja.i* » a.p# ; eonst- 
quently the equilibrium is stable or unstable according as I is 
positive or negative. In the following Chapter we shall have 
many illustrations of this theorem. 

107 .] The condition for the stability of equilibrium of a 
system of forces acting in space may bo expressed in a form 
similar to that of Art. 108 by the foUowing proow j 
^ Let the infinitesimal rotation take plaee about an axis wh<»B 
direction-angles are f,g, A', m that, as the moment-asm of thi 
couples, whoso rotation-axes are the ooordinate-WM, aw L, m, «, 
for equilibrium we have 

L COS/- 1 - M cos y + N cos A » 0 1 

and thus, replacing l, m, n by their values, and iatrodudng if#, 

XP {cos a (1? cos y -y cos /^) + cos ^ (« 008 4 - * 00s/) • 

and b, moan, of { 26 »), +“■ vO«»/-.co. ,)) Id _ 0, 

X.P. {cos a th + cos /3 iy +ooBy//t} ss 0 = dll (my) j 
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tharefora by integration 

H w a.p (x vag a I y com ft j r cos y) ; (282) 

and therefore n » a maximum, a minimum, or a eonstant. And 
iitme, •«« equation (2?7), 

«o»0j 
d* M tin 

* d$ 

m i, (283) 

« equayon (278)} therefore k ** «(#oo8«+y w8^+#oo«y) 
is a maximnni or minimum, acoordinf as i ia nogativ® or pofi- 
tlvi, timt ia, Bcoordittg m equilibtinm ia gtabk or uaatabl®. 

Now 9, m given in (278), admite of being put into the form, 

8 M *< P { (^ wwy+y ooay + f 008 4 ) (oos a 008^+008/0008^ 4- oMy 008 4 )} 

— a,p(#oo«a+yoo8^ + j ooay)} (284) 
and 88 for a given rotiifciou-axia #twr|/+yoofly+f cosi is the 
prejcHJtion on the axiB of rotation of the diitwsoo from the origin 
of the jtoint of applioation of tho fore® v, and 

V (om a mm/ + 1»8 /0 oosy + oo« y oos A) 
i« the rmilved f»rt of v, along the rotation-axi® } and m both 
thmi quantitiw are eoiwtant for a givon-rotation-axiB, and indo- 
|ioiident of tho rotation} the value of tt oan only diangs by 
moatti of tbe laat term in the right-band member of (284) i but 
tbia term ia K | hffl»eo ajnilihrium ia etablo or unstable aooording 
M tt 18 greater than or Iwi than 

a.r {(*Mi/+yeoiy+»co84)(oo8aooB/+oogj8oo8y+co8y cosi)} } 
and if 8 ■« 0, eqattibrium is either noufeml or oontinuoua. 

la Art. 80, the foro« have ton reaolved idong, and perpon- 
dWkr to, the radios veotor of the point of application ; and 
3.r(*00Ba+|'8ina) 

hiw lawn called tho radial moment of the syetem, beoauao it is 
tho priahtot of tho radiui veotor of tho point of application, and 
of tho radial componont. Similarly in spaeo, if wo resolve r 
along tho ratlivw votttor of its point of application, and call tr 
its iwllal eomjMjnont, 

p (r 008 a + y cos /? + r coa y) 

II a ' ” - ’ ' ■ ' $ 

r 

where r i« tho nwUus vector of the point of applioation of r ; 
therafore 

H ss X r (a* COS a } y cos ft + z t'o« y) « 3.u r, 

T a 


( 285 ) 
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and M lit callad Ihti rttdial iMtitenl of tke Hanco w© liavo 

the following theorem : 

The equilibrium of a syetem of foreea ia stable or unstoblo 
according as the radial moment is a maximum or a minimum. 

The radial moment also iioswwsteH the following two ttlhor pro- 
perties. Lot U8 suppose the body or system of partielm on which 
the foiws act to receive a small disphuiement, and all the forew 
to aot at their pointe of applioation, along linos of action prtdlol 
to the former ones, and in the aame dirootions. Then if the 
motion of the body is constrainwl in translation along a given 

line, and th is the space dewrihed along that line, is the *um 

of the eomponenfs of tlio forecg eBtimakxI along tliat lino ; and 
if the motion is one of rotation akiut a given asi«, and & is 

the atiiplitudu ul r<itutioii, then k, in any positititi, the mo- 

mont-axis of tlie <»«plo arising out of the system of forces about 
that ax is . 


SicnoM 8.— fie primpk of Firtnal Felml'm. 

108,] lajt a body, or a system of material parfiolca on which 
an Cfiuilihrium-systcm of forew acts, rfwivothe most gmicral 
inliiiitcsimiil geometritml displacement that is possible, so I but 
the forces may act at the wntm points iw before the diaplacc- 
ment, along lines pamllcl to, and infmitcsimnlly distant fmm, 
the original aclimi-lijtcs, niul in the same tlirccUoii*. lad tf, { 
b# the infinitesitnal distaiuuM along the etK»itIinate-as»** ihrottgh 
whieh the body i# displac-ed, aiul let /, p, i bo the tlimdion- 
angles of the rotation-axis akiut which the ksly is turned 
tlirough the angle i/d. Then all tht*» qiiantitiwi kdng arbitraij, 
the total displacement is of the most general kind. 

Tad us employ the symbol 3 to signiiy this nn»t general 
displacement { so that J signifies a particnilar form of it, vk, 
that in whieh the change of valno is restriotial l« given ixmdi. 
turns. Then ®.i', %, g? knng the variations of jr, y, whieh are 
the eiHiniiiiatos of any point in th© original system, tine to thw© 
ilkpkcements, 

Ax B ( Ptreosy—ywaiJ*/#, 'I 
Ay SB »j t Cxe*w4— en#/)#/d, I 
A: s= f -i fyeos/ —xemykW, ,1 
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A« the »y*tet» of foroi» w iti «juilibriuw, wo hiive the foUuw- 
irig iix etMiilitifiRs : 

* n, z.rmmfimii, y w u* 

ei» y— f « 0| 

a.rC^cwa—j’wi* y| *» 
a Pljrtwii — m P} 

kt thwe Ijf wtemlly WHllJpIidl t»| §$%{, m/M, «»f 
«» <1 ti§, ami wkW | tli#*! w« Iww 
a.p If «■» « + f «» # + Ctw y 

and hy rt»«ct« of {iSi) this !«»«« 

s,^ {«i*i «* &#■ 4' ttw ^ f ^*1 • 0* (tB7) 

Now »»i i#* &e »r«.» the unyeotion* on the i»ardtiiftlo»ii*oa of 
tlHMti*|»l»wttU’»t of K, ,f, #1, whioh w the jwitit of H{i|tti«aitio« of 
of r, and a* y aw the dirrrtbn-aniflw of the aotioii-Htit* of 
t», w tt &r 4 I’oa ji % + w the jirnjwdion of the disjilai'e* 

ment along thn artion-litw of p. latt thi» {»n(»j»H»t«d dtMpInoo* 
ment * i/f ; then (aa?) l*w«im*w 

a.i‘S#»0. C2Si| 

lliii wjnatton i<xjirw«« a tlntwem whieh m known aa th# 
Pfim/»k tf firtmi Teimitm^mxA tvhwh mtty tw onmitiatel m 
follows ; 

If B systom of hnm aiding on a rigid kidy, or on a ibidem 
of material p(rtW«i wbidh «ps at wt, i* in etpiilihrinw, 

and tht b«i|' iwi?^ «« inflniriwiitial di«j«ldri>i»ient of tho 
geittml kind p«IMe, whereby the points of «ji|ili««tii»n of tin* 
fomw are dtaplaisipd j hnt the fom’* art along liiim pnrnlhd to, 
Mid Inflaiteimalljf dwtont fwirn, their former line* of aolion i 
then the sum of th« pnalurta of i*»rh forrr «n«l the pmjw’tion on 
it« line of aetion of the di»|»lHeimienl of ite jaiiiit of apjdictUon, 
ii eijtial to wr«. 

The ppt>j«’ti»ii on the line of action of a foiw of the ioRnl« ' 
teitBMl displMi'emwit of ite point ©f Bpplieatiwn is wIW #4# 
pf/witf of the fnnw : and «« that pmjwdinn may take 
plww along the line either in the dinwdioii of the fatoe nr in tb» 
opjM»fte dirwtiou, an it is in th»««a« alternative vmm to lit aWvliwt 
with a dillewnt Mg«. I Ahal! lake tlw virtnal wfeidti' 1» 
pwitive wfewn the pwjeelniw oii the »etl«it»liitti ntf f fa in thn 
dirmdion in which tlie fow Mjte, Thiw In %» 140, fat 4P Iw 
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the line of action of p, ere the displacement takes place : let the 
system he infinitesimally displaced, so that the point of appUca- 
cation of the force is shifted from A to a'; a a' being of infi- 
nitesimal length; let ns suppose the lino of action of the force 
after the displacement to he parallel to its lino of action before 
the displacement, so that a'p' is parallel to ap. Prom a' let a 
perpendiculai- a'm be drawn to the original line of iiction of the 
force, so that am is the orthogonal projection of aa' on that line; 
AM is called the virtual velocity of the force P ; and is the infini- 
tesimal distance, over which the point of application oi p moves, 
in its own line of action. If, as in the fimt figure of fig. 140, 
AM lies along ap in the direction in which p acts, the virtual 
velocity is taken to be positive ! and if it lies in the direction of 
AP produced backwards, as in the second figure, then it is taken 
to he negative. 

Hence, if the displacement of the point of application take# 
place along the line of action of p, the whole displaoement be- 
comes the virtual vdooity : and is positive or negative aooord- 
ing as it takes place in the direction towards which P nota, or m 
the opposite direction. 

Hence also, if the point of applioation of the force is diapkeod 
in a line which is perpendicular to the line of action of the 
force, the virtual velocity of the force is zero. 

The quantity vhp is frequently called the lurtiittl mommt of 
the force p in any assigned displacement. The importarieo and 
meaning of this quantity in a Dynamical rosjieet will be ioen 
hereafter. 

This principle of virtual velocities Is of the greatest import- 
ance. It includes all Statia under the single tKinatitm (2SS), 
for as 6p in its most general form involvos six arbitrary quantitii* 
which correspond to the ris possible degrees of friHalom, »» it 
comprehends six conditions, which wro the six tajuations of equi- 
librium, and wMoh may be deduced from it by a prottws the 
reverse of the preceding. It also inoludM all Dynami*?**, as we 
shall see hereafter j and we drdl also see that the equation of it 
may he deduced from Dynamiwil principles, and may l»o inde- 
pendent of the paralldogtam of foroes, by m«ni of which wo 
have now proved it. 

This principle has been made by laigmnge the ftinntiatbn of 
that great work of his on Meohanios, Meoanique Analytique, 

Also, if every force at its point of application is rawlvdl into 
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th-re® httm of wlik’l* tlw «rtwn.liw» aw f*f«lt.4 1.. il>«< at.'* »f 
f n^l'W'tivrly, «wl if ttt’ »•«» s. ^ uu -4 

th« fare# P, ttsptt il«p w«iuatioi! «f rirtiiiil wlmtUm lalw ii»*' f>»i» 


Iti iwimwlwu witli tliP ili 0 «*fy «f ilakilrty *4 a***! 

of th« mtlial inowpiit, whsfh I»a»« Wii «» liw^ |'Sw4«j| 

teett«a,it will f 

M tW prindjile u( virtswl wl»«t»w «• fi%'« »« 
that wittwt«.ntlf with lli» i»«»pt of #, p. #. 

itam»i anil that in m* 

ratliftl Iim « rfiU«l wim. Him »• m «w«* il»#» 

wliat ii by (iiS). 


im.J Tto follawiwt »m wbk^li aw* i4««4 ^ 

th« prittdpla of virtual wlo«tl«», 


lx. I, Tltw# fotwi Q, « art ii» tpwtt Hiiw ai Its# *. 
and are in w.|«ililiriMW •. it m requirwl to lit® fwl»!n>« 

l#i^i ilji» Imimrrn lll«« Isiir# tif at «| #fi4 

ii i*f It i»ii4 1% «4' r iiii4 i|i Wf i #4 

fifths Immt .1 l« 4*^ il|f I II | Mml 

hi jii^rjiiiiilicHilirtt Iw lli» iiiw wf 

1*1 Cit ri«»|«t !%''«%’ I tliPii mm itm tiiliial 

of ^1 Qi U t m» lliil |3#i| 


f K 4 w 4 '^ll 4 #«t M m 11 . 

I^t hk*m ii| A*Af m i| ^11 m iif » A f I ' 

tkis #c|ti«tl©tt im^mm 


f i I »lf rtm II'- e ^ 

.% f + Q«iy 4 *i«w^ Mfe «»i|l ' t|»«i // . 
i,f|<I ttl# llltf'f Ili«ll|f wfliril -I I# li|»|4^rr«i $a ^ 4 I# 

iiMifteritiiliili.f| iitiil IlirrrfUrn 


I* I i| I' I r«« /I m 


fe mm |1 « q mm f ^ « : 

fiw» the latter we Iwt® 

r i| • 

r ' » - ■ : » „ I 

•III m mm 0 »>i» 

tb« fiwt term of the »»|ttal»i| i<iifofw4 hy mtmm «f llw 

. Altai w# hit# 
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whence, squaring and adding, 

li® = p» + 2 I'a eoB y + q’ : 

these are reapeetively the mathematical esuroBsiotw of the tri- 
angle and of the parallelogram of forces. 

Bx. 2. To determine the eonditions of etptilihrium of the 
straight lever. 

Let AC8 he tha lever, %. 142, whioh turns alamt a horissontal 
axis through o : let the fortwa p and ti act at the ends a and a 
along Hm» of action which are inelined to aob at anglM a and 

rospectivoiy : let ao sa a, t*u « 

liot the lever ho tunnal about the horixontal axi* through an i 

inhniUMmtd angle f/d, wi that AA*»<ii6^d, bb'sb s tlwn the I 

projiHdion* t»f thuM) quantities on the lines of action of p and q I 

rwpeotively are n M «in a, bM sin ^ j and a* the virtual veloeity 1 

of q ia nigative, (288) hmimoa ] 

qA<ld»in^ sa Oj i 

raaina ai q^ain^ { | 

whfoh is tbi ordinary equation of memeatf about o. 

Ex. 3. To doteimiao th« eoaditions of oquilibriuoa of th® 
whml and axle. 

Lit a m the radius of the wheel <m which p aet*! « the 
radius of tho axle on which w wets ; and lot the »y»tem he 
tuniod through a small angle dfi, so that p (say) tlwewHla 
through a vertical dislatiw a tl$, ami w twconds through n ver- 
tkal *pco bdO : then ( 288 ) hccotina 

-aMP’i-fiM'm m 0 .*. pu ^ ptft. 

Ex. 4. To find tlw eonditioM tif eqtiilihrium in the screw. 

In this tnechitaieal fwwer, as it is calhsl, I shall assume that 
there is no friction, lad 4 Iw this vertical distasua Iwtwwn two 
auecwtive wind* of the thread ! let (f he tlw length of the lever, 
meaauretl from the axis of thw •crew, at the end of which r acta ; 
let w Iw the weight on tlie screw. Then m w detcend# tlmmgh | 

« vert ical distance tapial to 4, the point of application of r mt«vi*s j 

round the circnmlerenc?® of a circle who*® mdica I* ^ : w that 4 1 

and 2a4 arc evidently jcrcsjcortional to tho virtual vclwithw of w 
and p ; and ceputtiwn (288) Wccimw 

2 W 4 1* I W J » II I 

J 

r « . W. 

2*4 j 
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i. T« tlw ©BudiliftSi of «|aiUliriMm of a Iwavy 

hdly »*» Minkr iiw action of given 

forew. 

In applyia# of firtnai v«i«iti«i to problems 

wbwitt mm of tiw fofww •» pr»«»«r« against !inw or anr- 
ftfcwa, tlj« iwtk»»» will »M»t rater into tlw» wumtbn, if tho 
di^»wtmt of Ibi* *»f »p|4t<rt}tka »f tlin rrartitm i« par- 
pwdirtiliir Im ite liiw »f action, la'miw in that mm the virtttal 
ffWty vanbh**, llcwv »!•» if »*«» roll* on another, 

and thw r^nlting dbjdapwttwit i* the arhitmiry dw|»lae«a«»t ont 
of which the virtnal whwty art^, lh« wntoal reaotioa of tha 
nr&w doM not «p|«*r in th# iniMtion of virtatl vrfMtttes. 

tiiiilawwi of thia eifWiMitaiM* will hi giv« to thi* and 
the feltowtof «««pto. 

In thia enanipl# tel tw take Ihf ^nholi, te, of Bs. I, Art. 26, 
fif. 12. Ia*t »| !«** •hiftnwl «wr a tUrtanen !« np th« plane i then 
tto* vifinat wh»ity of ** to that «f w« — l*»ina, and 

that of » • 0 } #»» that 

rnw^S—wiitoa • 0. 

li, i. Stilt© by tiii.ti*l wWti* th® proWem pt#» in lx. 1, 
An. 80 . 

luA tho *y#tewi a# in fig. 28 he ahm*sd aw that A anti 

■ tmy allll la* in with the hwriiaintal and vortit«l plan^ 

riwiprlifi%i i«*l litt « » »iti 1»^ % iaf ttow 

tirtiial wtototf of t * S.3a(W»ii«»““2«^na*Oi that of 
w « a.«*to« « nwnitti ««d Itowe of the rwettons vanish s 
M thmk 

iT^iitt-awstt « 0- 

Ee. f , In lt»i pfwhlnm givw to 1*. 3| Art. 80, %. 80, lot 
th« h«i« lit ahiftral » llmt a to ^^11 to contact with «»« wrtl } 
than the priwnjdn of virtwal voloeitiw Ifi't** 

» 0 | 


lain ton « 0. 

kI I aiii # *» 8 <» ato 9 } 

Midi hadto to the wanlte givtit to 1** *i A#to # 

Pll§», »i* IM. ^ ■' ' 
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VIRTUAL VBIXICITIiS. 


[no. 


&s. 8. Fintl the fortn of the curve in « vcrtiwl |»ktie, laeh 
tlmt a hwvy mi resting on it« mtnmvo sidt*. ttud on a |»g at 
« given jHiiut, nay tlto origin, may Ihs at rest in nil ixwiliona. 

tlje pirn* of the {H'g W tli« origin, and let tlw nxi he 
ineliimd to the vertical »t Uie angle 8 ; let #■ la* tlie radiua vector 
of the carve which tsoioeidtts with the rtai, and let a« l»e the 
length of the ro«i. Then by the prineipk of virtual veloeitlw, 

wd.fr— «)O0i# as 0 J 

(r— «) mm§ mm eonatant m k, my t 
r m m + 4mm0s 

which » the *»*|w«tion to the ctmehoid of Nieomedwi. 

^ hs. j». In Kt. 3, Art, 3?, prow that |7P] i* the «|wati«n of 
Virtnal Vehn-itiw ; and that in rim« flj, fat) i« alw the tnjualbn 
of virtual velijwiitiw. 


&K. to, A j»»rti«’!e k sttractwl by two wntnsi of f«rw> which 
vaiy inwrsrly »« tin* ®«juan> wf the dwtanw j find the fiirm of 
the iurfaw oti all j*,i«t4 of which the nartWo will bn at rwt. 

l#t g and / In* the al»«»hit«i attfuotive forww, and let f and / 
l» the diatann^ of the jwtWe ftvim the i»tttN« | th« by th« 
prinrijde tif virtual vuloditiw w« have 


fttff , gW/ 

V*" V* ^ 


«0| 


P M' 

■^ + ^ a «»n»t«nt I 

whhdt «>ndition »spr»*«ip« the form of the »nrf«M. 

ll©.3 A rtsMilirkahle theorem diswjvemi by Clanw, and jnib. 
Iidhod itf the ftrwl tinte, far a* I kt«»w, in the fntirth volnino 
rf Crd^g loiniy, :mty danced immediately IVom the «|Ma- 
tioB of viitiiiJI 

For » iyatoa of for» k wjtiilibrium wo have 

*.!• |C(«« « ^ 4- tW ^ (/y 4 , «» y I m (h |iiO| 

iM the fomw be ri*jilac©il by Hno»roj»ft»entalivea, and li*t |,r,y, 

Iw the |«,iitit «r Bpj.hralwtt of the typw.fott-e r, and (if, % 0 «h» 
of lief extrwmity «f the ri*pnwntalive j thtn rejdacing rmm**, 

rnm^, repay Itwiaflively by (gt«»| lieromw 

a.|i|~J'irfr f k-.y|,/y + * II |3fjt| 

ami if the «lia}i|(MTmonl «»f the ayrtem i* aiieh that the eitrensity 
fit fi (1 »l the liiM‘"r»'j*n'm'ntative of thr tyjit*.rort« ii* while 
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the other extremity (a', j', «) i-eoeivos an infinitesimal displace- 
mentj then integrating (291) we have 

a.{(f-<p)‘+(i?-y)» + (i-~«)»} = n; (292) 

and thus n, which is the sum of the squares of the Hno-reproson- 
tatives of the forces, is a maximum, a minimum, or a constant. 

Hence we have the fallowing theorem : 

If there are n points, at invariahlo distances apart, the sys- 
tem of which is however moveable, and also if there is a system 
of * points wholly fixed, each of which corresponds to a point of 
the former system, then if the sura of the squares of the dis- 
tanoMi between each of tire moveable points and its correspond- 
ing fixed point has a critical value, tire system of forces repre- 
sented as to intensity and line of action by these distances, and 
acting severally at the moveable points, is in equilibrium ,* and 
the equilibrium is stable or unstable, according as the sum of 
the square of the distances is a minimum or a maximum, and 
is neutral if it is constant. 

Also differentiating again (291) we have 
o»n ** 2i,{dx* + af + (k*) 

—2 ». ; (293) 

and if the displacement, to which the variations of the coor- 
dinate of the points of application of the forces are due, is such 
that d*»ia!d‘yaad*0mO, then D*n is necessarily positive, and 
n is a minimum j also if a.{(jf--®)^te-|-(u— y)«?“y+(i'— is 
negative, that is, whmi equilibrium is stable, n is a minimum. 

The line-representatives of the forces, however, can always he 
taken so small that f — *, rj—yt f— skull bo infinitesimal; 
whereby tire second part of (293) being infinitesimal, and of the 
third order, must be neglcotod ; and as tire first part is positive, 
n is a minimum j that is, the sum of tiro squares of tiro line- 
representatives is a minimrrm. 

To this sulijcct, bowevor, we sball return Irereafter, and iir 
£i nroro geiterul way. And in respect of tiro preceding it is 
also te bo observctl that, in the displaced position of the body 

f- 

on which the forces act, ^ !as,..ss.,,!a! ~ are supposed to 

1 ‘cosa r 

a«!t along lines parallel to their original lines of action j whereas, 
in the most general case, the itew lines of action would be 
functions of tlie original points of api»Ucatiou, 
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CONSTRAINED EQUILIBRIUM. 
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Section 9. — Qtmtramed EptUi&rivm. 

111.] The material body or system of material partiel®i, whioh 
receives the pressures considered in the preceding Artidlisi, has 
been supposed to be free from all wnstmint j w® must now in- 
vwtigate the modifications required in Ure general resulte when 
the system is subjeot to oertein given oonstrainte. 

Pirstly, suppose one point of the body to be fixed j let this 
be taken for the oripn ; it is evident that, bemoi« it i* fixed, 
it will bear any pressure of translation acting on it, and that the 
body will not move owing to that preature j but th« ofilioti of a 
pressure of rotation about a rotation-axis pawing through that 
point are not afiiHitml by the fixtHlnws of the point} the im- 
pressed forec* therefore must Imj »» related that, Art. 70, 
o sa 0 J and therefore that, 

l. s« 0, M w 0, N Ml 0 } (2S4) 

which three oonditiona are requisite, ao that a body, of which 
one point b fixed, sliould b® at rest. There three renditbns, it 
will be observed, retbfy equation (130), imd thwefore indiwte 
tiiat the implied prmures may l» compounded into a single 
force of tranalarion s that, via. which parees tlrreugh the flxetl 
point. 

And the pressure on the fixed point, and the dirwiion of it* 
line of aotion, may thus b® found s let » l» the prereuro, and 
«, 6, e the direction-anglw of its line of atJtion ; let the imprreswl 
forcre be r,, p„ ... r,, and tho diroetiou-aiigliis of their liure of 
action a„ ft, y„ &e. ; then 


a COSO * mm a, t 
a 'CM d ■* a.i* Mt ft [• 


(3&S) 


R 008 e * s,p ©os y } J 

. a' SB (a.p a» a)* + (a.P om ft* + (a.t om y}* } (it8) 

and therefore by (2flS) «, ^, c are known. 

1 12.] Secondly, let us suppose two point* of th® body to b« 
fixed I and let tho axis of « pare thrtiugh the two points, and 
the origin be at the middle point of tho line joining them ; and 
let the s-onli«ate« to the |K>ints lie +«, and —t, j then it i« 
manifest that the body cannot Imvc any motion of tranulathm, 
and can Imve motion of rotation alwut the axi* of i only, Tim 
improrewl forere therefore must las »o related tlmt tho retation- 
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pmifsuHJ alwut the «xi« of .» ihoitkl Iw etjual to Kero ; thorofor« 
the ntH3e«8«ry eondition is 

N a 0. (2R7) 

And the pn'*t«wre« on the two |>oi»t« may bo det«rmin«l in the 
following manner *, lot them li« w'jtroaojjtetl by it, and u,, and 
let the dirootion-angloa of their line* of action !»© «„ e, j 
^8# ^88 1^8 1 then 


», eons, + R, «»«, « a.i»<xM n, * 

R, ecw ^, + a, 00* A, « i.voo»^i 1 

»,(»#, + tt, CM e, w ai.r COR y j , 

t+ B, r, « I, —.B, <1 eos » 0, 1 
K — B, + »»#;,« «i m 0,J 

From the fiiwt two of (IBS), and fWm (i0i), wo Imvt 


(SM) 

(199) 


fti CM m 
BiCoaS, ss 
B, pmtt, m 
B«OOIO« M 


«, a,BO0Bj8— t. 

”'”“¥7”“’’ * 

#, WOOi^ + fc. 

.f , a.P oo« a +■ M „ 

f, a,Pooi«-”M. 

'25,'' ' 


and thuR the pnMuroa on the fixed pointit^ which are pamlbl to 
the axes of « and /, arc dofccmiinod ; hut the prewurcs along the 
axis of « are iaBolved in only the third ©tjuation of (208), which 
ahewa that the aum of the prMaurea ia oqual to a.r cue y, and 
therefore that each preirore ia indeterminate : now thia i«, at 
flrit lights ft iterliing feet, and has been nrgt^d heretofore tw an 
aignment agwoit the truth of our mechanitml reaidta and prin- 
eiplM } herause it i» said that, when a Inaly i« Nupjmrtod in the 
manner a^uraed in the prohlem, aay a gate or a door on ita two 
hingM, the vertical prtwtmrtm arc dobtrirunaU! and may be ox. 
perimentally determined at laith hiHgi*» j onr mwjhaniwl farmnl» 
therefore ought to yield a eorn'sjHinding reanlt, In any aetnal 
<»«j the pre»«uri!« without doubt an^ determinate, and may be 
detennintHl by mcchuuical meanw s but then the IkmIIm whieh 
arc the «ubjt!ct« of the exptfrimoute are mom or lew oompmiible 
and cxtenniblc : they r«i not rigid } and thorefore do not witfefy 
the conditions required in the priitiedittg theory, hovwver nearly 
they may appnwoh to themj thu* if to a door, Wng in a 


i 
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iMal position, two < eyes' are attached, which cor^pond 
to two hooks fixed in a vertical doorpost, and il the dwtonte 
between the eyes when the door is honzontal 18 oci«al to that 
between the hooks in the vertical doorpost j then doubUesM, it 
the body were perfectly rigid and inextensible, and vvem atteehed 

by the eyes to the hooka, either one or the other hook would lie 
sufficient to bear the vertical pressure j and wa shou d be unab e 
to determine whether one or the other earned the whole weight, 
and whether it was distributed between them, and m what pro- 
portion • yet as such a door is extensible, both hooks would 1 «m 
a part of the weight, and the respective proportions will depend 
on the extensibility and the elastioity of the material, Tluii if 
the distance between the eyes is gi'eater than that between tho 
hooks the pressure will for the most part b« on the lower htxik, 
although tho compression of the material due to it* weight may 
cause the eyes so to approach each other, that somo oi the prw« 
sure may be brought upon the upper hook 5 and a similar efleet 
may occur at the lower hook, when the distance Imtwoen the 
hooks is greater than that between the eym. 'lima it ap|H*ar« that 
the determinatenesB of the pressures is due to tho oxtonsibiUty, 
compressibility and elastioity of the material which is in naturo 
the subject of the experiment ,• and the truth of tlw rtwult wftioh 
is arrived at in ( 298 ) for a rigid body is not affiN:rU»d s for in natnro 
we have nothing of perfeot rigidity. We shall aw a furtbor ex* 
ample of indeterminateness of the same kind In dymmiiiw. 

Again, suppose the droumrtaaoM of oonatrainl to bo auob, 
that the body is capable of tiling along, as well as of turning 
aibout, tlie axis passing through the two fixed point# 5 then the 
powta 1^'be able to b^r the piwures arising from tb« forwi 
> wluth'we tteelved at right angl^ to the axis, and |mral!el to 
the axet of « Widy) but will not offer any riwistanw to tbwa 
along: the axis of » i if tihiafttew equilibrium oxiate, ilw force* 
must Barisfy the conditions, 

\ X.lfCOSyasO, K » 0. 

HB.J And lastly, if three or more pointe of the body aw fixal, 
and if all these are not in the mme atralghl line, It is evident 
that the body is fixed j SAdthMibre whatevn’ are the tmpmMd 
forces as to intensity, point of appliwdion, Una of aetion, and 
direction, tho body is in equffibrftMB, if wo iMppam tlio Rxdl 
of it to he capable of beattof the prawawa whlA a» Am 
to the impressed forces. ’ 
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Aad it i* RVubHt by th« following naatming that, if tbose 
pint# »r« fisw!, the Imtiy k almi f$x«l For suppose tlie body 
to oonsisl «r » jmrtiolM ; then «ao}i of those partieks is at rest, 
if the foiwi, inciudiMg t!w tonsions, mutual nactions, &o., act- 
inf on it wtbfy the Uiree wmditioM (68), Art. 34 : and there- 
fore if all 8» ttt tmi, 3« oonditions aw r«{uirod. Now if three 
pinto of a body are fixed, the tnutaal distances of them are 
alfK) flxod, and heroby we have throe eonditiona | also as the 
hotly is rifid, tlie di»bMic« of «eh of the remwning «-8 par- 
tiol^ from of the throe fixed pointo aw given, and thus 
w® have 8«~» »nditiona ; «id a« the etiuation* of equiUhrium 
©f a ri|^d Iwdy are «tx, we have six more conditions t and thus 
idti^her wo have, as Itefore, 8 » «iuationa. If the three fixed 
pinto a» in one and the same atraight line, one of the con- 
ditions » Wt, and the number is insuffident for equilibriiim. 

1 14-3 Another form in which a htaly under the aotion of im- 
pw^al forow may Im in tftmstmint is, when it rests with points 
of it on a plain*, t»r against any stirfitwi. 

Ijot US oottsitlwr fln«t the mttre simple ({tise of a smooth plane t 
and let iw stipixwo the plane to he that of ( 0 , y), and n pinto of 
the laxly to nwt on it j lot thoat l« ^t)}- - yn) > 

and let the pwwwiM* at these |«»int8 be a,, the lines of 

notion of whioh an* pwdkl to the axis of # .* thus the equations 
of ©{{ttiUUriuRt htwome 

t,9mmnmiit x.voMfimQ, x.f eosy— a a a 0| '(300) 
l«>-9.Ky m t), M 4-xax n 0, H w 0. (301) 

liAre «« dx •qnallons, of wUdh mly time involve the pres- 
Muw i^mnst tiy pkn« and ooordinatot of their pointo of 
aotion I tlw« «M •dwtyt tibwefore three independent conditions 
to be MiU by the imprMsed forcM. 

Now if only one pdnt of the body is in contact with the 
plane, the ppMwre at that plat will be givw by the tiiird equa- 
tion, and the tmprwied forw nni4 be such m to folfil the other 
live. 

If two pinto « in eonlaet, ti» prwures at them may be 
detoratlned by either tern of the third, fourth, and fifth equa- 
tions, and the fomi most Mti^ remaining fotu' conditions. 

But if thrie pinto are in wataot, the pimwura at tiwm. may 
b* ieterminrf by mcnna of the three atuations which Involve 
the pr^warw, and the other Ibrw eriuttions ttmit be satisfied by 
the tmprwwd for«». 
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If more than three points dro in contact, the piiMsimt are 
indeterminate, because there is not a sufficient number of tH|ua- 
tions for their determination. 

In all cases the pressure which the plane has to bear !« given 
by the third equation of (300) ,• and for the exwtenee of *xjui- 
librium, if the body only presses against the plane, it » neces- 
sary that the xp cos y should act tmmth, and not /ro», the 
plane ; it is also necessary that the line of action of this prtwuro 
should pieroe the plane of («, y) at some point within the art® 
determined by straight lines joining the points of coniwt of 
the body and the plane ; otherwise the rotation-prwwwre of tlio 
«!-force will cause ttie body to turn about one of the bountling 
lines of this area. 

And of the mdeteminateness of the several proiron*, which 
act at the points of contact, when more thwi tlmw {wints are in 
contact with the piano, an explanation similar ItJ that of Art. ! la 
way be given. Suppose a heavy body to rwt on a horizontal 
table, and to bo in contact with it at many jwints ; the sum 
of all the pressures is doubtlera e«inal to the weight of tho 
body; but if the points of contact are more than tlirw, oaoh 
pressure, so far as the preceding theory enablw «» to dotemittw 
it, is indeterminate; and so it would h« in fact, if the taldc 
were aeourately plane, and it and tlie body were pisrfwlly rigid j 
but such a table and such a body do not exi»t s ami m onr 
results when applied to flexible and eomprewible mattw artt not 
true. If however we knew the laws of flexibility and elasticity, 
^d Could thus bring into ^eulation dl the oonditloiw of the 
problem, the result would be determinate and tnie} and thtw it 
seems that the non-appEcahility of the rawhanioa! primapb* is 
only apparent, and is due to the omwabn of wrtain wndlUotw 
Which the trne soinMcm of the problem raqulrw. 

115.] suppose the body to he in eoataot with mrfkmt 
whose equations are w 0, »t ■« 0, ... w 0 1 and the mnltml 
pressures between toe body and toe aeveral mrfmm to Im a,. 

‘ ...a; toe direotion-ftnglee of the lines of iwtion of t{,«« 

to be a„ «„ 0 , j e , } c,f and the pmnte of wntmrt 

to be («>„y„s,), ,,, then ewploying the 

.ordinai-y notation, see Art. 86, r 

COS^=i^, I 

and the equations of ociuilibriunii 
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1.5.1 

a.i* em « r’rm a ^ (i , 


^Annmft | s.hwhA s= I* 

lA* vm y + tAi e ^ ii | ^ 

(a(i 2 ) 

h *!■ tAi (j A) ss li, •% 

M + i.E(*r e«i« 0, 

(303) 


To whioh «iH«itiori*, a» to the number of points in oontect be- 
tween the bmly anil the turftttw, the remarks of the last three 
Article* are ajipHwiblt. 

One j«»int however requires further olucitlation *. supposa that 
the surfaeo of the Ixitly on which the for«»« net meeta n given 
and fi3t«l points ; then the equationa (302) and (308) eontain 
n undetormiiual prewures which act at these points. Now aa 
the «|tmt ions are six in number, ifasa 0, the six pressures at 
the |Kiint« may bo determined } and the <lireeUonB ol' their lines 
of action will b« along the nornmls to tho surfuee of the body 
at the points; if it is greater than 8, a—O of the pressureH may 
bo indeterminattf, and when they reoeiva given valuw, tho othor 
8 will l» known s and when » i« less than 8, the pressures at 
th® given pointi may be eliminated fVom the preceding equa- 
tions, and tho remaining fi — a conditions must be Iblfllled by 
the imprwwed fore* acting on tho body. And hence wa infer 
that generally a body under tho action of given forces ia in ©qui- 
libriurn and fixed, If the bounding surface of it passes through 
six given and fixed points*,* and that th® mobility of it is not 
taken awiy, if tho surface has to pass through fixed points of 
wbioh.the nambir i« l«a than six. 

lie.] And hereby 1 am led to another subject ; via. to the 
inventigation of the oonditions requisite that many bodies subjeot 
to given prMsures, and in contact with, or under mutual aetion 
feom, each other, should lus in ot(uilibrium. 

Let the number of hodies ho «; let p,, p*, ... p„ he the types 
of the forces which act on tho first, second, ... nth body ro-> 
spectively j let ii lie the general tyjie of tho reacting pressures at 
the points of ermtaot, and o, //, <t the direction-augl* of ito line 
of action, and (j",y, r) tho point of its applkationj 
i.„ M,, N, ; , . . llifi moment-axes of the component 

• For vwlmw other proportliw of thte ktwt lot m« inAirgw Mlblu», 

Lohrfweh dor atstfk, J5wsil« ‘TWI, ®*»6« Knifed 

rater., von, in, , , ■ ' 
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act on the several bodies j then the eoaditions of €Hj«ilihriutn for 
the several bodies are 


a.r,eo8«i+a.R, ms«, as 

fo 1 


xp, cos^, +a », m» &, a 

0, I 

(304) 

a.p, cos y, +3.K, oew <*, » 

Oj J 


n, +5.E, (y, eos e, ™ #, wti,) m 

0, 1 


"h a»Ri (a, oosU| m® 

0| ■ 

(30S) 

Ni + XB, (», eos^i— ■■ 

0| J 


“1“ ifl^ ll| 


XP„ cos + S.E* (JO* 0, i 

(808) 

aJ^COSyg + XB^CWr*, a 0; j 


nH4-3.BH0'„tfO«C„— #gC»s,JJ w 0, ^ 


M„4-3.%(*,eoau,--a*„e«rt,d » 0| 1 


Kr» + 3.»j,(»„<»sd„--y,C'tM(UJ » 0, ^ 



Now if, of aE thesi groups of wumtioni, ufj tli» first of tho 
tot sets are add^, s.aeo«« will dii«pi«r, hmtam, th» rmc^mm 
^ of tho several bodies bang equid and oppwite, th« ..uBuUty 
will appett twice, and with diflhrout dgmt m that wo »hi 
finally obtain cos^a « 0 j by adding »{i tho ammd 

equations of the first set la «a«h group, and !»y adding all tin, 

twd equations of the first net, w« ahull haro 

■■■ 3i*00S^ mQ, S,f Wy as 0. 

*1“*“ >'« <■"» tk, 


and thw the equation* ©f wltiott for u,*, «„iii 

of a ^sto of r^d bodfe* « «f tfi, ZZ%Z a^tf 

I/et fig 37 ronresent a”v »f' WmI the sevwiml pr*>««rwi, 

the p an! of the nZ I ‘'V 

,,, oe plane of the paperi «;««*«., fV 
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= 0 q = 0 i w = the weight of the beam ; w = the weight of the 
sphere; R= reaction existing between the beam and the sphere; 
It' = the pressure of the sphere on the inclined plane. And let 
us consider sepamtely the conditions of equilibrium of the sphere 
and of the beam. 

For the equilibrium of the sphere, resolving the forces along 
the jilane, we have 

w sin a ssj tt sin 2 9. 

For the equilibrium of the beam, taking moments about o, 
wehavo w«oos(a+2fl) ssaxoq, 

53S Ufl cot ^ ; 

was 008 (a+2fl) sin 25 BB »csin a cot 0 ! 
whence may 0 he determined; and thence a; and since 
r'sss jpcosa+Ecos25, 

r' may also he found. 

Ex. 2. Two heavy beams oa, and oa' of equal lengths are 
oonneeted, fig. 38, at o by a lunge, and at a a' by a string of 
given length ; between them a heavy sphere is placed, and the 
string remains horizontal; determine the tension of the string 
and the pressure against the beams. 

Let length of each beam be 2 a, weight of each beam = w; 
2e «* length of string ; t sa the tension of the string; b =s the 
radius of the sphere ; w as the weight of the sphere ; a as the 

angle aob sa rin~‘ then for the equilibrium of either of the 
beams, taking the moments of the forces about o, we have 
T2«oosa 33 wa sin a -i-Ei cot a; 

and for &e equilibrium of the sphere, tailing vertical forces, we 
«)3=2a8ina; 
w , b 0 , 

, • . T S3 ~ tan a H (coseo a)*.. 

2 a 4 ' 


SEoa’iON 10. — 0% Friction. 

All the surfaces, which we have imagined to be in con- 
tact in the preceding Articles, are supposed to he smoorfi, and, 
as such, to offer no resistonoe to the motion of the points in 
contact with them in direoMons peiqiendicular to the normal at 

X » 


Iftll 


t-’HiCTlOK. 
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th« jicjuits { ttiut thurt^fan. thv rmMmi itriaiu|r frum the wutaet 
iR-t» sdwig tin* wimnu.it lu.m.al li„{. „„jy. i„ hmvevw 

Wit l«»v« iw^uriaw*. jHMfwUy WHw,th ; tliu ....wtiiulim. itj- all 
lwih« w auch, that on thinr iH.t.n.lini; i,„. a„,aii 

Uum awl arwiittf, w. it wawta, ih,m thm »t,«wtitw.Ht 

wo i«ulw w.l lwi«K wwtiwwu* awl i,, iHirfewt nmtmii m tkt 
» tlu. auriaww of two Unbrn ptmml uguimt mvh otbpr, the 
elevatH,,.. of «»e ht «t lewt in a into tlw tlejireaaiww 

of the other, awl the «wrfa«*« interjwMtwto e«eh ptheri awl 
the itnitiial j.wH.tr»{wn i» of wmw «:n,at*tr, if the |m^iuir forttw 

If Ih ! ir ”1*“’ r *’* ^ r h' l^ti^hing. 

awl the Hnvt of mw-h «f h n,ay he ih^troywl hy luhri^tiwn 

a I ho«..w.r wuuwt k. aiul ther,.«ti!! m,wi,w « lUw 

«• «, tthei, lorw. w aj.j.hwl ,W f., 

Serof TlT** f «»«l « or two kiwlij 

either «f aluln.^ or of rolling ; the fin,t i« that of « heavy l««ly 

dtWHlon a |.kiw«r«tht.r«Hfrw.o{ of «« avle tnrniiig in i 

fixwl Iwaj o| » vortioal ahaft turning on » horiwntnl plL, or 
of a willatowi tnrwnic «!»«« aiwthor atone aW, it a 

wliwl am#, hnettoii of th« owona kina ia that of a wheel 
r..llw^ It . the r,«iataa„j h«wov«.r of whioh tmm to 
anm. how the w.w,,,„y of the wln^ol ovorw.wintf ainall ohaht« 
.'h- wind, are vo!y in it* j«th. u U of friotion ..f the 

hwt kiwi ool^t that I shall at j.rmwl «tnte Hw law. aiul mn, 
i.*aw{.W; awl l.r»t «« to ,1* h„u of w ti,.,, ; it „wnih^tj„ 

alaitg that hne o| tj,.- aurlinw at llw |«.ii,t of mnlnd 

whwh w the lino of Iht, trwhwry to woiioi, j awl it. 4,r,H tion 
w to that of the liiw of tw.iion, therefore 

mmy imm, u m mi a mmtmml i«rtivh. whid. ia i» r„i,t«et 
with a rnngh awl, the timm of action of the 

Ilf tWr ittgpiitnilt^ to lAanftf, m* llmi ttitilinti k 

m the jwmt of taking idww CO in oi»« diwa4ioii. «id fai in »„ 
o|.ta*ite aim*tJ..M ! the lino of m^tmu oftmtim k m Mh r»»« 
b« j _h«t the dirmfmm of It in the former tw# k owntrary 
o that of It »« the latter. Ala« the wagnitudw of t.h« fon*. 
maj wtdenfly vary within «ert#i« hiftlta, and th« |«rtJd» mny 
diH W at_ tmt. fcaamiih.. of tlm clrtormiiiation of th» liwii 
*w Miv«» in lit# following Artiele. 

In onr igwiwiwn of the twaatitntion of hwliw,aitd of their 
WiWenlar «di>.n, tin- laws of frldiwt wiiat hr d«l«ml from 
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{ixpw’itrient j luitl thfreforc 1 shall cnuucintc those only which 
are iieceHsary for our purpose, and refer the reader to the Trea- 
tise hy M. Moriu*, wherein he will find the subject investigated 
in all its completeness. 

L Friction is proportional to the normal pressure, when the 
materials of the surfaces in contact are the same. 

II. Friction is independent of the extent of the surfaces in 
contact. 

HI. Friction is independent of the velocity of motion, 

As to law I j suppose a to be the normal pressure between 
two surfaces, and jf to be the Motion, then f := /an, where /* is 
a constant quantity for the same materials and is the value of 
V when a = l } n is called ^Ae coeffwimt of friction. And this 
law, it may he observed, appears to arise out of the preceding 
theory of friction ; heoanse the greater is the pressure, the 
greater is the interpenetration of the molecules at the surface 
of the bodies, and the greater is the resistance to ho overcome, 
when motion is just about to take place. 

As to law II i it signifies that if the pi'essuro remains the 
same, and the surface in contact increases, the total resistance 
is still the same, whilst the pressure on each element and the 
Motion corresponding to Ifoat element are diminished in the 
inverse ratio of the area of the surfoces in contact, • 

The treatise of M. Morin wUl be found to contain a complete 
acoount of tibe modes of determining g for different substances ; 
but the foEowiag manner of considering the subject is suffi- 
ciently simple, and sufficiently general for our purpose. 

Let a given heavy body rest with a plane face of a finite ai'oa 
on a liorisiontal plane j and let the plane bo turned about a 
horizontal line in it, tlmt iti iuoliiuHl to tlio liori- 

74)iiial tlmi ii?j baaoinaB lilttKl t ilui body will bogiii to 

wluiu ihu iiudiuut ion hm taiiebod a ooitaiu limit ; and this 
ineliiuttiou will numilWtly depond on tho irietion whioh exists 
between the body and the plane, and tm%y be determined as 
follows. Sen lig. 

Let w bo the weight of the body | g » the eoeffloient of 
frietion ; a as the angle between tlm inclined and the homontal 

^ SipIrkfiM iiir h a Mite,. iKlre 

th im Mtasw | | vote, in 4te. .. 


ISli 


MtCTIUN. 


[ll8. 

thr , hh^J thcttifopnf itn} rwm'iitin fnitn th*! ttrutapf 

: 7 ■— »i li.- ....ly, n. “ 

«li.. u lUi „„ _ 

tmm mui «* it. fmm iUmt mmmrnnt 

«,uti«M..M. umt in 1 that 

• ui twu kaliw ar*» prmml u^imt m^h othw. th^ 

f tlM anil tl.*, aiirtwwi iHtff|nwtwto m-h other, 

w ttiHltjaJ ia».totr«lh.« ia of r.miw «««tor, if t\w immnng forw 
. hr%^ or ; »«»»*-}» ot tins umy W hy |wli«hinir 

of ,o„..h of it may .Wtmv.^ In" ImK 

. t. «!«•. I.. M a|.|.h..4 

tim fi«t i. that «r a br^avy tl: 

il«i^ «w ^ phm or .itlw *ttrfar,*j of «« turning in i 

t>r « a iHalom* lsmm»g m|i„i, ittotbcr (t«fm*atrw akitw atamt a 

Wl»r«l «W. Wrtjyii t,r the «,a«i4 buKl W that of a whm^l 
rollinit a |4a«o ; the n-^iatanfu liowavi-r *»r whieh m*m« to 

!.» mhu-h 4fo it, ,t« ,.ath. It « of frietiou of tho 

hR.i In, 4 nuh t|,«i I 4,^11 „t „t„to iho kw» a„d mvo 

«„4 i,,»t }„ tU hoo of «,,|,ori; it tt maaihSlly 

l«i,,t*mt j,,«,.,r th„ ,urkn^ at Iho j.oinl of ^oia/t 

wbl«b hi tho Imw of the trm!w,.-y to mofio,, . ami it* dmvlioH 

w to that of the Urn of ,«oiu,„. i\n-n4nm 

nmMy tmm» U mtm n «atw*I |«timlo whnii i, i„ oontaot 
wib tt t<^b •s»*f«<»e| anti, ih^ |i„^ „f 

wtaltewd, t^r wwgwitwifca i*, ehanitw, m llwt motion w 
«» tbo |»tttt of tAnm pl«4‘« C»Mn «« airwtiiit,, amt i2| in ai, 
tpanto dmmtym t tW linn of aotinn rf tkkUun k in hulk 

.rr^ -h* ***f ^ ^ w «»*»t«ry 

» littt of ti in thn kttor. Al«*» tlw magoitml^ «f the 

»lili t* »l tmt, cf tiw dott»mt,mtin« nf tbwn* hmiti, 

«f» «« tb« folbrnit,^ ArtWn. 

In mr iip,,»nim?P of tlw tfotwtitntiim «r Miw, amt »f their 

l^teiiisr artioM, the law,* «f frlrtioi, miial l«» d,4tn-wi fmw 
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oxpt'riraeiit ; and therePore I sliall unvinciute tliotso only wliioli 
are neeessuiy for onr purpose, and refer tlio reader to the Trea- 
tise hy M. Moriu* wherein he will find the subject investigated 
in all its eumpletencss, 

I Friction is proportional to the normal pressure, when the 
materials of the surfaces in contact are the same. 

IL Friction is independent of the extent of the surfaces in 

CfOJltlMJt, 

m 

HI. Friction is independent of the velocity of motion. 

As to law 1 1 suppose E to be the normal pressure between 
two aurfuceB, and f to bo the Motion, then f = /ue, where is 
a constant quantity for the same materials and is the value of 
F whon K as! I j m called iAe coefficient of frktion. And this 
law, it may he observed, appears to arise out of the preceding 
theory of friction ; because the greater is the pressure, the 
greater is the interpenetration of the molecules at the surface 
of the bodies, and the greater is the resistance to ho overcome, 
when motion is just about to take place. 

As to law II ; it signifies that if the pressure remains the 
same, and the surface in contact inoreases, the total resistance 
is still the same, whilst the pressure on each element and the 
Motion corresponding to that element are diminished in the 
inverse mtio of the aim of the surfaces in contact. 

The treatise of M. Morin will be found to contain a complete 
account of the modes of determining g for different substances j 
hut the following manner of considering the subject is suffi- 
ciently simple, and sufflciently general for our purpose. 

Let a given heavy body rest with a plane face of a finite area 
on a horizontal plane j and let the plane ho turned about a 
horizontal line in it, so that it heeomes inclined to the hori- 
zontal plane, that is, becomes tilted : the body will begin to 
sliile when the imdinution has reached a certain limit j and this 
incliiuition will manifestly depend on the friction which exists 
lietwccu tlio body and the plane, and may be determined as 
follows. Hco lig. :J!). 

Let w lio tlie weight of the body j ju ss the coefficient of 
friction ; a i= the angle between the inoliued and the horizontal 

* Nnuvelliw EspIrtoneM siir k fruttoasat tyta $. M«te, Im,ptai«s ptfr ertlre 
de I'Awkmic dw Stekwwt j 3 vok In 4lie. i83J-i833, 
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planes just as motion is boginninf to take plaee ; a a tlie pras- 
sure on the plane ; so that 

F = HZ’, (808^ 

an'd resolving along, and peipendieular to, the plane, 

Psswsina, assWooga,* 

tana r= » tan-’ju : (S09) 

a is called tAe an^k and iAe mffh qf nfmm, Tlia 

body will rest on the plane when the angle of indinatbn ii le«» 
than the angle of fiiotion, and will ^ide, if the angle of iadi- 
nation eacceeck tlmt angle, 

119,]] VanonB pyoblenis involving fHetlon* 

Ex, 1, A iimll ring under the aation of known pr«inw ii 
eapabla of Bliding on a rough ourveil materitl lint in m$m | it 
ii required to determine the limiti of the fortti, to that tlii rinr 
may be at rest, 

Lot the resolved parts of the impreasod foKw along the oo- 
ordinate axes be x, x, ss, of wbich let the resultant b« a | ao that 
if y, z aro the ooordinate to the p'Otition of the ring on the 
crave, tte whole impressed force dong the tangent, which we 
Will call % m 

r«X^ + Y.^. + i5^. (3j0j 

Let N =5 the normal pressure s then 

N“ + T» sa a«, 

SB X* + Y* + S!*J 


N* = X» + Y» + Z»- (x2f + xf4.x 

^ (h (is tis ' 

,Now in order that motion should not take plae®, 

T* < < j«»(a*'-.T»)} 

. M* . 

. . ^ (dn o)*, see equation (SOI) j 

'• K—J^~ -)<(dua)U ( 3„5 

(SIS) 

tile particle wiU begin to sHde j the ± dgn aadgning the limite 
within which the forces are to be confined. 

Ex. 2. As an example, let us take the helix whose eqwtioM «» 
.ifasacos^fr, yaatia^, Jtsska^^ 


dw d'M ds X t 

s+’i + ^A)- 
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and let tlie force whioli acts on the ring he its owix weight, and 
= », and have its line of action pai-allol to the axis of z : then 
2: = a = w ; and 

dz k . 

%= = ± ... .1. + tana; 

that is, the angle of inclination of the thread of the helix to the 
horkontal plane is equal to the angle of friction. 

Ex. 3 . To determine the limits of the pressures, so that a par- 
ticle under the action of them may he at rest on a given rough 
surface. 

Let p (#, y, «) := 0 be the equation to the surface : then em- 
ploying the ordinary symbols, if n =a the normal pressure, t = 
the tangential force, and- R = the resultant of the acting forces, 
of which the resolved parts along the coordinate axes are x, v, z, 
xn-pYV-f-zw 

N ss — , T» = -N" ; 

therefore that the particle should be at rest 

11 ^ 

N'' 

and thmrofore if . = + geca, C3141 

the particle will just begin to move ; the ± sign assigns the 
limits of the impressed pressures. As an example let us take 
the follo'Rdng : 

Ex. 4 . An ellipsoid has its least axis in a vertical direction ; 
determine on the surface the curve, on all points within which 
a heavy material particle being placed shall remain at rest. 


In this case 


X = 


0 , 


Y = 0, 


= 11 5 


4. •' 4. 

(t? h'* 0? 

tss tlS 4 V» + W» 


Ij 


4 f*! +. 4. £!a 


therefore ( 314 ) becomes 

. y’ 
a* 




4 + '^4 + «.l “ 


e* 


(sec a)* 


f! 4.11 

a* ^ ¥ 


• (tan a)* — SB 0 ; 


minim. 


1^0 

n,mm. 

Ik* wotre of 

IJa- . T 'T' “ wn- 

?Sr . '■** "!■ ''>•«■»» tb. 

^rltefc tt|, ||m» ^ K 

W mi>^i n wriwi „f the incline,! phm, 

^ rum> e; let the «r the pile to 

,4«»„ «„4 tW |,i.e ..r «Hn.,. of ^ •« of 

«*r iMt» m%4 lei iw lir.1 the l,-n4.>ii«-v t.. w.itlnii to he 

«, if„t i. I. r.,m, m iitrn u}. Ifu. phi«e ; 

SfcfH tiBMilirMiif »l.tf»u-, |,n4 j.ipr|»p«>l»rsilar t»», the plum*, 

r 4 » I riotii* M 

fSlSI 

.|ts4 it t »* «*cifr*««.4 th»! tfiMliMO «p the pti||}|| jmt W„ 

r #ri« It, mul thiwfoiw tho «i^i 

0 r||>#f%||Pt|^ #||i| WW 

mil I # M rt« i 

r m , ■ l ailll 

I p #111 f| 

%*m lo tf t|,„ mo tll»l P ®IibU )«, tin* 

. «si, * I jj 04 r*m i; ' , ..s ti 

' r^m0%pm%0^ 

iC l#li ll p ^ 

ni f t# tim H ilirll^ii ||r|ir«v MilTrf |||ii 

■M pmrnwi Ift's ill# ||»fr«t«l «tit-iiri|#/||p m ilril|f’||lll^ s 

mp # t«!|^ if *1 wfiirfi ilbt lifip «f' i|i4|«n i# III* 

€fiif«i is,i. |,|»0 Isill ill tilp #11^1# tif fri«’||t»ii i«f lliif liill^ 

^ m'frn tm lltii #i|l aill#||if if| tln^i. 

^ |#i#iM% il it# 1 1 Ilf? of ^rlififi |g 

i:!fcjr\Kid le> |.fe« #1 l|i» iilTi.,|||# mt If ii‘|i«i^|| iff |||tf |||^f|«f^ 

s rs^e> '4a''lr If lliifM’' lifer nf lltr- ^ lf#i(’W^^ 

■I ■» &I 4 !« lifArsf #4 Ir#i"ii«li3 

I »}|.|rli «f«i # tm 1^ tf» 

2 .r ^ r-'t.r f*f fl^^r rf l*r«> 1#*^ 

'■® tl%e j4^fer^ |||#I flirt 1^41 t|*i|" 

4 / M ^ '■? f . ij’ * *" 
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Ex. 6. Also let us consider the ease of a rough cylindrical 
axis, on which given forces act and produce a pressure of rota- 
tion, capable of turning within a rough hollow coaxal cylinder. 

Let fig. 41 be a section perpendicular to the axis of the cylin- 
der ; the smaller and interior ch’cle being a section of the eylin- 
drical axis, and the larger circle of the hollow cylinder ; let 0 
be the point of contact of the two cylinders, and at which of 
course the resultant of all the impressed forces acts: let this 
force = i», and let 0 be the angle between the lines of aotipn of 
a and p : then 

a = 1 ? cos 0, If = E sin d, 
p = ga; tan d = g j 

therefore 0 is equal to the angle of friction. If therefore the 
angle between n and e is less than the angle of friction, the 
cylinder will continue at rest ; and if it is greater, it will naovo. 

Ex. 7. A heavy circular shaft rests in a vortical position, with 
its end, which is a circular section, on a horizontal plate ; deter- 
mine the resistance due to friction which is to be overcome, 
when the shaft begins to revolve about a vertical axis. 

Let a be the radius of the circular section of the shaft ; and 
let the phme of (r, 0) be the horizontal one of contact between 
the end of the shaft and the plate j and let the centre of the 
circular wea of contact be the pole } now the vertical pressure 
on eaoh element of this area manifestly varies as the area ,* and 
therefore, if rdrd0 is the area-element and ^ is the coefficient 
of variation, since, by law III, Motion is independent of the 
vdooity of motion, 

the pressure on the element = /cr dr (10 j 
the friction of the element = \j.h'clrd0 ,• 
the moment of friction about the vertical axis through the centre 

= \j,hr^drd0', 

the moment of friction of the circular end 


rstr ra 

/ / g df do 

Jo Jn 


(o *'0 
2 nkva 
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Now if w SB the weight of the shaft j 
on an unit of area, 


w SB ; 


since ^ is the pressure 
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CHAPTER IV. 


ON GRAVITY, AND CENTBB OF GRAVITY. 

Section 1. — Elementary considerations on mass, gravity, and 

weight, 

120.] Into the investigations of this and of subsequent Chap- 
ters there will enter certain elementary conceptions of matter 
beyond those which have hitherto been stated. In Chapter II. 
matter was defined as the subject of force ; occupying space, and 
consequently possessing form : capable of infinite divisibility, 
and thus resoluble into particles j capable of rigidity, in which 
state the particles arc in relative rest j and transmitting force in 
tlie line of action of the force only, so that the external forces 
acting on tho matter are of infinitesimal magnitude in com- 
parison of the internal forces which act on the several particles 
and keep them in relative rest j for the relative equilibrium is 
not affected by the action of the forces which act on the matter 
from without. Now we require other properties of matter. 

Matter is impenetrable; tW is, two particles of matter cannot 
occupy the same place at the same time. 

Matter is porous; that is, although matter is composed of 
particles or molecules or atoms, yet these aro not packed in 
close and continued contact; but there aro intervals or inter- 
stices, which do not contain the matter of the body, whatever 
that is by which tliey aro occupied. 

According to the greater or less degree of closeness with 
which the particles aro packed, so is matter more or loss dense ; 
and density is iiredicatod of it in respect of this quality. If the 
density of matter is constant throughout a given body, the body 
is said to lie homogeneous j but if the density changes, either 
continuously or diseontinuously, tlie body is said to bo hetero- 
geneous ; in the more general case the density varies continu- 
ously, and at a given point is a function of the coordinates 
of the point. Thus the earth is not homogeneous; the density 

t % 


104 


MASS. 


[lai. 

of it iiiereaseB as we jmw from the aurfaee to the centre} it ii 
doubtleii eompoMtl of ooncentrie shells, each of which has sur- 
faoM of the form of an ohhito gjiheroicl and is homngwietHW ; 
and the density of whit'h is a funetion of the axes of the shell. 
The averts density of a heterogeneous Iwdy is called its mmn, 
density. The mean density of the earth is about five timw that 
of distilled water. 

121.3 As the tiuaatity of matter eontninetl in a hwly ii a fono- 
tion of the volume of the body and of the density ol* the matter, 
it i« neoessary to have means of raeasurin}? the aamo with 
precision, 

Ciuimiity of matter is called tmm : »» that the maw of a laxly 
is the ((tumtity of matter eontained in the IkkIj*. 

Jhtmiif 'w thei|uantity of matter eonlainwl in an anil-volume j 
the alwolute density or the eUmniew with whieh the particles 
are packed bvinf? uniform throughout that unit-volume. 'Hu* 
definition i« directly applieahk if a Inidy i* homogeneous j hut 
if it ii heterogeneous, and the density varies from point to i««nt, 
the density at any jioint k tlm qtmntily of matter mutained itt 
«n unit-vt»lume, throughout which the deuaity i* the same as 
that at the pniitt. Iletwty is eommonly denotial by the symtad 
p, whieh is wmstant ij» homogemxtus boditw, and in hetentgenetnw 
Iwdiw is a ftmeiion of the e«K»rdinaU*«. 

Tim* if V is the vohune of a hotnogeneotw 1 a«ly of whieh p is 

the density, t he mass = p : { * I 

and if the laaly is het<’r«gcti»sitw, ainl is rcfernal to a system of 
reotaugnlar mirdinate nsiw ; and if/i is the density iil j), 
thtn the maas « ^ V 

rfv being an element of the voUmiu*, p tenng a fuiiclion of the 
rrt»»r«Iifiatw of the plac** of liv, and the sign ♦<! integwtion 
denoting the pn»ce.« «f suniniatioti, whether that involves one^ 
tw«i, or three integrations, atwmling to the duiietwions of the 
tesly, and the integntitions extending through the *«'«mpi«l 
by the tesly. 

|1t.>n®ily is u*ua!ly mesounnl by im-aii* «4‘ »-.oitpi»ri«*»ii with 
««>me »«b»lttHre tbe density which tt 8 »-»umc 4 l»« l«' the wnil- 
di»n«ity. Tin# latter Btib*t«n« »« wiminwtly taken to te ilistdW 
water at the len>|wrafMr** .Hi'’.'! Fahrenheit, and iimler « l«iro« 
metric |«»i'M.iirr > 4 ' 2 ttii s ite on th«' wpiarr ; mt that Ity 
«*l' thin fi !» 0 nunite’r , and the value of it 
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for any given snbstanoe is called the s^eeijio density of that 
snbstance. Thus for platinum^ p = 21.6, and this means that, 
bulk for bulk, and under the stated conditions, platinum con- 
tains 21.6 times more matter than distilled water. 

The following are examples in which mass is determined, 
when the law of varying density is given. 

Ex. 1. To find the mass of a straight wire or rod, the density 
of which varies directly as the distance from one end. 

Let the end of the rod be taken as the origin, and let a be 
the length of itj and let the distance of any pomt of it from 
that end = » j let w = the area of a transvei’se section of it ; 
then d'f ■ss adx} and p = has} therefore 


the mass of the rod 


fa 

s / hmxds: 
“'O 




Ex. 2. To find the mass of a circular plate of uniform thick- 
ness, the density of which varies as the distance from the centre. 

Let T be the thicknoss of the plate and a its radius : let the 
centre of the plate be the origin, and let it be referred to polar 
coordinates j so that riv s= rfdreU'. let p = hr\ then 


the mass of the plate 


r%ir pA 

: / / hrv'tkM 

“'0 *'0 




If the density is constant, and the thickness varies directly as 
the distance from tire centre] then r ■= hr, and we have 


the mass of the plate 


r^ir pa 

: / / phr^ 

*'0 an 


dr do 


__ Zirpka’^ 

~~ ‘'3 ■■ 

Ex. .1. The mass of a sphere, the density of which varies in- 
versely as the distance from the centre = 27rp«*, whore p is the 
density of the outside stratum. 

Ex. 4. The mass of an ellipsoid composed of shells the prin- 
cipal Boctions of whicli are similar ellipses, and the density of 
which varies as the semi-axis major of the largest principal 
section of each shell, is equal to irpa*l/ 0 , where p is the density of 
the oul«idc stratum. 
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Kx. 8. To detormiiio the kHnuling eumf of a thin rilibun of 
wnifonn thiokuws nnd donnity, iutdi that the lm*ntUh of it 
eorrapomling ti> 4 >a<>h ordinate may Iw projiortional to the mass 
of the rihhon heytmd it. 

Lot the onrvo hti that dolinoat«l in fig. 03 . Let the axis of j? 
he vortieal, and that of horixontal. OM sa a*, mp » y, oa « «, 
Lot r he th« wuutaiJt thiokoMu of the ribljon, p its deiwity j 
then taking the part of the ribbon on the positive tide of the 
axis of j", the miwt of it laslow M P 

/>«? 

* / I 


hy II10 tluiiit | tpj^d. 


, giLr iuh/^ 


= 

dv .s 


% , 




tilt til tlwi l0f».ril}imle cntrvn* Hiimiliirly# if n fiir 

tlii mrm m tlw iif litr lids wi alitll liift 

# 

122.3 The letter m it iwuidly employwl to denote mass, niid M 
to denote the »«m of n»nny miww-a, and eonw'ijuenlly the miw* 
of a knly, so that M *b t.m. Now winm many j«Hrtieh« oit tipy. 
iiig jmintM in spaeo aw the snhjw'ts of (♦tir itnpiiry, tlten’ is a 
certain jniiiil in referonee to their miWHcs anti ti* their po»ilioiw 
which is fniineiilly of great importnnee townnis tlm simphtlea- 
tion of the invwliiptiMn. Li*t there Im« » partiele* wh«» ma*««w 
are r(*:«j««etively *»,, inid let the jdares *4 them lie 

C.r., y., t,h C.r,, rj. If *h.w* partnlw are « 1 ! 

enwal, and each i« wiwal to tlw uint-.}i»rtii'h', the or 

average, of their ihslanre# from « given jdane i« 

Pi 4 ,|if 4 • ^ 4 

I 

II 

... are the rlistanw of the particlw wveralty from the 
jdaiw, lint if the msow of a partiele is m, that parlieli* pnntaim* 
M imit.parUrh's*, «» that in the pm-wting f.»rintda * of the 
}«.r..»ne id.’otirttl ; and lh«w if all the j«iHieU>* are «.f ma««*P 
ditfrreot or not am the rase way k, the forwnla t^-oniea 
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which wo denote by . Hence if j?, | are the mean dig- 

tanccs of the places of the several particles from the planes 
of ij/> ^). (*> y) respectively, 


(3) 


?:,Ef ^ ^ 

The point (.r, y, I) thus defined, and thus determined, is called 
i/ie centre of mau, or nms^centre, of the system of particles, aird 
is a definite point in every system; for whatever are the values 
of the numerators in the preceding expressions, the denominator 
is a positive quantity, and cannot vanish, so that the expres- 
sions cannot tal<e an indeterminate form. 

If the system of masses is a body, and is continuous, and the 
density at any point is p, then 

. fpzd'i 

fpdv ’ d j-pdv ’ fp dY ' 

BO that the oentre of mass of any system of particles is that 
point whose distance from any piano is equal to the sum of the 
products of each mass into its distance from that plane divided 
by the sum of the masses. 

Hence, if the oentre of mass of a system of material particles 
is taken as the origin, 


(4) 


Xmse ss a.My =a xmss sa 0 ; ( 6 ) 

and if the system of p»ticles is a continuous body 

fpaidY ssfp^iv ssj'psdv = 0. (6) 

And here I might proceed to consider the various forms which 
(3) and (4) take according to the continuous or other distribution 
of matter, and according to the bounding forms of bodies, and 
to apply them largely to special eases, and there would bo a 
theoretical advantage in such a motliod, as it would preserve the 
generality of the expressions, and this point is of great import- 
aneo in many suhsequent investigations. But as the preceding 
exprcHsians have liecu almost universally consulered and applied 
from another jioint of view, and as there is no practical incon- 
venienee in following that course, I will take it ; the number of 
appHeutions of (3) and (4) will not thereby ho lessoned ; and those 
remarks will prevent the student from limiting his view of the 
Huhjeet to the restricted aspect which this latter coaoeprion of 
it presents to him. 

128.] Of all terrestrial, and indeed of all ooBmical matter, as 
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times and more correctly called ike speeijie might of a substance. 
It is evidently the product of the speeilic densityj and the weight 
of the unit-mass at the place. ^ 

134.] I have been obliged to limit g to the weight of an 
unit-mass at a given place ; for although mass is the same where- 
ever the body may be, yet the weight of it varies from place 
to place; gravity is not the same at all places of the eartVs 
surface : it increases as wo go from the equator, where it has its 
least value, towards the poles, where it has its greatest value : 
and this increase is according to the following law given by 
Clairaut. ^ Let 0 and g be gravity at the equator, and a place 
whoso latitude is A, respectively ; then 

= 0'{1 + . 006133 (sinA)*}. 

This increase is due to two causes : (1) the statical attraction of 
the earth, and (2) the dynamical action of centrifugal force : 
to the consideration of both these causes we shall return here- 
after. And it also changes, as we pass further from the centre 
of the earth: for bodies external to the earth’s gravity decreases 
in the ratio of the inverse square of the dislauco from the centre 
of the earth; also as wo pass from the surface of the earth 
towards the centre, as e. g. down a mine, its intensity decreases, 
and varies directly as the distance from the centre of the earth. 
A proof of these propositions will be given hereafter. Gravity 
also varies aooording to the nature of the materials of the earth ' 
in the neighbourhood of the place where it is considered: its 
value on an island is different to that on a continent : it is also 
affected by neighbouring mountains, and in line of action as 
well as in intensity. 

The line of action of it is vmiical, that is, is perpendicular to 
the surface of still water. Now although tho earth is not quite 
spherical, so that all verticals do not meet at tho centre ; yet its 
radius, about 4000 miles, is so largo, compared with the dimen- 
sions of any bodies vvhieb wo sball at present consider to bo 
subject to gravity, that all vertical Hues corresponding to mole- 
cules of the same body may be rocknued parallel ; and therefore 
all the particles of material bodies may bo considerod to bo acted 
on by forces whoso linos of action are parallel. 

Another point also requires some remai'ks. In these Articles 
different concrete units are involved. Now the symbols p, «?v, ^ 
arc symbols of numbers ; and therefore their product is a 
number ; but the quantity which we commence with is volume- 
PEioK, von. «i. % 
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element, and that which wo cud with i« wcight-olomont ; it 
remains therefore to seek the smm-e whe.nu. thm .< mugn 
it is true, as it is convenient, that (h Q%\mmm tho mumbr oi 
the volume-units, p the mmber of nui^s-unils in a voUmje-umt, 
and g the number of earth's attraetion-uuita in a niiw-umt : hut 
how does the result of all this imply weigl»t ? In the fimt plm^, 
the process 'multiplication’ must he uml in a m^nm wider 
than its numerical one, so m to include within itit ■uhjwto of 
operation quantities of different kinds ; and so that the pmluot 
may ho of a kind different to that of either of the nmltiphfands ; 
and thus the product of two oonorete unit* is a <»ner«te unit 
of a difforent Inndj the product of the voliimcnnit and of the 
^ density-unit is maas-unit ; and the prmluet of the maw-nnit and 
of the earth’s attraction-unit is weight-unit j tho ohangti of eon. 
Crete unit therefore arises from tho proilm-t id' tin* dim*r»'nt 
concrete units; and.weight-unit is tho pr««hH*t ofthn't* ditn-n-nt 
eonorete units. The units are of wuw© arhitmry, and llwr^ifore 
vve ohoose those which are most wmvenient ; and thu* we toko 
a euWo inch to ho the volume-unit ; tho ilonaity of distillci! 
water, at a certain tempomturo and, under oertoin atmwpherio 
pressure, to he the density rmit; ^d the iwtt’* attraction at 
a given place on a mass-unit to h# th§ gmvity.umtj and liy 
means of these we obtain the weight of a ouhie inch of diwtiUwl 
water at a certain place, and compare all ether wdfhto with it. 

. -Igh.] Thus hy reason of the wtti’e »tti»4bn t¥ei 7 ^iiiw«- 
, element of tho body heoomoa the iouw and {Kiint of ap|»lii*lbn 
''V’v,- ff’ whidi vari^ as the maa* of thi element; mod the 

ffti#<a.isieB of aE these fbrees are vertiod and |miallel. Ci>n»c- 
ifierfj ihey,;8tb sn^'i»6_ to the laws of eompMitton of aiwh 
' v''’ forces wMchwe iwreifi^toi In Aids. ?0,, 80. Tti« rwultont » 
equal the 'Sumofft® <iM^,^nint«j that », the weight of the 
'■■■ -V; 'Of |«aW« ,i» i|Uld ]to the wnn of the weighto of 

^aofc»tt.lin« w wrtiwl. It hw 


Vs';-;;. tte |!^oa«i't paaffcid^, :),'&• ^aofc»tt.lin« w wrtiwl. It hw 
a^o idffiaito pojW ,of the coo^natfw of which m> 

j'';'!-. ' - hy (Ito.) Aiti. pint k « 1 W ^ 

too oeahre fowsj and if it !• d*«i 
the body will rest in' aE mtOf line inking thftitigh 

equilihrium-ax^^JlpiikhTO tib lanly tin** sop 
ported being coutinuoi^. -fs, ’ ’ 

fiXj. . firstly, let the system eohdfb 4$. mm matoryi imrtWisfi «*{*»• 


jjirsriy, m me sysw. < 
rate from each other; let 


■ Wiltol hi «*• *»*•... «,» and lot 
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the positions of them be (xt, , , . (a?,., y,„ «„) j let the centre 

of gravity be (sPj y, f) ; then as the weights are ?»j y,.. .m^g. 


11 = 

xmg = g xm ; 

(9) 

S’ Xing — xmgx ; 



y xmg = xmgy ; 

y xm = xmy ; 1 

(10) 

z xmg = xmgz j 

zxm = xmz’,J 



whereby both the resultant and the -position of its point of ap- 
plication are known. And from the form of these equations it 
follows thatj in the investigation of the centre of gravity of a 
^system of material particles or bodies, we may, if it is conve- 
nient, divide the system into groups, and calculate separately 
the centre of gravity of each group; and -by a similar process 
deduce from them the centre of gravity of the whole system. 

Secondly, let us take the case of many material particles 
aggregated into a continuous body, so that, the symbol of sum- 
mation becomes that of integration ; and let the coordinates to 
the type volume-element of the body be x,y, z'. then the typo- 
force is pgd'V', lot (ir, f, i) be the ceirtro of gravity; then from 


(146) Art. 80, 


p Jpg dv =sj pgis dv, 

^fpgdys=Jpgydv, (11) 

sjpgdv sa J pgn dv ; 

J is used on both sides of the equations as a general symbol 


of summation ; and is to be replaced by the symbols of single, 
double, or triple integration according to the different values 
of dv, and the integration is to extend through the space 
occupied by the body. 

In reference to these values it is to ho oliserved that the 


centre of gravity is the point of application of the resultant of 
all the weights of the several component particles of a body, 
whicli resnllant is ecpuil to the sum of the separate weights ; it 
is therefore that point at which, if the weight of the whole body 
acts, an effect is produced the same as that of all the particles of 
the body taken in com1)ination ; or, in other and equivalent 
words, t/ie centre of gravity is that point at which) jf the lody is 
eoUectedinto a material particle, ihe meumstanees o/pressme a/re 
the same as those of the body in its aokud state. 

There are of course many cases where the centre of gravity 
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127.] 

of thoii- weights at that place. Two masses are equal if their 
weights at the same place are equal, and thus one mass is » 
times another if the weight of the former is n times that of the 
latter. Weights arc easily compai-ed by means of the balance: 
and its varied foi'ms. Thus these instiniments indirectly compare 
masses : and herein their great value consists ; and hence arises 
the necessity of their perfection. In commerce too, no less than 
in experimental physics, the comparison of mass and not the 
comparison of weight is required. Mass is absolute ; weight is 
relative. We shall return to the subject of the comparison of 
masses at a future stage of the treatise. 


i 


Section 2. — TAe cenire of gravity cf material lines or wires, 
straight and curved. 

127.] Let us first consider the centre of gravity of a curved 
material lino or wire, of which the thickness is infinitesimal in 
comparison of the length. 

Let <B s= the area of a transverse section of the wire, and 
ffo s= a length-element, so that di - (^ds-, let p bo the density 
at tho point (*,y), and y =stho earth's attraotion j and let 
bo the coordinates of the centre of gravity j then 


\ pgwwi 


m j pgesds aa Jl 
§ j pgoids sa: Jpgmyds, 

S J pgads = J ogois ds. J 


( 12 ) 


The integrals are of course definite, and tho limits are fixed by 
the conditions of the problem. If tho curve of tho wire lies 
approximately wholly in one plane, wo may take that to bo tho 
plane of (a’, g), or of (r, 6), and in that case, tho first two of (12) 
are suflieiimt to determine tho contra of gravity, since « s= 0, 
If tho curve of tho wire is of double eurvaturo all three equations 
arc required. 

It will bo found that in many cases tho centre of gravity of a’ 
material line is outside of the lino ; and it is necessary therefore 
that it should be rigidly eonnoctsd with it if the wire or rod is 
to have physical support ; but such conneotioa is not necessary 
for the centre of mass. 
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Ex, 1 . To find the centre of gravity of a wire of aniform 
wMckness and density, bent into the form of a quadrant of a circle, 
Eet the radius of the circle he a \ fig. 43 ; then m p (a and gf 
^ constant, they naay be divided out, and ( 12 ) become 

wjds— J xds, gjd3=: yds } 

also +y* s= a ’ ; 
das _ dg & , 
g ~~ ~w ~ a ’ 
adx /'“ axdx . 


_ r® ach _ r® 

,'o (a^ — a!^\i Jn I 


'0 (a»_,r’)i Jo 


ss’^ „ - 2a 

!t!- = a; wss—s 

d “r-*- ^ [*]; 


2a 

ir 


B 


2 a, 

I , J 

It 

It 


Or tiius by means of polar coordinates | r 
/*]5 /*j 8 f 

Bj^dOssJ acoBddd, 

j? f^dO = f^a sin 6 dd, 

Jo Jo 

E*. 2 . To find the centre of gravity of a wire of coimtant thick- 
ness md density, and bent into the form of a aoinploto cycloid. 

l^et the starting point of the cycloid bo the oHgin, and lot 
tlie equation to the curve be 

« 35 ! aversin-'^--( 2 ay~.y«)i| 

~ = # * 

/ ( 2 a-y)i“( 2 ^' 

that the centre of gravity will bo in the line per- 
pendmular to the base at its point of biseoMon j therttforo Bmna-, 
and as p, y, 0) are constant, 

f P'LjL _ . 

Jo ( 2 a-- y)* Jo ( 2 a-y)i' **’ ^ 

For a wire in the form of a semieyoloid, i 


4a 

T* 


3a 


4 a 


4 a 
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Ex. 3. To find tlio centre of gravity of a wii'o of constant 
tliickness and density, bent into the form of an arc of a circle. 

Let the radius of the circle he a ; and let the line passing 
through the middle point (the vertex) of the circular arc and 
the centre of the circle he the axis of a? j then as the arc, fig. 44, 
is symmetrical with respect to this line, y = 0. Let the arc 
bob'= 2«, and let the chord bb'= 2o, ojd = ^ ; then 


and 


Jo 


y’ = a?’ ; 

dy __ dw __ ds , 

a—x y ” ~a’ 


dx 


r 

/a / 






w s= ' 


ac 


Ex. 4. To find the centre of gravity of a wire in the form of 
a half of one loop of a lemniscate. 

Let the equation he = a’ cos 2 0 j and lot I he the length of 
the half loop j then 

dr I'dB (Is ^ 

sin 2 0“^ cos 2*0 “ 



V cos 0 ds 


Ji’ 


r aiu 0 ds ss a‘ 


Ei“* 

2* 


Ex. 6. To find the centre of gravity of a straight rod, the 
thickness of which varies directly as the distance from one end. 

Let the end of the rod whence the variation of the thickness 
is reckoned he taken as the origin, and the line as the axis of a? : 
then (I) s= Hx) let a = the length of the rod ; and we have 

x( pffKXdw = f pd/KX^dx-, x = 


Ex. 0. To find the oesntro of gravity of a straight rod, the 
density of wliieh varies as the ?ith power of the distance of oacli 
point from a given point in the line of the rod produced. 

Let 0 he tlio point from which the variation of the density 
takes place; fig. 45; OA=a, OB=/;, oj> = a;, 
then n fb 

X KMy.r"r& = / KOiffx^-^'dx', 

n+l 

... 
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If n = — 2j then 
dx 


r ' 

Ja 


dw 


W i 


ad 


%- 


•• 

os Kona- 

•4 Ja ^ os ' p ” a 

Ex. 7. To find the centre of gravity of a wire hent into the 
form of a cycloid^ the thickness of which varies dirmlly as the 
distance from the middle point of the wire. 

The middle point of the wire is the highest point of the 
cycloid; let it be taken as the origin; and let the axis of the 
cycloid be the axis of «; then f = 0 ; let the length of the wire 
be 8a; then, see Integral Calculus, Art, 166, Ex. 3, the radius 
of the base-circle is a; and the equation to the oyoloid is 

and since p ks^ we have 


wJ^asKsds ^ jgt^KOosds^ 


w 1 


■ m 


% 

ai;, 


^. 9 . Knd tlio cum whose extreme poiute are a), 

such that =a y — 4 v . - 

129.] If the wire is in space, having all its elements either 
m or not m one plane, we must determine all the coonlinatcH of 
the mass-centre which* are given in (12). 

Ex. 1. A wire of constant thickness and density is bent into 
the term of a helix ; find its centre of gravity. 

Let « = the radius of the base-oylinder ;‘ and let the wire 
commence at the axis of that is, at the point (a, Q, o). 
g. 126, Difierential Calculus ; and let its end be at tlien 

® = a cos y = « sin z : 


— (1 -i- &d(/> f 

x a sin ((>; 


# ass 


ip 


. ^<t> S= a(l—co3(l>)-, 

. 2 >' ^=2* 

trifjleVsp^ thT r'“ f »f • 

<*««t thiolni den?i^° “ “ ° "“I* of 

■ mi a. m*„|.r 
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points be (•»!» .J'lj ^i) ... (.r„ : p ~ tbe constant density 

<o=tlKMU-ea 0 a transverse section of the rods : then the centres 
«1 gravity ot <?,, 4) 4 tiro manifestly at the points 

.r.j+;r, ?/a+ya 

g , 2 ' ~2~’ 


2 


'*•’1+5“ J/i Hh 
2 ’ 2 ’ 
and tlierofore by the formulae (10), 

1 

.'•(4+4 + 4) = 2{4('t',+®„)+4(a-„+«,) + 4(,p, + ^,)}, 

I (4 H” 4 + 4) = i {4 (y« +y.) + 4 (y. +y.) + 4 (y, +y,)}, 

+ ^« + ^«) = " {4 (i<, + z,) + 4 («, -I- 

liy a sim^Har process the centre of gravity of the perimeter of a 
lH.Iygon formed by heavy rods in space may bo determined. 

liJH.J I he determination of the centres of gravity of maferial 
inies or wires also suggests the following problem, which is 
solved by the Calculus of Variations : 

To find tlia equation to the curve into which a tlun heavy 
rod or string of uniform tliickness and density and of given 
engt 1 is to be bent, so that ita ends being fixed at two given 

points, the contro of gravity may he in the lowest possible 
position. ^ 

Let the axis ofz he parallel to the direotion of gravity ■ and 
ot 2c he the length of the rod; and (ir„ y„ and (a.^, ^ ,„) 
tli© ©xicls of tli6 line | then 

_[V.v=2c, ( 13 ) 

z2a:=J^Zfk-, (14) 

atid z will lie a maximum or a minimum according as tlio plnno 
ol (.r,//) IS above or below the centre of gravity of the suspended 
wire; in either case, 85 = fi j therefore from (14), 

2c85 = ();=/ 's.z/h 

Jn 


2c8l 


riUl K, VDL. lU, 


ft = l\zh.(k + rkSz) 

• 'u 

(' + *,<,*) +**(, 
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. log («-X) + log = log « ; or, («-X) ^ 

where a is an arbitrary constant of integration j and since 
ds'^ z=: + ^ 

+r « j; (17) 


whei'e h is another arbitrary constant of integration ; and the 
three undetermined constants X may be determined by the 
conditions of the curve passing through two given points^ and 
of the length of the curve between those points being given. 
The equation (17) is that of the catenary^ the properties of 
which will be investigated hereafter; and the result is im- 
portant^ inasmuch as it shews that the curve in which a per- 
fectly flexible and inextensible heavy string will hang when 
suspended from two fixed points is also that of which the centre 
of gravity has the lowest possible position. 

The form of the problem as stated in equation (14) shews that 
it is identical with the determination of the form of the curve 
of given lengthy which passes through two given points, and 
revolving about a line in the same plane with the two points 
generates a surface whose area is a maximum. This problem is 
solved in Ai't. 326, Voh II. 

131.3 formulEB given in (12) lead also to the following 
theorem. If the wire or line is of constant thickness and den- 
sity, and is infinitesimally then, then 



§ Jds = jyds) 
Try X s — J'iityck. 


(18) 


Now if the plane curve whoso length is revolves about the 
axis of iT, and generates thereby a thin shell (or surface) of revo- 
hition, the right-hand member of (18) is the area of the surface 
generated; see Art. 232, Vol. II; and the left-hand member of 
(18) is the product of tlie length of the generating line and of 
the patli des(}ribed during an entire revolution by the centre of 
gravity of it ; lienee we conclude that, 

If a plane curve lies wholly on one side of a line in its own 
plane, and revolving about that line generates thereby a surfiiee 
of revolution, the area of the surface is equal to the (geometrical) 

A il Q, 
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-i:\' 


(Iz 

tin 


dz ^ 


( 16 ) 


Of tins qnm^tity tlio first ,>urt vtu.i.shoH I,y r«^„u ..f Iho limif 
Inmig- fixed; also from (13), ^ tiit limits 

8.2e 


0 


8 f (h 

... *^ i) 

=/ 1 ^"'-®*''+ ■ 1 '%+ 

«ml of 11,18 iiuantity tho fh^t mH vaiiMiea l.v 

J. » 


I 


fl.S 


th 


Jl 

i/j' 


lijf 

5 r*% “’■f* 

m 

,i/k 

(h 


ti* 

d.z -th 

flS 


d. 


ds 


^ («y)i 


(HI) 


' d« -(Is 

iroin tho fii-Bt two memhorN of which wiimltty we have 

* //*f . di/ 


,/.t 

m fk 


tLv 

(in 


ih 


dr 

»-*r. 


//* "-//m 


, . IS^ I f »■* 

the foiwliuitH heiiij,^ iiitrodueed roiwislimflv with (1,.> mirv 
imiomig through t.r.,y„ .,) . ' 


.r 

a 


Mi -Mn 


It fo lovvH tlmt liio cirvo is a i,lu,». inirvo, am! i« in , 
j«,ri,o,ulmi,lar f„ that of fa-t ll.o iduiu- of ,) I„ 

fakoii Ko iiH to (.(,rit«iii the tnirvo ; thon ^ = o . 

In'*! off Hi) we ha Vi? 


uiul from tin 


, / d.i 

-dn 


hd. 


iLr 

. dt 


iis *** 

Kd, i 

m 

. ilj' 

dr 

dit. 

-t 

'ih ^ 


iIa 

#/« 
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Section 3. — Centre of grmity of thin g^late^ and amed ^liellsy 
botmded by lines straight or curved. 


1 32,] 111 the next place let ns consider a plane plate of infini- 
tesimal thickness^ bounded by curved or straight lines^ and refer 
it to rectangular coordinates. Let the plane of the plate be 
that of y) and let the coordinates of any element in the plane 
surface of the plate be so that the area of the element e is 
dxdy ; see fig. 46. Let the thickness of the plate at • then 
d'^ = rdxdy ; 

and the first two of equations (11) become 


X JJ pgrdy dx = JJ pgrx dy dxj ' 


(19) 


the integrations extending over the area assigned by the problem. 
Ex. 1. It is required to find the centre of gravity of a thin 
plate of uniform thickness and density^ bounded by a parabola, 
its axis, and an ordinate ; fig. 46. 

Let OA == AB = i ; r = the thickness of the plate, p = the 
density: then the equation to the parabola is ay^ b^x^ let 
aY^ = j so that we have 


ra Ty ra rv 

y \ dydx \ X dy dxy 
do Jq Jq Jq 

X x^dx = / x^dx^j 



ra rv ra rv 

y / dydx == / / y dy 

J{) Jo ^0 


fj = 


U 

8^* 


Ex. 2. To find the centre of gravity of a tliin plate of uni- 
form thickness and density in the form of an elliptic quadrant. 

Let ^ ~ ; 

ra rv ra rv 

then X dydxzrz lx dy dxy 

Jo *^0 



I., ^ *» ♦■' *«*l ttf tha patli 

ll». iWvm ,.. ,„- ,j„^, 

1hr«r.,„, „| , ,. «8iw af ft, 

ht* »l mm^ ^ 

«•..!?«• ..! iW„, ||„, j,,^, * • ‘»’**'^5wdwfanc«afiu 

»'• (... ■( /XJ;:•.!^^:■•r'""‘«"« 

IMV l» .1, l■lr>»rtr,,.,^,„„ 1 |m.u^„,„, ‘‘' ”* ”*"! ««l(li) 

1, .r.ir ""t****’"' *"’*«» 

* ‘««M H?i>ti, T«n«rtfcwa 

.4 u. „ .4 ,1. w tha 

th. ,4 n„ : 

»W .*«»!« ,4 .* as ,, , ,, m 

ll*r m~nltv »*f tf»siir*!f 4.,9||, . s' ‘ 1 **^ J«»riW Iw 

*l»« »#«, „if »t,„ „l' , 1 ^ ^ 

»•» ? .1 «#jl,|,a„a!„| ly h„.*{. 



1 i j, 
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let US imagine tlie plate to be divided into a series of thin slices 
by lines parallel to ab ; then the centre of gravity of each of 
these slices will be at its middle pointy that is, at its intersection 
with 00. Imagine therefore each slice to be condensed into its 
centre of gravity ; there is then a series of particles of increasing 
weight arranged along the line oo, the law of increase being 
that of the distance directly, because pb' varies as OM ; if there- 
fore OM = and 00 = li, we have from (19) 

5 / xdx = / (lx ; 

Jo Jo 



Hereby also we conclude that if the coordinates to the angles 
of a triangular plate in space are Xi, y,, sii •, x^, j/,, •, x^, ; 

then Xi-hXa+Xg 

3 ' 

=, _ l/x+3'^+y« 

y_ , 

Z^+Z.J + Z^ 

^ ~ 3 

Ex. 4. If a thin plate is in the form of a complete cycloid, 

7 Gf 

the distance of the centre of gravity from the vertex is • 

Ex. 6. Of a thin plate bounded by a cissoid and its asymptote, 
the distance of the centre of gravity from the cusp is five-sixths 
of the diameter of the base-circle. 

Ex. 6. The centre of gravity of a thin plate bounded by the 
witch of Agnesi is at a distance from the asymptote equal to 
the eighth part of the diameter of the base circle. 

Ex. 7. To find the centre of gravity of a cycloidal plate, the 
thickness of which varies as the «th power of the distance from 
the base, and of which the density is constant. 

In this case taking the starting point as the origin, and the 
base as the axis of x, 

X = fflvcrsin"*^ — 1 

... * = 

{2ay-f)^ 

Lot T = hy" - thickness, p = density j it is plain that ^ = 7r« ; 
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j (h = / "3; thv ; 

Jo Jo 


i.a ^ 

Stt 




y 


4i 

Stt 


Hence foi* ^ tliiii pliite in tlio form of e. (|U£itlrant<j the position 
of the mass-centre in reference to the centre of the circle is 

given by r* _ ^ 

Stt * 

Ex. 3. To fnul the centre of gravity of a thin triangular plate 

of constant tlnclcnesB and density* 

Let T be the thickness of the plate^ and /) = the density. Take 
the angle fig* 47^ for the origin^ and the sides oa^ on for the 
coordinate axes ; oa = on ;= so that the ecpiation to ab is 

M=‘- 

Let the angle at 0 =55 co ; then the area of the svirfax^e at. h 
ss ihv (ly sin cu ; dv = r A* dy sin w. Q^hen if 


Y =r= 

(r 


-A 


„i..rr 

Jo Jo 


the ecpiations ofinonunitH uhout the axt's are 

*rsinctf/ / r/jf/trsiuca = / / j'(siu cu)’^ ^/j'l 
J(| Ju ‘ *'0 

Bixi^ ^ I I y {Hin mY dy d.v ; 

Jo Jo 

a b ^ 

w ^ y ^ 

the centre of gravity therefore is situated on tin* line passing 

through 0 and hisetjting ab, at a dtHtanco from fi lujnal to two- 
thirds of the bisecting line ; and as the rosnlt is imlopcndont 
of the particular angle, it is equally true for all the mighis; and 
thorofore the centre of gravity of a triangnlar thin jdatt. is at 
the point of intersection of the three bisectors of tho sitlus drawn 
from the opposite angles. This is also manifest from tho follow- 
ing roason : let oab bo a triangular plate, fig. 48 ; and lot ot: ho 
drawn from o to c, tho middlo point of tho opposite side a a 5 
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Ex. 2. To find the centre of gravity of a thin plate of uni- 
form thickness and density in the form of the loop of the 
lemniscata. 

The equation to the bounding curve is 
r’ = a* cos 2d; 

and as the loop is symmetrical virith respect to the axis of x, 
y = 0. Let r = a (cos 20)^ ; then from (20), 


xf^ f rdrdd — f r‘ cos ddr do, 

Jo ./_l .'o 

L. — — (cos 2 0)^ cos 0 do 
2 3 J 


let A’ = i, and sin0 = x; then 
2 


3 J^]i 
__ 2ia 3 w 
“ T“8 4 


~ 24 

Ex. 3. The centre of gravity of a thin plate hounded by the 
curve whose equation is r =; « (1 4- cos 0) is at a distance from 

, .. 1 . Sa 

the origin equal to — • 

Ex. 4. A thin plate in the form of a circular sector is gene- 
rated by the motion of one of its bounding radii if x is the 
radius, prove that the locus of the centre of gravity is 


134.] Centre of gravity of a thin shell of revolution. 

Let the axis of revolution be the axis of x; and let the 
equation to the curve, by the revolution of which the exterior 
surface of the shell is generated, be y =/(iK): let r _ the 
thickness of the shell ; p = the density ; g = the eartVs attrac- 
tion; and imagine the shell, see fig. 4.9, to be divided into 
a series of circular rings or annuli of breadth dx by means 
of planes perpendicular to the axis of revolution, and at aai 
PRICE, VOL. III. ® ^ 


Jo ( 2 » 3 ' 
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Ex. 2. To find the centre of gravity of a thin right conical 
shell of uniform thickness and density. 

Let r = the thickness of the shell; p = the density ; and let 
the equation to the generating straight line be 

^ = ax; 

-let the altitude of the shell = a : then ds‘ = (l + a^)dx^; and 
from (21) we have ^ 


w xdx 


fa 

/ 0 ?“ dX) 


w = 


^0 

2a 


Tins is also manifest by the following reasoning : the conical 
shell may be imagined to be resolved into a series of triangular 
plates all the vertices of which meet at the vertex of the cone^ 
and the bases of which form the circular base of the conical 
shell : now the centre of gravity of a triangular plate is on the 
line which is drawn from the vertex to the middle point of the 
base^ and is at a distance from the vertex equal to two-thirds of 
that line; and therefore the centre of gravity of the shell is on 
the axis at a distance from the vertex equal to two-thirds of the 
axis. 

And suppose the thickness of tlie conical shell to vary as the 
distance from the vertex : then p = /c(l+ x ; 






X = 


Za 


Ex, 3. To find the centre of gravity of a thin shell of uniform 
thickness and density formed by the revolution about its base 
of a wire bent into a semi-cycloid. 

The equation to the generating curve is 


X 


= tiversin-^- — ( 2 < 2 y— . 


dx 

~y 


dy 


\%ay--if)^ , \2ay)^' 

ydy _ xydy 
{2a^y)^ Jq (^2a—y)^^ 


X = 


2Qa 

TF* 
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infimtesimal distance apart : then, if & is a length-element.of the 
generating curve, the volume of any one of these rings corre- 
sponding to a point (*,y) on the generating curve is • 

and therefore the weight of it is ‘l-npgry ds '-. now imagine this 
weight to he condensed into a point at the centre of gravity of 
the ring, which is at m on the axis of® ; the circumstances of 
pressure are not hereby changed ; and let us imagine the weight 
of each ring to bh similarly collected at its centre of gravity j 
then we have a series of weights arranged along the line o®, of 
variable magnitude, the law of variation depending on the equa- 
tion of the generating curve : but such that the weight at the 
distance x is equal to 2 Trypgr ds : hence we have to find the 
centre of gravity of this rod of variable density; and therefore 
by virtue of equations (12), ' 


xj2 -jTpy jy ds = J 2 -npgrxy ds, 

and cancelling 


^Jprgck = J pTwgck. 


( 21 ) 


Ex. 1 . To find the centre of gravity of a thin shell of uniform 
thickness and density, the exterior surface of which is generated 

by the revolution of a quadrant of a circle about one of its 
bounding radii. 

Let r = thickness of shell; p = density; then, fig. 50, the 
equation to the generating curve is 


= «»; 


^ : 

• f adx = I axdx: 
•'0 Jo 


This result is also manifest by the method of infinitesimals : in 
Vo . I (Differential Calculus), Art. 24, Ex. 7, it is shewn that 
each zone of the shell is equal to the corresponding zone of the 
cylinder of the same thickness circumscribing the spherical 
shell ; and therefore as these zones are equal and equivalent as 
to the position of their centres of gravity, the latter may replace 
the former, and the centre of gravity of the hemispherical shell 
IS the same as that of the cylindrical shell ; and this latter is 
evidently on oa 111 the middle point of oa. 


136.] 
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_ r® a d/y dx r® axd^dx 

Jo Jo Jo Jo (a^—x^—y^)i’ 

xT'Jdx^ r^wdxi 

•JQ ^ Jq 2 

(I 

f ^ aydydx 

^*^0 *4 »/} ‘/o 
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(J' 

y^v 


-j'f 

^0 ^0 


adydx _ 


= / / adydx\ 
Jo Jft 


z = 


^0 *^0 
a 


Suppose the thickness of the shell to vary as the .^-ordinate to 
any point of it ; then r = Izy and 

Ca Py Pa Py 

w / ahdydx^ / / akxdydx} 

Jo Jo Jo *^0 

^ ■“ Stt' 

yj / ahdydx =i i [ aHydydx; 

Jo Jo Jo Jo 

4:a 

5 / / aJcdydxi=z / / ahia’^—x'^—y'^ 

Jo Jo Jo Jo 


^ = 


2^3^ 


136.] The following theorem^ due to Pappus, expresses a 
relation between a plane area^ the volume of the solid gene- 
rated by it as it revolves about a line on its own plane^ and the 
distance of the centre of gravity of the area from the axis^ 
whereby, when any two of these quantities are given, we are 
able to discover the third. 

Let the revolving area be of constant density and thickness^ 
and be so thin as to be conceived to be a geometrical surface ; 
then, if y is the distance of the centre of gravity of this area 
from the axis of we have, 


j/JJ dydx =? j j^d^dx-, 
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Ex. 4. The centre of gravity of a thin shell formed by the 
revolution of a semi- cycloidal wire about its axis is at a distance 
from the vertex IStt— 8 

U 37r-4 * 

Ex. 5. If ^ determines the place of the centre of gravity of a 


thin shell formed by the revolution about the ii?-axis of a thin 
wire^ of which the limiting abscissae are 0 and a?, and if mid = nx, 
shew that the differential equation of the wire-curve is 

4in""2m -J. 

= I I 

What curves are expressed (1) when ni = 2n} (2) when 
2m :=z 


135.] Centre of gravity of a thin curved shell. 

Lastly^ let us investigate the coordinates of the centre of 
gravity of a thin curved shell ; of which let the thickness = 
the density == p ; and let the equation to the bounding surface 
of the shell be r {x, y, ^) = 0., Then using the ordinary symbols, 
if ch is the surface-element at (Xj y, 0 )^ (h = rdk ; and 


- chdz : 

TT 


■dzdx 


* dxdi/} 


XJ*' V w 

= {l+jo^ + q,'^]^dccdy-, 

so that, taking for dA. the last value of (22), (11) hecome, 
d:ffpffr^ckd^=:fjp~- ^ 


( 22 ) 


^ pgrx — dxdt/, 


ijfpSr 

-S 


Q 


#/ PffT 


■w 


dxdt/ = JJ I 
dxdy = JJ I 




p^ry ~ dxdy, 


pgrz^dxdy. 


(23) 




If the suiface of the shell is more conveniently referred to 
that system of polar coordinates in space which is explained in 
Art. 16S, Vol. II (Integral Calculus), the general equations (11) 
instead of taking thp form (23) will he modified according to it. 
Ex. 1. To find the centre of gravity of the octant of a thin 
spherical shell of uniform thickness and density. 

a’; 

u = 2a7, Y=i2y, w IS 24 :; 
q,^ =: i{x^+f+z^) 

so that if (a“ — ;e’)l =s y, we have 
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ellipse^ provided that the perpendicular distance from the centre 
to the axis of revolution is the same. 


Ex. 2, The volume of a sphere of radius a is — ; and the 

• • 7^ C(/^ ^ 

area of a semicircle is : it is req[uired to deduce from these 

A 

data the position of the centre of gravity of the semicircle. 

Let be the distance of the centre of gravity of the semi- 
circle from, the diameter ; then considering it as the generating 
area of the sphere^ we have 


2 7rJ? X 








3 ^' 


2 3 ' 

and by reason of the symmetry^ the centre of gravity is on the 
line which is perpendicular to the diameter through the centre 
of the circle. 


Section 4. — Centre of gravity of heavy bodies bounded by plane 
and curved siirfaoes, 

137.] Before I proceed to the general case^ I will consider 
that of a solid bounded by a surface of revolution^ and refer the 
body to the axis of revolution as the axis o{ w : let the eq[uation 
to the generating curve of the bounding surface be y 
Imagine the solid^ (see fig. 51^) to be divided into thin circular 
slices by j)lanes at an infinitesimal distance apart and perjDen- 
dicular to the axis of revolution ; of these let the circular slice 
be the type, and let om = ir, mn = da^j so that & is the 
thickness of it. Of this slice take a particle at a distance r from 
the axis, and so that the plane passing through and that 
particle may be inclined at an angle 6 to the plane passing 
through Oil? and oy ; then the volume of the element is equal to 
rdOdrdx* Let p = the density of the body at the particle, 
then the mass-element = prdrdOdx, and the weight-element 
= pgrdrdOdof, 

Now if the constitution of the body as to density is symme- 
trical with respect to the axis of revolution, the centre of gravity 
is plainly on the axis of and therefore we have to find only 
ir; and we have from (11) 

dx =: J J j'pgxrdOdrdx; (25) 

and '‘performing the (^-integration through a whole revolution. 
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( 24 ) 

Now these integrals being definite, the second factor of the left- 
hand member of the equation exiiresses the area in the plane 
and the first factor is the length of the path described by 
the centre of gravity of that area, as it revolves through four 
right angles about the axis of Xi and beeauso is the area- 
element, and 2 Try is the path described by the area-element 
during a complete revolution of the area about the axis of .r, the 
right-hand member is the product of all the aroa-eloments of 
the given ai-ea and of their paths, and is therefore the volume 
described by the area during n complete revolution ; if therefore 
the curve lies wholly on the same side of the axis of a-, so thaty 

does not change sign, the above equation expresses the following 
theorem: ^ 

If a plane area, lying wholly on the same side of a lino in its 
own plane, revolves about that lino, and thereby generates a 
sohd of revolution, the volume of the solid thus generated is 
equal to the (geometrical) product of the revolving area and of 
the path described by its centre of gravity during the revolution. 

As (24) IS true for the whole revolution, a similar theorem is 
a so true for any part of the revolution : and if the generating 
area ^ such as that described in fig. 46, where the axis of 4 - is 
one of the bounding lines, then the limits of the y-intogration 
m (24) are the ordinate to tho curve and zero : therefore 

2'!rpJySx = 

le right-hand member is the ordinary expression for the 
’ of ye^olution. In other cases the limits ofy 

en, bv the geometrical conditions of the problem. 

revolvfi about a line in its own plane, tho 

ipSllutkm generated during a 

goherating ellipse,- then 

the volume = 2 

,t«.n a. of la. witt raapaat te'tka 
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where OA = BC = oo = 6? ; then the equation to the plane 
of intersection of the spheres is 

® = — Yo — = ^ 

then from (27), 

5 ly {a'‘—iB^)dx+J^ {h^—{x—c)'‘}dx^^ 

= f {a^—x'‘)xdx+ f {b’^ — {x—cY}xdx; 

•Jjc Jc—h 

whence may x he determined. 

Ex. 4. To find the centre of gravity of a cone^ the density of 
each circular slice of which varies as the ^^th power of its dis- 
tance from a parallel plane through the vertex. 

Let the vertex be the origin^ and the equation to the gene- 
rating line of the cone be y == aii? ; and let a be the altitude ; 
then p =: : and (27) becomes 

fa ^ 

Jq Jq ^ + 4 

Ex. 5. To find the centre of gravity of a cone, the density of 
every particle of which increases as its distance from the axis. 

Let the vertex be the origin, <5^=:the altitude, and let the equa- 
tion of the generating line of the bounding surface be ^ = ax; 
then in equation (26) p = kr^ so that 


clf dx 


f'^xclrdx; 


Ex. 6. To find the centre of gravity of the volume of uniform 
density contained between a hemisphere and a cone whose vertex 
is the vertex of the hemisphere and base is the base of the hemi- 
sphere. 

Let the common vertex, see fig. 53, be the origin; and let 
the equations to the bounding surfaces be 

= 2ax--x^ = y", f = 

so that Y and x are the limits of the r-integration in equation 
(26) : then, as p is constant, 

xl f rdrdx ^ I I Txdrdx, 

xf''i2ax—x'^~x'‘)dx— / {2ax-x^—x^)xdx, 

Jn ‘'o 
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so as to obtain the required result for a ring of radius r, and 
observing that the symmetry of the body renders p independent 
of 0, we have, dividing out 2 Try, 

And if the density is uniform throughout a complete sliee, we 
may perform the r-integration between r = 0, and r = y, where 
y is the ordinate to the generating curve j and (26) becomes 

the limits of integration depending on the cireumstanoos of th( 
problem. 

Ex 1. To find the centre of gravity of a paraboloid of rovoln 
tion of uniform density, the length of whose axis is c. 

Let the equation to the generating parabola be f = iax 
therefore from (27), as p is constant, 

iij =a^4fla!V&'; J = 

Ex 2 To find the centre of gravity of a portion of a prokt 
spheroid of uniform density, the length of whose axis measuvoi 

from the vertex is e. „ 1 

Let the equation to the generating curve of the boundmi 


surface be 


f 


¥ 

~d* 


(2«a?— #*)5 


then, as p is constant, (27) becomes 

it! sa ~ _ • 

* * 4 8ff— c 

Thus for a herai-spheroid, c = «, and wo have 

W ss -g • 

As b does not enter into either of the l»t two values, they a 
the same for a spherical segment and for a hemisphere. 

Ex. 3. To find the centre of gravity of a double convex I 0 

of uniform density. ^ • +, 

Lot the equations to tbe generating circles of the two mix 

seoting aplvores be, fig. 52, 

.r»+y* =! «*, (j-— 



1 


f 




* 




1 39-] HEAVY BODIES. 195 

and performing tlie y-, is-integrations in ordery the Hmits are 
•^{a^ and 0, o and 0, a and 0 j so that if 

z = 

m 2 ra rc rz 

d,dydx=.JJJ^Mydz, 


xj {a^ —x^)^dx = J x(a^—w^)^dx, 


0 


m z fa fc f% 

dzdydx = / / / ydzdyclx^ 
Jq Jq *^0 

yj y(a^—x^fdydx = [ f y^(a^—x^)i dx, 
•^0 ‘^o ^0 ^0 


^ = 3«; 


m l! fa rc rz 

dzdydx—\ / / zdzdydx, 

•^0 ‘^O do 


^C(> 

Z'S=^ -- . 

Qtt 


139.] Again,, let the curved bounding surface be referred to 
a system of polar coordinates of the construction of Art. 165,, 
.Vol. II ; then 

^ fl [ ^ ” fJJ QOS(t)dr do defy - 

^ HI ^ “ Iff ^ ^ ^ 

the integrals of course being definite^ and the limits being 
assigned by the geometrical conditions of the problem. 

Ex. 1, To find the centre of gravity of an octant of a sphere, 
the density of which varies as the ^th power of the distance of 
any particle from, the centre. 


c c 
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Ex. 7. If » = 'mx, shew that the e(iiuition to the generating 

2-w 

curve of the solid of revolution is — a . 

138 ] Now let us take the most general case of a hotly in 
space and first let it be referred to tliree rectangular axes 
originating at ot let z) be the position of any particle of 
it, so that the volume-element abutting at it is dwdydz] then 
(IY •:::z (hd^(k\ 

let the density = /) j so that ecjiuitions ( 11 ) 1 >ccoino 

^JJjpdaidydz=:JJJ pxdx dydz, 


y jJJ odx dy dz = JJJ pydx dydz, 
zJJJpdxdydz = JJJ pzdxdydz. 


( 28 ) 


The integrals are of course definite and the extent of integration 
is assigned by the conditions of the problem, 

Ex. 1. To find the centre of gravity of a homogeueous body 
in the form of the octant of an ellipsoid. 

Let the equation to the ellipsoid bo 




+ 


and let 


.( 1 , 


c?-* 


I I 






then xf f f dzdydxssf f f xdzdydie; 

Jo' *^0 ^0 *■ 0 ‘1) 




similarly^ 


Si 


Be 

“g * 


The integrals required in the preoeding eiiinipln Imvo already 
been determined by Dirichlet^s proea«i of eviiltuitiou in Kx* 2, 
Art. 280j Vdl. II (Integral Calcmlui), 

Ex. 2. To find the centre of gmvity of u bmiy of uniform 
density bounded by the Cono<.CuniUi of WaliiH uml by tlio 
planes ,0 = 0, y = 

The equation to the Cono-Cuneui is, eqnntion (811), Art* 307, 

I; =/(«»-*»),• 
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areas of the sections thus formed will vary as the squares of 
their homologous sides^ and as these sides will vary as the dis- 
tances from the vertex^ so will the areas of the sections vary as 
the squares of the distances from the vertex j and therefore if 
the axis of the pyramid is divided into equal infinitesimal ele- 
mentSj the masses of the several slices will vary as the squares 
of the distance from the vertex. Now imagine each slice to be 
condensed into its centre of gravity^ which point is on the axis 
of 0 } ; then if a = the altitude of the pyramid^ we shall have 

ra pa ■ 3 

X x’^clx = / x^dx) X = -a. 

^0 ‘^0 4 

Ex. 2. On the base of a hemisphere a right circular cone is 
constructed^ the whole body being of uniform density ; determine 
the altitude of the cone^ so that the centre of gravity of the 
whole may be at the centre of the circular base of the hemisphei’e. 

Let a = the radius of the hemisphere^ c = the altitude of the 
cone : then if we imagine the hemisphere and the cone to be 
condensed into their centres of gravity^ the moments of these 
weights must be equal about the centre of the circular base of 
the hemisphere : that is^ 


cip- 

' —X^) X (lx = / —{g --X^X (lx j 

; 

and therefore the vertical aaigle of the cone is 60°, 

Ex. 3. When a heavy body with a convex surface rests on a 
liorizontal plane^ the vertical line through the centre of gravity 
also passes through the point of contact : because as the body is 
acted on by only two forces^ viz. the weight acting downwards 
at the centre of gravity^ and the reaction of the plane upwards 
at the point of contact^ these forces cannot be in equilibrium 
unless they are equals and act along the same line in opposite 
directions. 

Hence it appears tlmt the compound body of the last example 
will rest in any position on its convex spherical surface. 

Hence also it follows that if a body is suspended from any 
pointy the point of suspension and the centre of gravity are in 
the same vertical line. 

A body in the form of a paraboloid of revolution of given 
altitude and uniform density is suspended from a point in the 
edge of its circular base; it is required to find the inclination of 
its axis to the vertical. ^ /: 
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Let a = the radius of the sphere; and let p = ; 

equations (29) become 


[140. 

then 


•fl'f 

Jo Jo Jo 


A.«+*a 




w = 


01+3 a 


^ (sin 0) cos (f) do dxj) dr ; 


:y = 


01 + i 2 

the last two values being inferred from the symmetry of the body. 

Ex. 2. The vertex of a right circular cone is at the centre of 
a sjAere ; it is required to find the centre of gravit^y of a body 
of uniform density contained within the cone and the sphere. 

Let the axis of 0 be the axis of the cone : and let a be the 
semi- vertical angle of the cone; a = the radius of the sphere; 
p = the constant density : then w and J? are evidently equal to 
zero ; and we have 


m a ^ r2ir fa fi 

f ® sin 0 dr dd dejy^: / / 

Jq Jo Jq 


.V 

r’ sin 6 cos d dr dO dcji ; 


^ w - \ 

— (1—cosa) 277 = 

O 


(sin a)’ 
_ 


2v, 


3a., , 

« = -g (1 + cosa). 

Ex. 3. The vertex of a right circular cone is on tlie surface of 
a sphere^ and the axis of the cone passes through the centre of 
the sphere ; if 2 a is the vertical angle of the cone, and J is the 
distance of the centre of gravity from the vertex, shew that 
__ 1— (cosa)' 

1— (cosa)* 

^ Ex. 4. If the equation to the eardioid is r = a (1 +co8 0), the 
distance from the origin of the centre of gravity of the solid 
formed by the revolution of the carve about the prime radius is 
equal to ^ . 

^ 140.] I shall conclude this section with a few examples of 
determining the eentrgs of gravity of bodies which do not come 
under any. of the_ former methods, but to which the principles 
are equally applicable. 

Ex. 1. To find tiie centre of gravity of a right pyramid of 
uintorm density, whose base is any regular plane figure. 

Let the vertex of the pyramid be the origin, and the axis of 
the pyramid the axis of a;; divide the pyramid into slices of the 
■ ickness dw by planes perpendicular to the axis: then as the 
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of ixifini'tGsirn.ol clisplacGniGiit of rotcxtion^ tlio GC][uilibriuin will 
1)8 stciblG 01 uiisttiiblG tiCGording* as is.p z is positive or neg'ative 5 
that IS, hj Art. 107, according as xvz k a maximum or a 
minimum. Hence in tlie case ot a beavy body tlie eciuilibrium is 
stable or unstable for infinitesimal displacement about a hori- 
zontal axis according as is a maximum or a minimum : 

but :$,p^zdY = z'^.pgdY ; consequently the equilibrium is stable 
or unstable according as ;g is a maximum Or a minimum. 

The theorem, however, may be demonstrated as follows by 
means of virtual velocities. Suppose a heavy body to be at 
rest on a horizontal plane, and no forces to act upon it, except 
gravity and the resistance of the plane ; and suppose the body 
to have such an infinitesimal motion of displacement that it 
remains in contact with the plane ; then as the virtual velocity 
of the reaction of the plane vanishes, the single condition of 
equilibrium is 77 ^ 

^ XpgdYdz=:0, (30) 

But if B is the distance of the centre of gravity from the hori- 
zontal plane, ^ ^ ^ 

SO that from (30) dz = 0; consequently is a maximum or a 
minimum ; and as equilibrium is stable or unstable according as 
the radial moment is a maximum or a minimum, so observing 
that the action of all the weights is towards the plane of (s, y\ 
the equilibrium is stable or unstable according as the position 
of the centre of gravity is the lowest or the highest. 

This problem is that which is presented to us by rocking 
stones, and by many children'’s toys. We shall hereafter investi- 
gate the rocking motion of bodies thus placed. 

142.] And to take a more general case. Let us consider 
that of a heavy body bounded by a convex surface x’esting on 
another body also with a convex surface. And let fig. 55 re- 
present the bodies : the continuous lines indicating the position 
of the bodies when they are at rest at first, and the dotted lines 
the position of displacement. Let cao be the vertical line pass- 
ing thx'ough A the point of contact of the two surfaces when 
they are at rest, and through the centre of gravity of the upper 
body : let c be the centre of curvature of the lower body cor- 
responding to the point a, and o that of the upper body ; let q 
be the centre of gravity of the upper body : now suppose a small 
displacement of the upper body to take place by means of 
rolling on the lower one, so that there is no virtual velocity of 
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Let a = the altitude of the paraboloid ; h = the radius of its 
circular base j 0 = the angle between the axis of the paraboloid 
and the vertical : then, since the distance of the centre of gravity 


from the centre of the circular base 


see Ex. 1, Art. 137, 


tan Q = — 
a 


Ex. 4. If a heavy body is placed on a rough inclined piano, 
the friction of which is sufficient to prevent sliding, the body 
will be at rest so long as the vertical line through the centre of 
gravity passes within the part of the body which is in contact 
with the inclined plane; and if it falls beyond that part, fbe 
body will fall over; and if it passes through the edg-o ol‘ It, the 
body is just in its limiting position of rust. 

A given cone rests with its base on an inclined plane: it is 
refiuired to determine the inclination of the plane, when the 
cone is just on the point of falling over, 

Let a = the altitude of the cone, and h = the radius of the 
base : then og = j, see fig. 54 : let oo;r = a : 

tana = tan 00 .^, 

=: tan CGB^ 
id ^ 
a * 

and when the angle of inclination of the plane exceeds this 
angle, the cone will fall over. 


. ''Y ■ fi 


Section ^.—Stability and instability of the equilibrium of 
[ heavy iocttee, 

““ ‘I*"™ of Me, in 

especial nriHc ® i y or instability of the same, requires 

Sy bet^W Ta ootiMoue have 

,1 ^ ^ ® igated in the general ease in Section 7 of 

tb. prMeing Cbspter. Let us refer ut fat to (280), ArS 'o8 
as m this case the action-lines of all the Povc«« « u f 

«d ctsZnl *0 ‘>“■0 Mlion-Ii»« ; 

q y, as a horizontal line may be taken for the axis 
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that is^ according as the centre of gravity is below or above the 
centre of curvature corresponding to the point a. 

If the lower surface is concave^ is negative^ and the equili- 
brium is stable or unstable according as 

1 , 11 
— IS greater or less than (34) 

ag Pj Pj 

143.] The values of p, and p^ will of course depend on the 
position of the normal planes of the greatest and least curva- 
ture of the two surfaces, and therefore the stability will he 
different for the different rotation-axes which are perpendicular 
to the normal planes through a ; the stability thei'efore will be 
greatest or least according as 

1 1 

h — 

Pi pa 

is a minimum or a maximum* 

If therefore in this latter case, which is the most unfavour- 
able, the equilibrium is stable, it is also stable for every normal 
section passing through a, and therefore the position of the 
body is one of complete stability. 

Sui:)pose however that the upper and lower surfaces are so 
arranged, that a is the angle between the normal section of 
greatest curvature in the lowest, and that of the greatest cur- 
vature in the upper ; and suppose that it is required to find the 
nature of the stability of any particular normal plane. 

Let 0 be the angle between the normal plane of displacement, 
and that of maximum curvature in the lowest surface ; then if 
111 and are the principal radii of curvature of the lower surface, 
by Euler’s theorem. Art. 403, Vol. I (Differential Calculus), 

1 _ (cos oy (sin 0)» _ 

Pi J*! Ill 

and if iia and n, are the principal radii of curvature of the upper 
surface, / 

1 _ {cos(^+a)}“ {sin ( 0 - 1 - 0 )}“ _ 

pH ^2 Vjj 


therefore 
Pt Pi 


_ (cos0“) {cos(0-|-a)}“ 

~ ?-i ■ u 


+ 


(8in0)“ ^ {sin(0-|-o)}’ _ 


Bi ■ 11 , 

whereby the normal plane of least stability may be determined. 

144.] The following are problems in which the stability of 
equilibrium is determined by the position of the centre of gravity ; 
piiicE, VOL. m. n d 
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the normal reactions of the surfaces : then if 1? is the new point 
of contact, and a' is the point which was orig-inally in contact 
with A, a'p=ap, the axis aborrt which the rolling takes place 
being perpendicular to the plane of the paper. Let the curva- 
ture of the two surfaces be continuous about the points A and p ; 
and by reason of the small displacement let 0 and o respectively 
be moved to o' and o-'"; let OA = cp = pi ; OA =: o A o p pg j 
tlierefore since the arc ap = the arc ; 

= pgA^'o'p ; A^o ” — ^ 


ACF=:^: 0G = 0V 


e. 


Pa 


Let h = o'k = vertical lieight of a' above the horii^outal line 
through 0 ; therefore 


Ji = (pi +P2) cos P —5 cos (1 + P ; 

Pa 


and replacing the cosines by the first two terms of tlicir equiva- 
lent series^ because P is smalh we have 


A = Pi + Pa — C - (pi -f Pa) (1 — 5 ) 


dh 
dQ ' 


• — (Pi + Pa) (1 

= 0, if e = 0, 

and changes sign from q- to — 


p/ - 1.2“^ 

Pi -f Pa > 


Pa' 


if c is less than 


Pi +Pa 


0 ® 

— to +, if e is greater than ; 

Pi + Pa 

and therefore ^ is a maximum or a minimum according as 


A 6 = Pi,— c is greater or less than that is, as 

Pi 4- Pa 

1 , 11 
—.IS less than or greater than — 4 - —I 
AG , pi p, 

and therefore the equilibrium is stable or unstable according as 

' greater than or less than — -|- — 

Pi P^ 

is neutral, . 

pi pi 


(32) 


AG 


(33) 


and in this case, for a small displacement, the centre of gravity 
of the upper body neither ascends nor descends, 

and the equilibrium is 
stole or unstable, according as ag is less or greater tlian p.j j 
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which is a differential ecjuation of Clairaut^s form : and of which 
the singular solution is^ 

Ex. 3. To determine whether the position of the beam resting 
on two planes, as investigated in Ex. 2, Art. 60, is of stable or 
of unstable equilibrium. 

In fig. 29 let cfK = ^ ; therefore 
h = AO sin a— sin 0, 

^ sin a sin 0 + 0) . . 

= 2a — ^ — ^»sm0, 

sin(a+/3) 

{sin (a— /3) sin 0 + 2 sin a sin /3 cos 0 } ; 

{sin (a—/3) cos 0 — 2 sin a sin ^ sin 0} ; 


sin(a + /3) 


d/i 


= 0 


sin (a+^) 


tan0 = 


__ sin(a— iS) 


, (see Ex, 2, Art. 60) ; 




2 sin a sin ^ ^ 

and ^ changes sign from + to — ; therefore li is a maximum, 
and the equilibrium is unstable. 


Section 6.- — General properties of the centre of gravity. 

145.] Theorem I. Of all points in space the centre of gravity 
is, with reference to a system of material particles, such that 
the sum of the products of the mass of each particle and the 
square of its distance from the point is a minimum. 

Let (a?,y, z) be the required point; the masses of 

the particles ; {x^x y u ^i)j l/i> ^ 2 )} * • * {^n> positions ; 

then if 

=: m, + + - 

+ m^{(x^x,f + (y ^ 

and if is to be a minimum, 

um(> = mt{{X’^Xi)d(r + (y—y^)dy + {z^Zt)Sz} 

+ {{x ^ a?a) dx + (y — ya) % 4- - 1^2) dz} 

*+ * «) . » • . « . 

+ {(« - i)?„) chx + (y-y„) iy i 
» d a 
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the equiliBrimn heing stable^ neutral^ or unstable according as 
the centre of gravity is in its lowest position^ moves in a hori-* 
zontal linCj or is in its highest position. 

Ex. 1. A heavy uniform beam rests against a smooth curve, 
and against a vertical wall, all of which are in the same vertical 
plane ; it is required to find the nature of the curve so that the 
beam may be at rest in all positions. 

Let the beam be qp, fig. 56, of which let o be the middle 
point and the centre of gravity; and let the hoi'izontal lino, in 
which the centre of gravity is in all positions of the beam, be 
the axis of a?, and let it meet the vertical wall in the point 0 ; 
let .o be the origin, let the length of the beam be 2 a, so that 
the curve required meets the wall at a distance 0 A (= a) below 
0 ; let OA be the axis of ^ ; OM = a?, MP = y, QUO == 6 ; 

HP 

= cos = sin ^ ; 

2 a ’ a 

therefore squaring and adding, 

h — — 1 • 

the equation to an ellipse, whose centre is 0, horizontal semi- 
axis is 2 a, and vertical semi-axis is a. 

The property of the curve required in the problem is evi- 
dently the same as that of the elliptic compasses. 

Ex. 2. A heavy uniform beam rests against a smooth vertical 
wall, and on a smooth curve ; determine the nature of the curve 
so that the beam may rest in all positions. 

Let n q be the beam of length 2 a, whose centre of gravity is 0, 
fig. 57 5 p the point in the curve at which the beam touches it; 
let the horizontal line oitu, in which in all positions of the 
beam its centre of gravity is, be the axis of or; and let it meet 
the wall at 0, and let o be the origin, oM = a?, HP = y, qo tx 

0B ^ a. Then, as the line nq is a tangent to the required 
curve at p, 

tano0q=— 

' aX' 

Therefore » = qp+PG, 

x(h yds ^ 
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148.] 

Let pi, pi,,.. p„ be the distances of m,, Mi, , . . from the origin ; 
then squaring and adding the above, we have 

mi'‘pi^ + m.i‘pi'‘ + ... + m,/p,‘ 

4- 2 OTi (i»i a?3 + yj + A. ^a) 

4- ••**•*•• • 

+ 2 1 m,, 1 Vn + ^n_ 1 ^,0 = ^ i 

= 0^ (36) 

if m' are the symbols for every two of the material particles, 
and (/), p) is the angle contained between p and p'. Now sup- 
pose io to be the distance between the positions of the two par- 
ticles m and m% then 

= p^ + p'^ -- 2pp'cos (p, p') ; 

2 pp'cos (p, p') = p^-t-p'^ — 

Therefore (36) becomes 

p^ + xmmf (p^+p'^ — ^4^) = 0 : 
and when written at length 

m^{mi Pi" + ^^a Pa"+ +%,Pn^} 

+ p,“ + ^2 Pa“ + . . . + m,, P,^^} 

+ 

and if M = %m = + . . . 4- ; we have 

(37) 

which is the proposition required*^* 

148.] Theoeem IV. If a material particle is in equilibrium 
under the action of many pressures which are represented as to 
intensity and line of action by straight lines meeting at the 
particle ; and if at the extremities of each of these lines heavy 
particles equal in weight are placed, the centre of gravity of 
these is at the point which is at rest under the action of the 
impressed pressures. 

By reason of equations (69), Art. 34, we have 

X'S cos a = 0, XV cos j3 =: 0, XV cos y = 0 : (38) 

let ^1, 5a, ... 5 ,^ be the line-representatives of the impressed forces 
acting on the material particle, the place of which we will take 
to be the origin : so that the equations (38) become 

X5COS a = 0, xs cos =: 0, xs cos y = 0. (39) 

* In tho Mi^oaniquo Analytiqno " of Lagrange, Promioro parfeio, Section III, 

Art, 20, an extension of tliis Xhoorom is given, 
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and equating to zero the coefficients of dx, dy, dz, we have 


Xmx 
X = - — 


y - 


xmy 


z = 


xmz 


. . . - (35) 

xm, xm xm ' 

and as the function hy the form of the expression admits of 
infinite increase^ it evidently cannot he a maximum ; (36) there- 
fore render u a minimum j and these are the coordinates of the 
centre of gravity. 

146. ] Theorem II. If a system of material particles is inva- 
riable in form, and its centre of gravity is at a constant distance 
from a fixed point, the sum of the products of the mass of each 
particle and the square of its distance from the fixed point is 
constant. 

Let the fixed point be the origin, and lot (ir, y, z) be the centre 
of gravity, and (.v,, a,), [x^, «,), ... (a;„, y„, «„) the positions 

of the particles in a given position of the system, those co- 
ordinates being measured from the centre of gravity j also let 

and let r,,. . .r„ be the distances of the particles from the fixed 
poiBt ; then 

xmr^ = + + 

+ {(* + «„)> + {y +y„)« + (5 + ^ 

— *** + . . . + ?a„) 

+ 2i2.«4. 2g5.ma 

4t 

if are the distances of «i, w,, from the centre of 

,^aviiy. But 0, 0, a.wssO, because the centre 

of gravity is the origin ^ therefore 

■■ - Xm/r'^ s= a’3.«i + a.?ap»,' 

and as the right-hand member is constant, so is the left-hand 
member, and the proposition is proved. 

147. ] ^OREM III. If there is a system of heavy material 
pm icles, the product of the sum of the masses and of the sum 
of the products of each mass and the squaremf its distance from 
the centre of gramty is equal to the sum of the product of every 
two masses and of the square of the distance between them. 

Let the centre of gravity be the origin : then 

' • + Q, [ 


CHAPTER V. 


THE ACTIO^r OF FOBOES OF BODIES OF TARIABLE FOEM. 


Section 1 . — The action of forces on flexible and inextensible 
strings or cords* 


149.] Thus far the bodies or systems of material particles^ on 
which the statical forces act, have been assumed to be rigidj and 
their forms, or the relative position of the particles, have been 
supposed not to change on account of the acting forces. ,We 
shall now extend the inquiry to the case of bodies whose form 
varies by the action of the pressures, but becomes permanent, 
and may be considered rigid, under the action of the impressed 
forces. I shall first shortly investigate the case of the Funi- 
cular Polygon. 

Suppose a string or cord, fig. 58, ab to be fastened at the two 
points A, B ; the cord being without weight, perfectly flexible, 
and perfectly inextensible ; and suppose at Qi, Qa, q*, definite 
points of it, pressures Fi, Paj f* to aet with definite intensities 
and along definite lines of action, so that the cord assumes the 
permanent position indicated in the figure ; the object is the 
determination of the form of the polygonal figure which the 
cord of given length assumes under the action of these forces, 
and of the tensions of each of its component straight elements. 

It is manifest that the tension is the same throughout each 
element ,* and that as each point qi, qa^ . * . q* is at rest, the forces 
acting at each are in equilibrium. Let the tensions along 
Aqi, qiqa, ... q^B, be respectively Ti, Tj; Tg, so that the pres- 
sures at the fixed points A and b are respectively Ti and Tb j and, 
let the angles between the successive straight parts of the cord 
be tti, tta, . . , ao then as the point q^ is kept at rest by the three, 
forces T^, Fj, and Ta, the lines of action of all are in the same 
plane, and we have 


% 


Ti Fi Ta 


sinFiq^qa 


sin FtqjA 


( 1 ) 


sina^ 
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Let ••■ (®«a ,?'«a 

of Si, Si, ... s„j so that 

«„) he the extremities 

= s, cos o„ cos /3i, 

“ S, COS yia 

a?a = Si cos Oaj ^a = «a COS /Sj, 

Zi = Si eosyaa 

a?„ = «„cosa„; = s„coa^„} 

= ■»„COSy„; 

whereby (39) become 


xss = 0, xy = 0, 

3.« = 0 j 

and if tlie mass of the particle at the exti’omity of every lin6*» 
representative is we have 

= 0^ 

M 

1 

11 

0 

and therefore the origin is the centre of gravity of all the 
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curvature of the curve at the point; and therefore when a funi- 
cular curve fastened at its two ends is acted on in all its equal 
elements by normal forces^ the tension is the same throughoutj 
and each normal force varies as the absolute curvature of the 
curve at the point where it is applied. 

Thus suppose a cord to be stretched by given forces at its 
ends on a curved surface^ then the pressure caused by the sur- 
face is at every point in the direction of the normal of the 
surface, and is therefore proportional to the absolute curvature 
of the curve which the cord assumes on the surface ; and as the 
normal-line of the reaction is in the same idane with two con- 
secutive elements of the funicular eurve^ the osculating plane of 
the curve is a normal plane to the surface at the common point ; 
and therefore^ see Art. 336^ Vol. II (Integral Calculus)^ the curve 
is the geodesic line joining the two points : and this geodesic 
line may evidently be either the maximum or the minimum; 
thus, a cord stretched between two given points on a sphere 
will arrange itself along the geodesic line, which is a great 
circle; and as one great circle-arc abutting at the points will 
be a minimum, so will the remainder of the same great circle be 
the maximum. 

151.] If the lines of action of all the forces acting on the 
funicular polygon are parallel, the cord is evidently in one 
plane. Let the lines of action of the forces be vertical; then 

smPiQiQa = sinPaQa^i, sinPaQ, 2 ^i 8 = sinPgQaQa, ; so that 

if 1 ^ 1 } ... are the angles of inclination of the successive lengths 

to the horizontal line, 

Ti cos = Ta COS /3a = T 3 COS ^8 = . . . ; (5) 

and therefore the successive tensions are inversely as the cosines 
of the angles of inclination to the horizon of the sides along 
which they act; and therefore if To is the tension of a side 
which is horizontal, and if t is the tension along any side whose 
inclination to the horizontal line is / 3 , 

To = T COS 13. (6) 

Suppose however that the vertical forces are the weights of the 
several parts of the cord, so that p^, p^, ... are proportional to 
the lengths aQi,QiQ 2 ,,., ; and moreover suppose that the lengths 
of the elements are infinitesimal, so that the polygon becomes a 
plane curve, then if the density and thickness, that is, the area 
of a transverse section, of the cord are constant throughout, and 
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In the same way for the point Qj we have 

Ta , Pa T. 


sinPjqjQj — sina^ ~ sinPaQ^q/ 

and so on for the other points ; and therefore when the form of 
the polygon and the magnitudes and lines of action of the forces 

^aa are given^ the tensions of the several connecting 

strings may he determined. 

1.60.] Suppose that the lines of action of the forces p^ Paa.. .P^ 
bisect the angles ai, Oj^ . . . a* ; then Tj = T 2 = , . . — j and 
^2 _ P-i . 

(3) 


cos- 


cos- 


cos- 


2 2 — 2 
and this condition may be secured in two ways; (1) by fixino- 
smooth pins at the points Qi ... and passing the string round 
them^ so that the tension of the string is the same on both sides 
of the piuj and the pressure on the pin is the resultant of these 
two equal forces, and therefore its line of action bisects the 
angle between their lines of action : and (2) by makiirg the im- 
pressed forces act on the cord at the points qi . . . by means of 
smooth rings which slide on the cord, and are at rest at these 
points; and the hue of action ©fp, will manifestly under this 
arrangement bisect the angle Aqj q,, because considering a and 
Qa to be fixed, and the cord to be also fastened at them, if the 
ring q, slides, it can move only on the surface of a prolate 
spheroid, of the generating ellipse of which a and, q, are the 
focr, and the length Aq^q^ of the cord is the major axis, and 
therefore the normal at q, which is the Hne of action of p, 
bisects the angle between the focal distances. 

If we suppose that the two sides of the polygon abutting at 
(say) q, are equal; then if Aq, = q,q, = ,,, and the radius of 
the circle passmg through Aq, q, is we have 


C03-^ = 
2 


2 pi 


and therefore if all the sides are equal, from (3) it follows that 
each impressed force is inversely as the radius of the circle pass- 
ing through Its point of application and the two angular points 
of the polygon adjacent on each aide. 

Now of such a polygon with equal sides a curve is a particular 
case, when the length of the curve is the equicrescent variable ; 
and the circle just mentioned is the circle lying in the oscu- 
lating plane at the point, and its radius is the radius of absolute 
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curvature of the curve at the point; and therefore when a funi- 
cular curve fastened at its two ends is acted on in all its equal 
elements hy normal forces^ the tension is the same throughoutj 
and each normal force varies as the absolute curvature of the 
curve at the point where it is applied. 

Thus suppose a cord to be stretched by given forces at its 
ends on a curved surface^ then the pressure caused by the sur- 
face is at every point in the direction of the normal of the 
surface, and is therefore proportional to the absolute curvatui^e 
of the curve which the cord assumes on the surface ; and as the 
normal-line of the reaction is in the same plane with two con- 
secutive elements of the funicular curve^ the osculating plane o f 
the curve is a normal plane to the surface at the common point; 
and therefore^ see Art. 336^ Vol. II (Integral Calculus), the curve 
is the geodesic line joining the two points : and this geodesic 
line may evidently be either the maximum or the minimum ; 
thus, a cord stretched between two given points on a sphere 
will arrange itself along the geodesic line, which is a great 
circle; and as one great circle-arc abutting at the points will 
be a minimum, so will the remainder of the same great circle be 
the maximum. 

151.] If the lines of action of all the forces acting on the 
funicular polygon are parallel, the cord is evidently in one 
l^lane. Let the lines of action of the forces be vertical; then 

sin Pi 0,1 Qa = sinPaOaOi^ sinPaOaOa = sillPaOaOaji ) SO that 

if /3i, /Bg, ... are the angles of inclination of the successive lengths 
to the horizontal line, 

Ti cos jSx = Tg cos /3a = Tg COS = . . . ; (5) 

and therefore the successive tensions are inversely as the cosines 
of the angles of inclination to the horizon of the sides along 
which they act; and therefore if To is the tension of a side 
which is horizontal, and if t is the tension along any side whose 
inclination to the horizontal line is /3, 

To = T cos (6) 

Suppose however that the vertical forces are the weights of the 
several parts of the cord, so that Pi, Pg, ... are proportional to 
the lengths aQi,q,iQ 2 ,... ; and moreover suppose that the lengths 
of the elements are infinitesimal, so that the polygon becomes a 
plane curve, then if the density and thickness, that is, the area 
of a transverse section, of the cord ai’C constant throughout, and 
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In the same way for the point Qj we have 

T, , P, T, 




sinPjQaQa sin Oj ^sinPjQjq/ 
and so on for the other points ; and therefore when the form of 
the polygon and the magnitudes and lines of action of the forces 

Pjj are given, the tensions of the several connecting 

strings may be determined. 

150.] Suppose that the lines of action of the forces Pi,Pj,..,Pj, 
bisect the angles a^, a„ . . . a, ; then t. ='Ta = . . . = ; and 

Pi _ Pa _ _ Pi , 

ct, ct^ ct. ^ ^ 

cos— cos— cos-^ 

2 2 2 

and this condition maybe secured in two ways; (1) by fixing 
smooth pins at the points Q, . . . Q*, and passing the string round 
them, so that the tension of the string is the same on both sides 
of the pin, and the pressure on the pin is the resultant of these 
two equal forces, and therefore its line of action bisects the 
angle between their lines of action : and (2) by making the im- 
pressed forces act on the cord at the points Qt ■ • . by means of 
smooth rings which slide on the cord, and are at rest at these 
points; and the line of action ofp, will manifestly under this 
arrangement bisect the angle a Q j Qj, because considering a and 
Qj to be fixed, and the cord to be also fastened at them, if the 
ring Qi slides, it can move only on the surface of a prolate 
spheroid, of the generating elhpse of which a and, q, are the 
foci, and the length Aq^q^ of the cord is the major axis, and 
therefore the normal at q, which is the line of action of p, 
bisects the angle between the focal distances. 

If we suppose that the two sides of the polygon abutting at 
(say) q, are equal ; then if xq, = q,q, = and the radius of 
the circle passing through Aq, q, is vve have 


COS — = 
2 ' 


(4) 

and ^erefore if all the sides are equal, from (3) it follows that 
each impressed force is inversely as the radius of the circle pass- 
ing through its point of application and the two angular points 
of the polygon adjacent on each side. 

Now of such a polygon with equal sides a curve is a particular 
case, when the length of the curve is the equicrescent variable; 
and the circle just mentioned is the circle lying in the oscu- 
ating plane at the point, and its radius is the radius of absolute 
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on an unit of mass at that point ; so that the pressures acting 
on the mass-element at the point are 

ptaxdsy p OUT els y pa)Z&. (9) 

Let T he the tension of the cord at the point {Wyi/y then as 
it acts along the curve^ its resolved parts are 

d/X dy dz /i 

T— . T-y**, (.19; 

ds^ ds^ ds 

and therefore at the point {X’-^-dXy y-\-dyy z^^-dz) the resolved 
parts of the tension are 

rJ/it / 7 a » ft/a 

( 11 ) 


dx , dx 


^ ds’ 


dz , dz 

T-y- 


ds’ 


the tension varying continuously m we pass along the curve ; 
let us suppose x,y,z, and s to increase simultaneously; then 
the element of the curve being in equilibrium under the action 
of the forces (9) (10) and (11), the conditions of equilibrium are 

4-pa)X^s = 0, 


d.i 


ds 

dy 


d.'s''-^ +ptzrds = 0, 

<?.T~ +pwz<?« = 0; 
ds 


( 12 ) 


and from these equations all the properties of the curve arc to 
he deduced. 

Mrstj integrating the equations; we have 

J'pod'x.ds f pounds fpoazds t 

dx dy dz ds ' 

and therefore the numerators are proportional to the direction- 
cosines of the arc-element on which the forces act. 

Also expressing at length the first terms of (12); and talcing s 
to he equicrescent; we have 


d/X dx y ■» A 

ch’^p(zyids = 0 ; 

+ ^^d's + p(i>'xds — 0 , 

'^^'~ds ^ > 


( 13 ) 


Multiplying these equations severally by dw, dy, dz, and adding, 
we have iT+p(«{x^a:+Yr?^+z&} = 0, (14) 

where di is tlie total dilferential of t. This equation is evidently 
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[15.2. 


if p _ the densityj and a> = the area of a transverse section, 
p = paffdSf Ax = As coa^, Ay — cfosin^S; and if t and t' are 
the tensions at the beginning and end of an element respec- 
tively, 

t' cos y 3 '= t cos /3 + A.t cos /3, ) 

T'sin ^=. T sin ;8 + A.t: cos /3 ; ) 
therefore taking vertical forces, 

P+Tsin^ = T'sin^', 

and replacing p, t and /sin ^ by their values, 
patgAs = <?.Tsin;3 


= A.<^- 


IMiS 

and if we consider t„ to be known, and to be equal to the weight 
of a length = c of the string of the string-curve, so that 
To = piiicg^ tiien from (6) we have 

pwgAs = A.pmeg^--, 

Ax 

and placing the origin at the lowest point of the curve, 


■ = c 


4 . 


Ax' 


( 8 ) 


< A 




mv \ 

which expresses the property of the curve, that the length of ii 
reckoned from the lowest point varies as the tangent of th( 
angle at which the tangent of the string at the upper end is 
mclined to the horizon. This is a characteristic property of the 
curve, and fi-om it all the other properties may be deduced. 
Ihe equation in terms of a: and y has been determined by means 
I881 Vol. II (Integral Calculus). The 
ourye which a heavy flexible and inextensible string thus takes 
IS called catenwry, I propose however to investigate the 
form of stnng-curves under the action of given forces in a more 
general way, ^d in the course of the inquiiy to return to the 
speciaJ lorm of the heavy catenary. 

152.3 Suppose a perfectly flexible and inextensible string to 
eon spa«e, and to be at all its parts subject to the action of 
cer am ^ven forces; let it be referred to a system of coordinate 
axes, and at the point {x, y, 4 let p be the density, a> the area 
of a tr^sverse secton of the cord, these quantities being in the 
general case fonctions of x, y, and and let * be the length- 
. dement ; and thus pco* is the mass-element of the cord. Ibet 
X, Y, be the axial components of the impressed forces acting 
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absolute curvature at each point of the strings see Art. 150. 
Moreover j if the force is also coiistantj p' is constant^ and the 
curvature is the same at all points; and if the string-curve is a 
plane-curve^ it is also an arc of a circle. 

Also from (13) eliminating t and we have 

{dzcl'^y —dy (20) 
and as the former factors of each term are proportional to the 
direction-cosines of the binormal^ we conclude that the impressed 
force lies in the osculating plane of the string-curve. 

Also if (jj) is the angle between the line of action of P and the 
arc-element^ ^dx -yzdz = 'sdsooscj); 
therefore from (14); 

clT-ypOiVdSQOS (j) =: 0 ( 21 ) 

and substituting this value for cIt in (18) we have 

T = pp'coP sin c/) ; (22) 

these are the equations of the tangential and normal componenta* 

154. ] If the impressed forces all act in one plane; we may take 
that plane to be the plane of (if?; y)y and equations (12) become 

d.T~ +paiXds = 0; 

t 

+pa)-i[ds = 0; 

and taking the tangential ai\d normal components, we have 

dT+poi) (xr?a; + Y%) = 0 j (24) 

SO that if T is constant; 

T = pp'wP. (20) 

Of these general formulae the following are particular ex- 
amples. 

155. ] Let us suppose gravity; or the oartVs attraction; to bo 

the only acting force; in which case the curve is the free cate- 

nary ; and let the axis of w be horijsontal; and that of y vertical ; 
then X =: 0; Y = so that the equations (23) become 


7 

d.T -y = 0; 
ds ’ 


d.A. 

ds 

dx 


“ffoopds 
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that of the tangential eom23onents of the forces. Let the inte- 
gral of it he taken between the limits which carry the subscriiDts 
% and 0 ; and we have 


Tn“‘To+/ /Oa){xrZ^ + Yr^ + Zife} 


0 . ( 15 ) 

If therefore p, <a, x, r, z are functions of the coordinates of the 
point to which they apply, and are such' that the quantity under 
the sign of integration is a complete differential, then the dif- 
ference between the tensions at the limits is a function of the 
coordinates of those points only, and is independent of the form 
of the curve which joins them. 

The analytical conditions which are satisfied when the second 
part of (15) is an exact differential have been investigated iii 
Articles 373, 397, Vol. II (Integral Calculus), and the corre- 
sponding geometrical theorems have also been worked out. 
Many mechanical properties which satisfy the conditions will 
be exhibited hereafter ; and it will be more convenient to con- 
sider the character of the preceding equations when they are 
under discussion. The tension of the string-curve is constant 
throughout its length, that is, 

wWer 

and this occurs (1) when x = y = z = o j that is, when the 
s ring is under the action of no force; (2) when the resultant 

lorce acts at every point along a line normal to the curve at the 
point. 

_ 153 ] Also let us transfer the last term in each of (13) to the 
light-hand side of the equation, and take the squares of these 
equ^ons; and add, them:; then if , is equicrescent, the 
absolute curvature of the, curve at the point (a:,^, .), and P is 
the impressed force on an umt-mass at (at, y , .«) ; so that 
P* z= X»-fY»-|.Z% 

' t-®T“ = p“a>“P“&» • , 

■ ' + ( 18 ) 
and consequently, if the tension is constant throughout the curve, 

T 


P = 


99 ^ 


thus the impressed force varies inversely.as the radius 


( 19 ) 


of 
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preceding Article^ o* to be tlie density of tlie cord at a to be 
the area of a transverse section at the same pointy and o to be 
the length of cord such that^ao-c? is equal to the tension at C; 
then by the triangle of forces, these forces are proportional to 
the three lines np^ which their linos of action are re- 

spectively parallel to ; and therefore we have 

/ ffpcads 


/ gp<ads 

_ = == ; (38) 

' ' ds dy dx ^ 

so that the equation to the curve is given by 

= /■',»*; (•«) 

dx Jo 

and the tension at any point by the equation 
T =: yaao 

which are the same equations as those found in the preceding 
Article. 

157.] Now let us take a particular case^ and sxtppose «) and p 
to be constant throughout the cord ; so that p ss: a*, <k) sa a, and 
the curve to become that of a cord of constant thickness and 
density^ suspended from two given points A and B s theralbra 

from (34), . (30) 

dx 0 * ^ 

which is the same equation as (31)} then differentiating, and 
making x equicrescent, 

d^y df 

d 

dx _ dx 

and integrating, and taking the limits such that ss 0, when 
a; = 0, we have 
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when To is the horizontal tension of the catenary ; that is^ it is 

the value of the tension, when ■^=1- Thus the horizontal 

component of the tension is constant. It may he expi'essed more 
conveniently in the following form. Let a- = the density and 
a = the area of a transverse section of the string at the point 
where the string is horizontal; and let c = the length of a 
string of that density and thickness whose weight = To j so that 
dx 

T^ = To = a(rcy, (29) 

Also from (27), t^ = J ypwds ; 

. r ■, 

'• (30) 

and if the string is of the same thickness and density through- 
out, so that /o = (T, Cl) = a, then 

dy 

(31) 

if # = 0, when ^^= 0; that is, if s begins at the point at 

which the curve is horizontal. All the properties of the curve 
may be inferred from (31). 

As the heavy catenary however has many remarkable geo- 
metrical properties, and has important applications to the theory 
of Suspension Bndges, I will also deduce its equation from first 
principles, so that it may be presented to the student in the 
eleai’est possible form. 

. . Suppose the curve, see fig. 69, to be suspended from 

^o,*ced pomts, A and B, in the plane of the paper, which is 

sup^se to be vertical ; let o be the lowest point of the catenary, 

jnd kt a vertical line through it be taken for the axis of y, and 

the homontal line, which will also touch the curve at o, be 

&e axis^of 0 .. Let = mb = y, the arc op p = density 

the transverse section of the cord. Then 

^ assnmed its permanent form of equili- 

forr^ ^ “ rigid body kept at rest by three 

lent h^ of the tan- 

gent, (2) the weight of the cord op acting vertically downwards 

and which is equal to^*yp„*, and (3) the horizontal tension at 

lowest point c ; as to the last force, let us suppose, as in the 
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of which is equal to the ordinate of the point. The tension 
therefore is the least at the lowest point of the catenary, and 
varies directly as the ordinate : it is consequently the same for 
the two points in the same horizontal line. And therefore if, 
see fig. 61, a cord of constant thickness and density is suspended 
over two small pulleys A and b, and is at rest by means of certain 
lengths hanging over the pulleys, the two ends h and k are 
in the same horizontal line, and the tension at the lowest point 
0 is equal to the weight of a cord similar in all respects, and 
whose length is co. 

158.] Let us investigate some of the more prominent geome- 
trical properties of the catenary. From (40) and (39) we have 






•• ch-2^ " f-o’ 

1(7 -7) 1 * 

dx^~ ^ ~ c dx 

cls 


y 


(43) 

(44) 


y 


' dx 


Now as (40) is unaltered when x is replaced by — it follows 
that the catenary is symmetrical with respect to the axis of y. 
Also squaring (39) and (40)^ and subtractings we have 

— ^^=: (45) 

Prom the preceding equation it will be found that the radius 
of curvature of the catenary = ^ ? and is equal to the normal ; 

and that these lines are drawn from the curve in opposite direc- 
tions ; hence the radius of curvature at c is equal to c. Also 
from (42)^ 

=: cr^ a'-^ (T^ 

= (tension of curve at lowest point)® 

-j- (weight of cord of length = ,y)®. 

Also let a tangent r fig. 60^ be drawn to the catenary at 
the point and from the foot of the ordinate^ let a perpen- 

dx 

dicular to pn be drawn ; then since is the sine of nPM^ 

p f 
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ch ^ dx'^ 

„ % - -- 

•. 2 = e"— e 


dx 


dx - “ ’ (37) 

and integi-ating again; and observing that y = 0; when ® = 0 
we have ’ 


2y — o^e^+e"j — 2e; 

c - 

•■• ^+0 = + 

Also equating the values of ^ in (36) and (37) wo have 


(38) 


C f ^ -Zv 

s = -{eo-e 


(39) 

and either (38) or (39) is the equation to the catenary of con- 
stant thickness and density; when the lowest point of the curve 
is the origin; and the horizontal tangent at it is- the axis of 
To simplify the equation; let the origin be moved to a point 
0; see fig. 60; at a distance c below 0 and on the axis of w, so 
that (38) becomes 

^ = 2K+«~}; (40) 

and (39). IS unaltered. The horizontal lino through 0 is called 
tU directrix of the eatenanj. Thus the ordinate of the catenary 
measured from the directrix is the sum of the ordinates of two 
logarffchtaic curves. 

Now c — 00 is the length of a cord of the same thickness and 
denaly as the cord of the curve; the weight of which is equal 
to the tension of the curve at its lowest point: if therefore 
a smooth smaU pulley were placed at C; and if over it a cord of 
length c, and of the same thickness and density as the cord of 

w'J 

Sincfh,m(39) 

therefore from (35); i (42) 

wetht'o?' point of the curve is equal to the 

eight of a cord of the same thickness and density; the length 
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and omitting terms which involve powers of ir higher than the 
second. 

the equation to a parabola^ whose vertex is whose principal 
axis is and whose latus rectum is 2 c. 

159.]| The constant c which enters into the equations of the 
curve maybe determined experimentally by means of the tension 
at the lowest point o. Suppose however that the data of the 
problem are different to those which we have taken. Suppose^ 
for instance, that a homogeneous heavy cord of the length 2 1 
is suspended from two points in the same horizontal line at 
a distance 2l apart, and that it is required to determine the 
equation of the catenary, the position of the lowest point, and 
the tension at every point. 

Let the origin be taken at the point of bisection of the hori- 
zontal line which joints the two given points ; see fig. 62 ; the 
horizontal line being the axis of a?, and the vertical line reckoned 
positive downwards being the axis of OB = on' = 5; let 
00 = ^; so that the equations become 

A+c—^ = -\^eo + e~‘ji « = (60) 

and in these we have to determine ^ and c in terms of I and b. 
Let a be the angle at which the curve is inclined to ob at the 

I I 

point B ; then we have sec a +tan a=:^% and from (43) tana =-" ; 

c 

j = cot a log (sec a + tan a) 

= cot a log tan (45° + ; 

whence a may be determined ; and consequently c may be found. 
And from (50), if ^ = 0, we have 

^ Jt A 5. i 

7t+e = -{e'^ + e 

b 

7t + l+c = ce<=i ■* '■ 

* ’ lly i!, 

^ {cosee a — cot a} 

== 

2 

y f a 
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HM 


; y. 


dx 


ds 


.natlie™for.ftom(»4)ot(36)j.n = .= tWareop Th„„, 

the pomt n IS OB the invokte of the catenary .rhioh oririf 
from the curve at 0 , and itK ia , t,„„„t to thi. oil ? ^ 

« HM i, tie taught to thia last ourvl and i. oq,S 

,;.d^f ^^th. eurrent coordfnaJrt.Sl*;urv^‘^r^ 

dr) 

tannMa? 

= —tan HMN 

= ~ iH. _ rt 

{^-^r (47) 

And ** .“fl^f^gantial curve, 

radio, rf ourvfC the 

normal ; and therefore a. point n, and nr is the 

a-rrfor; in the x nx = ; 

Thein«^:^rok“r‘‘="- 

^ g • or it L Calculus), 

n« = cy nn, = * L!r Soooelrieally : for r„ = ) 

tenaiy at its lowest' uni »n s= nw cot njiT. Also the ca- 
parai 4 >. • Ph? tatte th,rfr“?““^‘^ ooincidea rvith a conical 
at W. lowest pofoT ’ "“<* “ 


C / - 

^+® = 5{e“+e"} 


=l|-' 


iT' 




i.2.c» 

X* ) 

+-p 


m’ 


1.2.3.C’ 


+ 


-I 
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the equation of a parabola with its axis vertical^ and vertex 
downwards. 

Ex. 5^ To determine the equation to the catenarian curve of 
uniform density, and the law of variation of the thickness, so 
that the thickness may be at all points proportional to the 
tension. 

In this case oa = jutT; (55) 

therefore (33) becomes 


dy 


,a.c^.£ 


■ffPHTi 


gacrc 
dx ’ 
7 dy 


dx 


= gppdx-, 


(56) 


1 + 


dx^ 


logsecpggx = gpij.y: 
sec ^pfj^x = 

which is the equation to the required curve, 
called t/ie catenary of unform strength. 


(57) 

This curve is 

If we substitute ~ for 
a 

V 

^ OG TTClf 

gpfjij we have = sec - ; if 07=0, y=0; and if o?= ±— , y = oo | 
a 2 

so that the curve has two vertical asymptotes, equally distant 

from the origin^ which are at a distance = na apart. Also 

T = gaacsBGgpfxx, 

CO = pi,gaac sec g ppiX, (58) 

162 .] In Art. 130 it is shewn that of all uniform and heavy 
curved lines of given length joining two given points in the 
same vertical plane, the catenary is that of which the centre 
of gravity has the lowest position; I propose to extend the 
problem to the case of heavy flexible strings of varying density 
and thickness, and to find the form of the curve so that the 
place of the centre of gravity of it may be the lowest possible. 

Let the axis of z be vertical, and let a point on the curve be 
{x,y^z)y and let the element da begin at this point; let pda 
= the mass-element of the string-curve, where /tx is a function 
o{ Xy yy z; then z is to be a minimum, where 

zf fjLds = f fjLzda. 


( 59 ) 
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that is, the density varies inversely as the square of the depth 
helow the horizontal diameter of the semicircle. ^ 


Also 


T = 


_ gaaca 


a-y 


t/ 

If therefore y = a, /) = oo, t = oo: that is, the density and the 
tension are both infinite; and rightly so, because the string is 
vertical at the points of its support at the extremities of the 
horizontal diameter of the circle, and there is at them no counter- 
acting horizontal force to balance the horizontal tension at the 
lowest point. 

Ex. 3. To find the form of a heavy string, the thickness of 
which vanes inversely as the square root of its length from the 
lowest point, when it is acted on by gi-avity. 

In this case m 

therefore from (53), 


, 2p» 


.9^3 ‘ 


because^the origin is at the lowest point, where the curve is 
nonzontal; and making obvious substitutions. 


T =^a(r(j 


a 


^ catenarian curve, when the 

Thi. i, approrimaW, that of ampemion bridges, ip wkioh 
Ik. wsigM of tie ohm and of the vertioai .»p.odi4 o”“ 

In t4 ir'””'' *“ ‘k. horizontal projection of it, 


% 

= ppo)^*. 
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163.] When the catenary is at rest under the action of forces, 
the action-lines of which pass all through a fixed point, and 
when that point is the source of the action of the force, so that 
the intensity of the force depends on the distance from that 
point of the particle on which the force acts, the equation and 
the properties of the catenary may he more conveniently in- 
vestigated by the following process : 

Let the point at which the forces originate, and which is 
called the centre of force, be taken for the origin, and let the 
central force acting on an unit of mass of the string be r ; let 
the force be repulsive, so that its tendency is to remove the 
molecules of the string further from the origin, and therefore 
the string will be concave towards it j if the force is attractive 
p will be affected with a negative sign and the string-curve will 
be convex towards the origin. The components along the co- 
ordinate-axes of P acting on an unit-mass of the curve at the 
point {x, y,‘z) and at a distance r from the centre are 
sx 'sy 'sz 

SO that the equations (12) become 
dx , Pii? 


J.T 


ds 


■ pwt 


0, 


+ p,i>Cls^ = 0 , 

as r 

T dz , j 'SZ „ 


(64) 


multiplying the second of these equations by z, and the third 
by y, and subtracting, 

I. 

ds 




integrating; 
and similarly 




dz 






dz dx j 


dx 

XT 


ds 

cly 


— 


(65) 


ds ds 

and therefore multiplying these last equations severally by 
Xj y, Z) and adding; 

hxX+hiy+Jh» ^ 0 ; (^ 6 ) 

which is the equation to a plane passing through the origin; 
which is the centre of force; whence we infer that the curve 
piiiCE; VOL. III. g 
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NowjV^« is tlie mass of the string, and this evidently is 

constant^ so that the vamation of the light-hand meinher of 
(69) is to vanish consistently with this condition j 

^'Jo 

from the former we have 
0 = / 


0 ; 


(60) 


f^.6a?+ ^ d.h^+ d.bzj + 


= rj^HT 

Jq i. ^ ds 

+r ](**(£) (-•*0 

{jj.ds + z<k(^l^ (61) 


and from tlie latter of (60), 

0 = f i^iJids 

du . (U ^ 

V B y 4- - — bz 


+ri(‘Ki)' 


)]: 




-v2)84 




Now for (61) and (62) to consist, it is necessary that 


(62) 




zdii{^p-d.iM. 


Ad 

‘ (h 


*(s) 


••d<iJi 


di 




^(t)' 






X, 


(63) 


where A is tm undetermined constant} and from these equa- 
tions, when I* is given, the equation to the catenary is to bo 
deduced. If /a = 1, the eqimtions (68) become (16), Art, 130. 
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165.] 


found; also from (69) the tension at any point of the curve 
may be found. 

165.] In illustration of the preceding theorems let us take 
the following examples : 

Ex. 1. If the central force is constant and is attractive^ find 
the equation to the catenarian curve of constant thickness and 
density. 

Let the force = — / ; so that (70) becomes 

r • 

— f J 

!P, To 

the curve being such that r = oo ^ when ^ = 0 ; making an 
obvious substitution, we have 

whence we have cos 2 which is the eq^uation of the 

equilateral hyperbola. 

Also from (69), T = wp/r. 

Ex. 2. Find the equation to the curve of constant thickness 
and density when the central force is repulsive and varies as the 
distance. 

Let p = pir; so that from (70), if^? = 0, when r = oo , 

1 __ 

!P 2poTo 





whence by integration we have 

^ = cos3(0-y). 

Ex. 3. Find the equation of the catenarian curve of constant 
thickness and density, when the central force is attractive and 
varies inversely as the square of the distance. 

Let p = — — ; so that from (70), 

V 

1 1 o)pM A 1_\. 

Po ~ f^oTo Te'’ 

and making obvious substitutions, and replacing - by #, we have 


GgT, 
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.’. + » OJ (68) 

«a 4 if I* t» cliijiinattHl krtweeii {& 7 ) anti (08), 

dr dp 

- 4 ' ■■ ' m i) t 

T || ^ 

^ T/i w %p^ » n 0c>nMtant| (69) 

iiT, and j»„ aw aimtiltaneow given valuta of t aad^. 

Il«»ei wa eonolatk that the tenwoa at any point of the curve 

M th« patTpandicuIar .ft^rn the oentre of force on 
In# itogittt of tiht OBWi at that point 4 

%« iquatesn {89} la the equation of moments, with reference 
ta tbi e#atw of fopM, ©f the foroaa acting on the element of the 
«rv*, and might have bi«ti dedaood directly from (SO), Art. SB. 
If we ellrnhwlt r from (88) and (80) we have 
^p ^ taprdr 

- - <™) 

lh» limits of tho intogml being given by the conditions of the 

prohkw. From (70), when v is given, the equation to the 

«ftifvo may ho found ; and if the curve is given, t may he 
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Multiply these equations severally by dx, dy, dz, and add, and 
let s be equicrescent ; then because 

vdx->r-^dy-\-y{dz = 0, 

we have {x&j+y = 0; (73) 

which assigns the tension in terms of the impressed forces, and 
shews that it is independent of the reaction of the surface ; and 
if X, Y, z are functions of the coordinates of ds, and such that 
pa)(x<?»+Y% + z<?«) is an exact differential, then t depends on 
the coordinates of the extreme points of the string, and is inde- 
pendent of the form of the surface. 

If Tidx + xdy+zdz = 0, t is constant throughout the length 
of the string, whatever is the form of the surface. 

Again, differentiating the first terms of (72), and multiplying 

the equations severally q ’ ^ ’ q ’ addings we have 
( Q & Q Q ) (. Q ) 


and therefore if B = the angle between the normal to the surface 
and the principal normal to the curve at a common point, and 
if <|> = the angle between the normal to the surface and the line 
of action of the resultant of the impressed forces, viz. p, and if 
p'= the radius of absolute curvature of the curve, we have 

^c°^^ q-po)Poos</>-fa = 0 ; (7^) 

P 

so that from (73) and (76) a may be determined. And since 
a is the pressure of an element of the curve against the surface, 

the whole pressure = J 'Rds. (76) 

Again, suppose that x = Y = z = 0, and that we differentiate 
the first terms of each of the equations (7 2), and eliminate t and 
di by cross-multiplication, then 

{dzdhj—dyd^z)v->t{dxd^z-dzdH)-^+{dyd^x-dxd'^y)yr=Q‘, (77) 
and therefore the binormal of the curve is perpendicular to the 
normal of the surface; the curve therefore along which the 
string is laid is a geodesic line on the surface. 


167.] If the string rests on a smooth plane curve, we may 
take the plane of the curve to be that of (<r, y), and p {x, y) = 0 
to be the equation to the curve; in which case the equations are 
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therefore = (o'* — 1) — 2 c* + e* ; (71) 

and the integral of this equation will be of three different forms, 
according as e is greater than, equal to, or less than, unity. 

(1) Let e‘ be greater than unity ; then, if c» — 1 the in- 
tegral of (7 1) is of the form 

(2) Let c’ = 1, then the integral is of the form 

0 

i_0» ■ 

(3) Let be less than unity; then, if 1 — c“ = 

u—a = laosnd. 

Ex. 4. If the catenarian curve of uniform thickness and 
density is a parabola under the action of a central force in the 
focus, that force varies as r“l 

Ex. 6. Prove that a parabola is the catenarian curve of con- 
stant density when the force varies inversely as the distance, aird 
the thickness varies inversely as the square root of the distance 
■from the centre of force. 

Ex. 6. If the catenarian curve of uniform thickness and 
density is a circle, and has the centre of force in the circum- 
ference, shew that the force varies inversely as the cube of the 
distance. 

166.] The catenary thus far has been considered a free curve. 
If however the string is stretched on a curved surface, and is 
also under the action of given forces by which it is kept on the 
surface, the equations of equilibrium may be investigated in the 
following manner: 

Let us in the first place consider the surface to be smooth. 

Let the equation to it be i? (a:, y, «) = 0 ; and let its partial 
derived functions be u, v, w; and lot = xr’ -k v’ -f w’ : let "B-ds 
be the pressure of the surface against the mass-element whose 
length is ds, so that the equations of equilibrium are 

rfo = 0, ' 

d.i^ ■\-piii'ids-\‘B,^da is. Q, • 

^.T~ q-puZi/a + K — = 0.. 


( 72 ) 
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so that if a weight = V is suspended to the string at the lowest 
point where it touches the cylinder, 

2w , 

T = l-W . 

IT 

The pressure on the surface may thus ho found. It is due (1) to 
the weight of the element of the string which corresponds to it, 
and this = a,pu>g sin Q dd ; (2) to the tension ; let the tension at 
ds = T, and let ds subtend an angle = dd at the centre of the 
circle } the action-lines of i at both ends of ds coincide with the 
tangents at these points, and E acts along the line which joins 
the centre of the circle to the point of intersection of those two 
tangents; consequently 

uadd =s 2T8in-~=sTdd; R = t; 


and we have 


■ -t-pwysind; 


which result is the same as (82). Hence 
r«i 

the whole pressure = ^ aiidd 


Ch 

: / {«p(oy(sin^)-Bm0„)-|-apa>ysin0}(?0 


= 2ap<ii>g{oo8do-~oo89i)—ctp<agsm9o (^’i— ^o)« (86) 
Hence if the string reaches from the highest point to the hori- 
zontal line the whole pressure = 2apmgi that is, the whole 
pressure is equal to twice the tension at the highest point. 

The preceding investigation shews that the part of the pressure 
due to the tension varies inversely as the radius of the cylinder ; 
and as the investigation involves only the infinitesimal angles at 
which two consecutive normals are inclined to each other, the 
result is true for any cylinder of continuous curvature ; so that, 
if p' is the radius of curvature, 

P 

this being that part of the nortnal pressure which is due to the 
tension of the string. 

Hence also for a given pressure the tension varies inversely 
as the curvature of the cylinder. 

Ex. 2. If a strings whose mass is so sni41 that it may be 
neglected in comparison of the tension which acts on it^ rests 
on a smooth surface^ what are the circumstances of pressure and 
tension ? 
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ANALYTICAL MECHANICS. 


CHAPTER I 

INTKOOUCTOEY ; TCT METHOD OP THE TBEATI3E. 

Aiotom 1.] Of all parte of Infinitesimal Calcnliis, Analytical 
Mechanics, or (as I shall hereafter have reason to call it) the 
Science of Motion, is in its results and its applications the most 
important ; the principles and processes of all mathematical 
physics are derived from it ; and as, for reasons which shall be 
assigned hereafter, it is in itself the most perfect of physical 
sciences, so do the others approach more or less to completeness 
according as the laws and methods of mechanics are more or 
less satislied by them ; and the object to be attained in all is, 
to make them parts of this principal and normal science. Now 
in the process of our application of the science of number to 
that of motion, now subject-matter, or now kinds of quantity 
measurable by number, will be introduced; and also as the 
results of our investigations will be applicable to the phenomena 
of the external world, and to the unravelling of complex ctfccts, 
it is necessary to premise some few observations on the method 
of our inquiry ; and especially to show how, and how far, the 
pure sciences of number, space, and motion may aid us in the 
discovery of the proximate causes of such clFeots ; proximate, I 
sny, in ordtsr that the objects of our search m.ay bo definite and 
intelligible, and that we may not be lost in the subtleties of 
metaphysics. 

2.] There are generally two processes, by one or other of 
which our knowledge of natural phenomena is obtained, and 
with both of which it is in many cases absolutely necessary, and 
in all cases desirable, tliat an inquirer into natvtro's laws should 
bo acquainted j and although in their use one of these processes 
fre<p«cntly nms into the other, and they are alternately applied 
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169.] 

. As the investigation^ however, l^resents no difficulties, and is 
similar to those of the preceding Articles, we need not occupy 
our space with it j and I will take a particular form, which gives 
some practical results of considerable interest. 

Over the surface of a rough circular cylinder, whose axis is 
horizontal, a fine inextensible string, whose mass may be neg- 
lected, is placed in a vertical plane, and given forces act at the 
ends of the string. What are the circumstances of pressure 
and tension ? 

Let fig. 64 represent the string resting on the cylinder, of 
which the plane of the paper is a section perpendicular to the 
axis of the cylinder: let the string be in contact with the 
cylinder over an arc which subtends at the centre the angle 
AOB = a ; and let the forces at the ends of the string be and 
t'; and these are also the tensions at a and b. Let ao = a, 
AOP = 0, PCQ =; then resolving normally and tangentially, 
we have T = r & =: /xU ^ rW : (92) 

• •• ~ = T = (93) 

as To is the tension when 0 = 0 j hence as 0 increases in arith- 
metical progression, t increases in geometrical progression. The 
value of T is the greatest just as the rope begins to slip; let T, 
he the value of t at B just as the slipping begins ; then 

Ti=Toe'“‘j (94) 

so that if the force at b is less than the value of T, thus de- 
termined, the rope will not move, Thus, if a rope were wound 
twice round the cyclinder, 

Ti = To ; 

and if = 4, which is an usual value of p,, we have approxi- 
mately T, = 166 To, which shews how great is the force which 
one man may exert by merely coiling a rope round a post. 

From the first of (92) we have e = ^ e'*®; consequently 

the normal pressure on the cylinder ~ 

=:Ii(eMa_l). (96) 

M 

169.] Ex. 1» A string passes over three rough cylindrical 
horizontal bars which are at equal distances apart, and the 
lower two of which are in the same horizontal plane; and at 

Trice, vob. hi. ' h h 
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of which are not changed when the matter is acted on by ex- 
teinal pressures : if a force acts on a body at a certain point, 
and in the way of pressure against it, the particles of the body 
at or about the point of application, approach to each other ; 
and if the force is a pulling force, the distances between the 
constituent molecules of the body, at and about the point of 
application, are increased. It seems indeed that a body is made 
np of a system of molecules, infinitesimal in volume, and at an 
infinitesimal distance apart, and that these are held in a state 
of relative rest by forces acting reciprocally from one to another; 
and that these forces are functions of the distances between the 
molecules ; and that when an external force acts on the system, 
the molecules are either separated farther from, or are brought 
nearer to, each other, by reason of the action of the force; 
so that either a compression or a dilatation of the system takes 
place; all bodies, that is, are compressible and extensible to a 
certain degree : the relative position of the molecules is not the 
same when the body is free from, and when it is subject to, 
external pressures. Into the particular mode of action of such 
forces on the constitution of 9. body, or the change of molecular 
action of the internal forces under the influence of such external 
force, I shall enter only briefly, and generally, and reserve the 
special study of the subject to a subsequent portion of this 
course, where I hope fully to enter into it; and also now we 
have not data sufficient for the full solution of the problem. 
But I would observe, that our previous results of forces acting 
on rigid bodies, that is, on bodies the constituent molecides 
of which are in a state of relative rest, are not hereby falsified, 
because the molecules of the body though disturbed a.t first 
are ultimately in relative rest. It is the amount of this dis- 
turbance which we shall generally calculate ! and upon the 
hypothesis of the truth of certain laws, which are for the most 
part empirical, and will not be deduced from more remote prin- 
ciples of the structural constitution of bodies. 

The disturbances or displacements which the molecules un- 
dergo are of three kinds : there may be fl) a longitudin^ com- 
pression or dilatation ; I shall calculate the effects of this on a 
bar or a string : (2) a flexure or a bending, as of a thin flexible 
membrane, or plate or spring ; this I shall also consider 1 ( 3 ) a 
twisting or a torsion, as of a twisted bar. Now in all these, 
as in all similar displacements, o»e result is the same; no 
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disturbance or disarrangement^ at least within certain limits 
takes placcj unless there is also called into action a force of 
restitution^ whereby the body tends to recover its former state • 
the molecular forces are such that, so long as temperature, &o.^ 
remain the same, they tend to bring the body back again into 
that state which it had before the disturbance due to the external 
force: this energy of restitution is called Blastidty ; «La force 
elastique,” says D'Alembert, "est une propridt^ ou puissance 
des corps, au moyen de laquelle ils so rdtablissent dans la figure 
et I'todue, qu'une cause extdrieure leur avait fait perdre." 
Thus elasticity in the first of the three cases mentioned above, 
is the tendency which a stretched string has to return to its 
former and unstrotched length ; in the second case it is the force 
of a spring, as that of a coil which is the motive power of a 
watch : in the third case it is the force of return which a twisted 
wire exhibits, as in Coulomb's Torsion Balance, or in Cavendish's 
experiment with leaden balls. Let this term then be plainly 
distinguished from expansibility, extensibility, oompressibility, 
and so on : it is consequent upon these last, but expresses a pro- 
perty quite distinct from them; and the greater or less perfect- 
uess of elasticity of a given substance depends on the degree with 
which it recovers the state, as to the arrangement of its mole- 
cules, whence it has been displaced : if the state is altogether 
recovered, elasticity is perfect: if the body remains in the state 
into which it has been put by the distui'bing force, it is said to 
be w-holly inelastic: neither of these conditions is ever fully 
satisfied in nature. Thus much as to elasticity is sufiSioient for 
PW. present purpose. 

171', ]| I will in thp first place take the most simple ease of an 
extensible string, which is stretched by the action of certain 
forces in the direction of its length. 

The law to which the extension is subject, and which is com- 
monly called Hooke's law, is. The extension is as the tension ; 
that is, the length added to an mctensible string hy moans of a 
stretohhig force varies as the force. Also the same law may 
be supposed to he applicable to comprossion, that is, the com- 
pression varies as the compressing fore'e. Suppose the length 
of an extensible string of an unit-length, and the area of whose 
transverse section is an unit-area, to he hy the action of an unit- 
force increased by a length so that 1 becomes 1 + . ; then, by 
rewon of the preceding law, under the action of a force t, the 
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length is increased by e’S, so that 1 becomes 1 +eT j and there- 
forej the circumstances as to thickness, density, &c., of the string 
being the same throughout, the length of a string of length a 
becomes«(l +«’!); e is called the ooeffioient of elasticity. If the 
stretehing force is not the same throughout the length of the 
string, this formula is inapplicable as it stands; but we may 
resolve the string into infinitesimal parts, and apply the law to 


each of these. 

It is sometimes convenient to express e in another form. Let 
/ be the length of a when stretched by the constant force T 

throughout ; so that , ,, . 

a'=a(H-eT)j (101) 


and let E be the value of T, when a is stretched so that its 
lengfth is doubled : ^ 

then 2ffl = «(! + «»); ••• e = (102) 


and (1 0 1 ) becomes a' = » (l + j) : (103) 

E is called the mochdus of elasticity. 


173.] Ex. 1. A heavy extensible string of constant thickness 
and density is suspended by one end, and hangs vertically ; it is 
required to find the length of it thus stretched. 

Let 0 , fig. 68, bo the end by which it is suspended : a = the 
length of it when unstretched: oa = «'= the length when 
stretched : p=the density : w=:the area of a transverse section : 
g = earth-’s attraction on an unit-mass : oi> = /, 1 ? q 5 = and 
suppose a: to be the distance of p from 0 , when the string is not 
stretched: then the weight of pa = pg<o{a--af) : and this is the 
stretching force on PQ : therefore 

dx {l+epg<a{a—a^} ; 


[/]“ = y*!! -1 epg<a(a-x)}dx} 

epg(f>a^ 






If w is the weight of the chain, w = paga, and if » is tte 
modulus of elasticity, “ • ■ 
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If the whole weight of the string had been collected at th? 
lowest point, then 

a'=: a{l+e-w}; 

and therefore by its own weight the string is stretched only half 

as much as it would be, if that weight were collected at its lowest 
point. 

If P or varies, the corresponding alteration must be made in 
tlie preceding integral. 

^ Ex. 2._ A heavy extensible string of constant thickness and 
density IS suspended by one end, and hangs vertically, at a 
given point in it a weight is fixed : it is required to fiid th« 
length of the string thus stretched. 

Let 0 be the end by which it is suspended : lot a bo the point 
at which the weight, say w, is placed, oa = ab = i « and i 
referring to the string unstretched : tlien, using the same symbols 
as in the preceding example^ we have 

= <35 4- 5 -f 

pJaiies, 

fifd fV string bq; it is required to 

find the position of eqmlibrium. ^ 

Let op = a; oq = y ; let the inclinations to the horizon of ca, 

len th - of pq = T, and the unstretched 

. “■ Pq = »{l+ST}. 

Then resolving along the planes, and eliminating t, wo have 

tan d = Q^^^oosg— p sin o cos ^ 

(P t QjsiiralinX'”" 

pq ?s « f 1 + , 

*- cos (d H- g) / 

'*'““*5' ™™“ “ ‘he distaice 

w:srs “■ 

^Employing the same Botaliem „ Irfo,,, ^ 

the weight of ip =f°k,i,i, - 
and this is the stretching weight of dxx 
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T72.] 




1S1 0f 


eh<)iga^ 


If w is the weight of the strings 

w = / h<iitgci)dw 




{i + ^L 


» ) 


Ex. 6. A heavy elastic ring is placed round a smooth vertical 
cone, and descends by its own weight j it is required to find the 
position of equilibrium. 

Consider the cone to be the limiting form of a regular pyramid 
of n sides, of which two adjacent ones are the triangles apq, aqib 
in fig. 70 : and let tq and q,a be two adjoining elements of the 
string which rest on these sides : let the triangles avq and a <411 
be bisected by the lines Kjp and Kq drawn to the middle points of 
their bases ; and so that the string contained between p and q 
is the jjth part of the whole ring. Let w = the weight of the 
ring, a — the radius of it unstretched j r = the radius of it 
sti'etched : 2 a = the vertical angle of the cone j then the weight 

of , and this resolved along aq = ~ cos 0: now the 

other forces acting on pc^q are the two tensions along jpQ ai^ 
Qj', and those are equal to each other and to t (say) j let aqp — 
A^E = /3 J and resolving along aq, we have 

~-oosa = 2 tcos^; 
n 

now 2ir»* a= 2ff»{l+«T},' 

( w cos o ) . 

® I ^ cos/3 ) ’ 


but 


cos (3 


AQ 


■TtOQ 


sma: 


«OQ 
( «wcota ) 


f m 


and this determines the position of the ring. 
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175 ] The Inst example of the prececlinj. Article differs fron. 
the others, m that tlie string, by reason of its inereascd lenZ 

also undergoes a change of curvature; and this change of fom 
IS doubtless to a certain extent resisted, or favoured, m the n.? 
may be, by the elastic forces of the matter of the string • tl f 
18, by those forces of elasticity which affect the curvature of tb. 
string. And of these forces no account has been taken • thn 
nng is supposed to be perfectly flexible, and yet extensible ' 
m may however consider, in a more general form, the’eum 
wlueh 18 taken by^ a string, perfectly flexible, and extensible 
tcoorthiig to Ilooka i liawi under tho aotion of given forces 
Lot d/ be a lengtb-olement of the curve liefore it is stretked 
and ^7* the coiTosponding longtb-oloment in its stretched state' 
then, if T is the tension, 

<h xm d/{l ^ tn) 

^80 let the thickness and density of the curve when stretched 
M the throughout the length ; this supposition is of course 
in applimfeons generally only approximately true ; and lot x, y z 
^>6 the imprMswi forces acting on an unit-mass of the string 
before it is itretohed ; then the equations (12), Art. 162, become 


/it* 

PMXik+(l +er)d,-v sa 0, 

P w y 4 ( 1 4. nr)d,r ^ « 0. 

dt 


(106) 


pufi di 4'^ ( i + ^t) d$f ^ as 0 1 

fttim whieh the i^neml properties of the curve are to be deduced, 
Md the proprtiM of any particular eiirvo when the impressed 
foroMi are ipven. 

Let s be equioresoent j then, expending the last terras of each 
of the ^nations (105), and multiplying the equations severally 
by m, iz, and adding, we have 

p»{xi®4y%4ij-*}4.(i4(s,T)/7Ts= 0 . (loe) 

And from (104), 


edt aa d.^l 


pM{x<fe4-y<7y4.!s/fc} +1 

$ dw dd 


0 ; 


pmixrk+xdsf + zdz} + 1 /^, 0 


(107) 
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wS • 

whence by integration and thence the extension of the 
string, may be determined. 

174.] Suppose however the string to be heavy, and gravity 
to be the sole acting force : the string-curve will manifestly be 
wholly in one vertical plane. Let the plane be that of {a, and 
let the axes of x and y be respectively horizontal and vertical : 
and lot the curve be above the axis of x : then 


X = z = 0, 

therefore from the first of (106), 

Ax 


d.t 


As 


r =■ 


0 ; 


(108) 


and therefore the horizontal tension is constant throughout the 
curve : let it be equal to the weight of a string of length e, the 
thickness and density of which are the same as those of the 
string-curve : then integrating (108) wo have 

dx 


la 


i pioeg. 


(109) 


Again, from the second of (106), 

ptogda =3 (l-heT)(#.i!^; 


da 




‘ dx 

tanrj therefore 


To integrate this, let ^ 

da = c(l-|-ep(ii)oysecr)<?.tanrj 

cosr s= o(coST-|-epwe^)<^'tanT, ) 

dy da sinr =3 0 (sinr-f flpoocytanT)f?.tanr ; ) 
and integrating, 

X — c |logtan(~ + ^)+epci>oytanr , 


1 


c sec f + 


epo^og 


(tan t)» |, 


( 111 ) 

( 112 ) 

(113) 

(lU) 


the limits of integration being snob that g --- Oj when 

r = 0 j so that the axis of ixs is the directrix of the curve, and at 
a distance o below the lowest point of the curve ; and the axis 
of y passes through the lowest point, Also from (in) and 
(109) we have, 
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s ^ c I (tanr see r+ log (tan T + seer)) | , (115) 

T = p<ac^secr. 

If r is eliminated by means of ( 113 ) and ( 114 ), the resaltinj 
.e(ination is that of the string-curve : the expression however is 
so complicated that it is not worth while to write it at length 
But in the case wherein e is small, and the second and higher 
powers of it may he neglected without appreciable error, from 
( 113 ) we liave^ 


sin r = 


and therefore from ( 114 )^ 


(9® — ^ c 

» £ J 




(iir) 

wluch 18 the equation to the catenary of slight extensibility. 
Also to determne the increase of the length of the arc, in this 
ease we ha’ve from ( 104 )^ 

therefore from ( 116 ), and neglecting terms in ( 114 ) involving e, 

== ds—ep(dg^dsj 
ch-^-ds' ^9^9ydB^ 

»-s'~ep(i>g jyis. ( 118 ) 





Ifc: 


- 


Section 


simple chai’acter^ m 



varies as the 
arc. 


or sj:)rm9s» 

few oases of a 
not only exemplify 


jUXll 



Sbctiiw 3.— 
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the general mode of mvestigating problems of elastic plates, but 
are also useful as establishing the principles on which the strength 
of materials is estimated by civil engineers. And as the first 
example I will consider the effects of forces applied to the 
bending of a flexible and elastic thin plate whose bounding 
outline in its plane and original form is a rectangle. 

Imagine a rectangukr plate of an uniform elastic action and 
of constant density, of a finite length and breadth, a and h -, 
and of infinitesimal thickness 2r, which however is such as to 
develop forces of elasticity when the lamina is bent in the 
direetion of its length by the action of certain external forces. 
Also imagine the plate to be resolved into a series of rods, all 
of which are parallel to the length a of the plate, and are of in- 
finitesimal depth Az', so that of each of these the thickness is 
2r and the length is a. When the flexure takes place each of 
these rods may undergo three different kinds of change : (1) the 
length may be contracted or increased j (2) the absolute curva- 
ture may be altered ; (3) one element of a rod may bo twisted 
upon the consecutive element of the same rod:^ the first two 
effects I shall consider : the latter will not enter into the inves- 
tigation, as the material is supposed to be of a non-crystalline 
texture, and, as such, to be incapable of developing forces which 

would cause the twisting. , xi. 

Suppose the rectangular plate, fig. 73, to bo that whose length 
is a and breadth is h ,- and suppose it to be pei-pendicular to the 
plane of the paper, and in its original unbent form to pierce the 
plane of the paper along the axis of as : ^also suppose it to be 
fixed throughout its breadth at the extremity passing through o, 
so that when the plate is bent, that end of it which is inter- 
sected by the plane of the paper at o may be unchanged as to 
position; and suppose the end of the plate at A to be stiti 
throughout its breadth, so that the plate may be bent by a 
single force applied at that extremity; and thus that ™ sur- 
faces, which were originally plane and parallel and at a dis anee 
2 t apart, may be the two sm’faces of a cylinder : and thus dl le 
rods, into which wfvhave imagined the plate to be divided, 
be rods, equal and similarly bent, of the form delineated m the 
figure ; and where x and y are the pressures parallel to^ 
applied at the extremity A and causing the flexure of plate. 

Let us consider the bent rod of infinitesimal depth an" 
whose under-surface in the figure is oab ; and let us assume a 
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the molecules, which in the bent state are along the normnl 
mon to both surfaces, were originally in a iL nZTl Z 
two plane faces; so that nrVis the common normal to tlie 
curves op and bp"'; let another consecutive normal he T 
these cervee, .«d let it meet the formerToSl ! r**” 

lethe eento of mrature. Again, let the tod be ree’eMil" 
other .mailer rods or dbree, the depth of ewh of whir? S 
-Me a. that of the red, and the sum of thHevell 1^1 f 
which is 2 t: then each of those contained within tli 
p q'qV' is of course parallel to p'q' and to y'o". and of 

W ”■ ""f ” “ ‘•‘t “MMon eentre of onmtil rf .7 

let p be tie radins of onrrature of that one wS ” e™^ 

at“ It LTiTt?^ ^ 

fit" »d ttV, and let the angle at°Z 

.'C 

terrr oTrjt"..'^ “ ^ » 

mi the limits of being t and -r ^ ^ 

Jooio’.I^ '''"“a tv, -re 

5 ®r jie!galTO. Ther^r«f according as 

• ‘ , ^;| '^re from the last three equations 




e and e 



Whence it 
changed, that is, if „ 
therefore the fibres ^federgo d 
as they are on the fi*' 



(122 

mean fibre is noi 
*"<5he same sign; and 
fraction according 
ly,. ;'''and' ik'-either case 
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176.] 

the change of length is proportional to the distance from the 
mean fibre. 

176.] And imagining the bent lamina to be in a rigid state 
under the action of the several forces, let us investigate the 
elastic forces which act on the part AQ'q'' by moans of the sec- 
tion <4 "qQ,'. Now as any fibre PQ has undergone expansion or 
contraction, so does it tend to contract or expand; let ns sup- 
pose that this elastic force, corresponding to an unit of surface, 
varies as the extent of displacement ; that is, as the coefficient 
of elasticity ; so that the force acting on an unit of surface 
=: U) and let us svrppose the thickness of the plate to be, 
with the exception of a variation inlinitesimal in comparison 
with the thickness, the same as before the flexure, so that its 
thickness is 2 t; and its depth is iz) then if T = the whole 
force, and this acts in a line normal to 

(123) 


T =si j k/dzdu', 


and if we replace / by its value from (122), and integrate, 

'S = 2kerdg, (124) 

Also lot L be the moment of these elastic forces about an axis 
perpendicular to the plane of the paper and passing through 
the mean fibre; then 

L = / A/dsudu 
J 

Bs ibdzj (e-i-j'judiii 


— (126) 

8p 

Hence it appears (1) that t varies as the contraction or expan- 
sion of the mean fibre, and is independent of its cuiwature; 
(2) that L is independent of the extension, and varies directly 
as the curvature of the mean fibre ; (8) that T varies directly as 
the thickness, and n varies as the cube of the thickness. 

Also when the length of the mean fibre is not changed by the 
bending, c = 0, T = 0, and n remains the same. 

And because similar results are true for each rod into which 
the plate is divided, so for a section parallel to the side whose 
length is h and through the whole breadth of the plate, , | 

T = 2M.r, (™) 

Up 
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and if <i> is the area of the section, &> s= 2dr ; 

3 p 

177.] The preceding investigations also enable us to find tliP 
equation to the curves which the fibres take. Since 
T acts on the element p'q'qV' at the side qV, an equal and 
opposite force acts on the side pV', because tL mass-elLent i! 
at re^, and no other force acts. And as the same result is t ue 
for all he elements of the lamina, t is constant throughout 
^d IS therefore equal to the parts of x and v which are norS 
0 e end of the plate at a ; e is also constant, and by virtue of 
equation (124) is proportional to this force, and is poXe C 
negative according as the impressed forces Tt to fiTw 
contract the mean fibre. " 

taking moments about that point, we have ^ ^ ^ therefore, 

and substituting fotOfromfileV?^''^ 7 ^ 

^ + |l+(|)f=0; (128) 

1 ^ pontain two arbiti-ary constants ; and 

0, when 
ive between the origin 



' 'on that ^ 


178.] Let 

which the foreeS.;aeti;4i).,,^^^ 
plate in its origiiial unbenj^ i 
that (128) beeornes ■ ; ; 

2khr^ d/'^y ... , ^ 

3 ~d^ 



and opposite to 

tl# ' , ^ ' 

oases of (128), in 
ko, :(2) along, the 

8© X. is: 0 I SO 

7 f/ , / 

( 129 ) 
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179 -] 


Let 


cj 


e ^ = (x ■ 
dx'* “ 


4 




2iiT 

„„ 

therefore integrating, and observing that at tlxe inferior limit 

a, = 0, when g =‘0, 

dt/ , dyW 


2c 


das ' 

% 

(U 


l); 


(130) 


%cdx _ . 
f 4 c »- (2 

neither of whicli expressions can be integrated further. 

If however the elastic force of the lamina is very great com- 
pared with the deflecting force the bending is slight, and thus 

^ is very small throughout, and neglecting the second and 

higher powers of it we have from (130), 

2c% = {%x<,x-x'^)dx, 

6cy = 3 ®o®“— .r"; 

which is the equation to the curve taken by the laittma : that is, 
the loTnina is bent into a cylindrical surface, the trace of which 
on the plane of (*«, ij) is given by (131). This equation however 

expresses the form of the lamina only as long as ■£ is small. 

Let y bo replaced by in (131); then 


^0 


3c 


(132) 


and therefore replacing c by its equivalent, 

a>„’T . 

that is, the distance through which the end of the lamina has 
been moved varies as the deflecting force, as the cube of the 
length (approximately), inversely as the breadth of the pla e, 

and inversely as the cube of the thickness, , i 

179.] Another form of the problem of the preceding Article 
is that of a heavy thin flexible rectangular plate fixed to a 
horizontal edge along one of its edges, which is pl^d Jn a 
horizontal position, and is then bent by its own, wmght. . , ; > _ 
Let a be the length of the plate, h its breadth, and 2r ite 
thickness ; and let it be placed in a honzontal position, with 
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sidii 2r vartioal : then a« the deflexion ie very small, we may 


equation (127), consider .r, 




, . very small 

m that Its second imd higher powers may ho negleoted ' 

tht m0»ri0iitii df the aidtitm in jRg^ 73^ * Taking 

3 ff&® * 

and M the weight of that part of the plate which Hob . 

W i. i.. «,uilil,rium with U,i. fom, of Lt hi 

“r™ 

^ ^ r a / 

rfe 2i‘T^ 
m 0| wluftl #i*mO I 


in 


J m 




i 2 


+ 


ai“f® i 2 ' 4 

Md tiberifdft' tlit whole dofl^xian at thi oitramity is 




(133) 


that is, the dellcxion «f the extremity of the plate varies as the 
foHrth jwwer of the length of the hoam, and inversely as the 
aqnaw of the depth of the l>eam. 

IHO.3 lict H» now take the second case of Art. 180 j viz. that 
in which v a « ; and let ns suppaw x to act, like a crushing 
pr«ure, towards o ; then if the lamina under the action of such 
# fotw la iwiit at all, its deflexion fVom a straight line is very 

alight, and thus ^ is very amall s I *hall neglect therefore the 

aewnd^ and higher powers of it *. also w 0, eincc the force x 
aeta atill along the axis of »5 therefore (128) beoomes 
8 Mr** of*# 

'™3~“ <&* ■+■ xy » 0 ! 

and if wi put g « c*, (134) 

we have 

MJftd Bupfnmlng the md of tho plate te priii tgaittit n rough 
fistdd jdinu st Oy but not to ba flxad aii htratofofii wi hs>ya 

« 0| 


(136) 
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so that a, when y =: 0, and where a is undetermined : 

CvX 

a:id integrating again, 

^ = asmc.r, (136) 

because ^ = 0, when a; = 0. The plate therefore takes a corru- 
gated form, the section of which, by a plane perpendicular to it, 
and parallel to its length, is the curve of sines. And from (136) 

0 is the greatest amplitude of this curve, and therefore is very 
small in comparison of the length of the curve, because the de- 
flection of the plate from a plane is supposed to be very small. 

If 0=0, the plate will continue plane, and its length will, 
by reason of Art. 178, be slightly diminished, and become 

If a is not equal to zero, the plate, which is like 

a rectangular piece of watch-spring, takes the corrugated form, 
and the number of undulations on the cylindrical surface will 
depend on cj lot h be tbo distance oa, then since y = 0, when 
X = h, c and h must be related by the equation, ch = tt?, where 

1 is any whole number j 

/, y z= « i (137) 


and therefore also y = 0, when — where n is any number 

from 0 up to i, so that the curve outs the axis of x in i->r 1 
points, and therefore the surface has i elevations or depressions. 
Also, if I is the length of the curve. 


1 + (co. 


P a® / TTt \a) t , 


and omitting the fourth and higher powers of a, we have 


... „ = ( 140 ) 

whereby a is given in terms of h and 1. 

181.] The greatest value of the compressing force x which 
can be applied at the end of a spring, and not bend it, m called 
the vertical strength of the spring ; in this case I — h, » == 1- : 
therefore from (134), 


2hl)r^o^ 
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and using for I its approximate value a, 

X -5 _ 

“ ' 3«’ ’ (141) 

SO that, other incidents l.oing the same, the vortical 8treno.tt .o 
the spring vanes inversely as the scpuire of the length ^ 

Hereby also are wo enabled to calculate the greatest weie-ht 
that a vertical pillar of a given form and height can bear witt 
out being bent by the weight. 

^ Suppose the pillar to be of a height A and its transverse sec 
tion to be rectangular, the sides of the rectangle being a and b • 
then the greatest weight which it will hear, without beinff bent 
perpendicularly to the side 5, is 

'* 124 ’' ~ ’ 

and, without l>oing bent perpendicularly to the side a the 
gteatest weight is ' 

124» ’ 

and if the transverse set-tion is a square, a = 4, and the strength 
of the beam porjiondieulariy to either of the siiles is 

and varies therefore as the fourth power of the side. 

Suppose a irunsverso section to ho square and to bo hollow, 
80 that the side of the external square is a and of the internal 
equaro b j tlum 

the vertiad strength of the beam = 

124» 

I 8 S .3 Wfl may aI«o approximately investigate the vortical 
strength of bmms, the transverae sections of whieh are of forms 
other than reotanglMi and let us assume, as the most probable 
hypothesis, that the mean fibre is that whieh posses through the 
oentres of gravity of all similar transverse sections ; then n must 
he calculated in each case, as in Art, 176, so that we may sub- 
stitute in equation (127) } let ^ and ij he the coordinates to any 
dement of the arw of the transverse section j and let us con- 
fidor the following examples ; 

Ex. 1. The seetion of the beam is a oirole, of which the radius 
is a. 

Suppose the mean fibre of the cylindrical beam originally to 
he ooineident with the axis of as ; and ultimately, if bent, to be 


BLASTIO PLATES. 


261 


182.] 


in the plane of {os, y)y so that the bending takes place about an 
axis perpendicular to the plane of y ) : let i be taken in, and ?] 
perpendicular to, the plane of (^r, y ) ; then 
r+a 

J^a 


p 

^ kira* ^ 

~ Tp 


so that (127) becomes 
'Tt/ca^ d'^y . 

-4- : 


TF"' 


a comparison of this result with (142) shews, that if the ai’eas 
of the transverse sections are equal in the two cases, the vertical 
strengths of the square and the circular beams are as tt : 3 ; 
there is therefore a small advantage in favour of the square 
beam. 

Ex. 2. Let the beam be circular and hollow: let a be the 
radius of the external, I the radius of the internal surface : then 
by the last result, if x is the vertical strength, 


X = 






Ex. 3, Let the transverse section of the beam be an isosceles 
triangle, of which the base is a and the altitude 0 : then if the 
altitude lies in the plane of (^, y) and the base of the triangle 
becomes convex, 


_ hac"^ ^ . xr ^ 

^“■367’ “*'■ ^~" Tq ¥~' 

Suet are tte principles on which is founded the mathematical 
theory of the strength of materials : for a more complete in- 
vestigation I must refer the reader to treatises wherein the 
subject is specially discussed; because the constants^ which are 
left undetermined in the preceding expressions, are to be found 
by experiment ; and particular and very delicate apparatus, the 
construction of which requires minute explanation, is needed for 
their determination, i 
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CHAPTER VI. 


ON ATTEACTIONS. 


Section 1. 


-m direoi investigation of the attraction of ladies. 



follo^Ng chapter, amongst many properties of 

matter which will he formally stated as axiomatic principles of 
the science of motion, will occur one which is called the law of 
werte, and which declares that matter has no power to chano; 
^e state in which itself is ; and experiment amply verifies it in 
the phaenomena of nature: it is not however hence to ho in- 

power of acting on, or of influencing, 
other matter : on the contrary, matter does act on other matter 

certail ^ attraction or repulsion, and according to 

certam laws : and this action is not impeded by the presence 

"tetter 

attracts or repels every other particle in the same way as if the 

P--fetous manyphaeLmenain 

* evidence of this active power of matter. There is, in the first 

?a umvers^ law of gravitation, hy reason of which every 

1 p^cle of the celestial system exercises on every other 

^ flS' product of the masses of the 

of the distance between 

' teh^ two particles, 
swu 1^08 TO draw them nearer together. So ae-ain in tlic fi,r 

pariocles, and invemel , i intensities of the two 

them; and the forcIYaftanKJ*^’^”® distance between 

particles are in opposite or in f/*" ^®P«lsive according as the 
“ . . . , . the line of action is^ that magnetic states ; and 


" - ;',ii ,nre also other phaenomena wLfttv f! Pa^tioles. There 
, ^ tlm attraction varies inversely 


'■'.Vri'iC- 
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ANALYTICAL MECHANICS* 


CHAPTER I. 

mTEOBUCTOEY ; THB METHOD OF THE TKEATISE. 

Abtici.i L] Of all parts of InfiBitesimal Calculus^ Analytical 
Meohanics, or (as I shall horoafter have reason to call it) the 
Scienoe of Motion, is in its results and its applications the most 
important; the principles and processes of all mathematical 
physics are derived from it ; and as, for reasons which shall be 
assigned hereafter, it is in itself the most perfect of physical 
sciences, so do the others approach more or less to completeness 
according as the laws and methods of mechanics are more or 
less satisfied by them ; and the object to be attained in all is, 
to make them parts of this principal and normal science. Now 
in the process of onr application of the scienoe of number to 
that of motion, new subject-matter, or new kinds of quantity 
meaBurable by number, wid be introduced; and also as the 
results of our investigations will be applicable to the phenomena 
of the external world, and to the unravelling of complex effects, 
it is necessary to premise some few observations on the method 
of our inquiry ; and especially to shew how, and how far, the 
pure sciences of nximber, space, and motion may aid us in the 
discovery of the proximate causes of such effects; proximate, I 
say, in order that the objects of our search may be definite and 
intelligible, and that we may not be lost in the subtleties of 
metaphysics. 

2.] TOiir© are generally two processes, by one or other of 
which our knowledge of natural phenomena is obtained, and 
with l)oth of which it is in many cases absolutely necessary, and 
in al diii»blo, that an inquirer into nature^s laws should 
ho j 'imd althoTc^h in their use one of these processes 

frO|E<WtIy runs into the other, and they are alternately applied 
FW©1| TOfc HI. . , B 
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as the square of tlic distance, but where the lino of action is 
ttot that which joins the two particles. These and similar cases 
require investigation, and for this reason i when two single 
material particles attract or repel each other, it is easy to con- 
ceive the force which mutually acts from one to the other j wo 
can easily imagine the tendency of the one to move towards or 
from the other in the straight lino which joins the two. But 
when one material particle is attracted simultaneously by many 
others, aggregated into a Hnito body of a given form and den- 
sity, the determination of the intensity and of the line of action 
of the resultant force requires investigation ; and perhaps also 
the density of the attracting body may vary, in which case the 
difficulty is increased. The following inquiry will he for the 
most part confined to the cases whore the law of attraction is 
that of the product of the two attracting particles, and of the 
inverse square of the distance between them, because this is the 
law of gravitation, and generally rules in cosmical phaenomena : 
hut it will also embrace other lawsj so that by operating 
with general laws wo may determine the results which they 
necessitate, and by a comparison of these with the works ot 
Nature, may obtain a hnowledge of the special laws which rule 
therein. 

184.] As to the attraction varying as the product of the 
masses of the attracting and the attracted particles : let there 
he two particles m and at a distance r apart j and let the law 
of attraction, which is a function of the distance between them, 
he/ W ; so that the attraction of an unit-particle in the position 
of m' on an unit-partiole in the position of « is / (r) : now m 
contains m' unit-particles j and each one of these attracts the 
unit-particle in the position of m with a force f{r) •, therefore 
the whole force of m' on the unit-partiole in the position of m is 
m'f{T) : but m also contains m unit-particles, and each of these is 
attracted with equal force by »'j therefore the whole attractive 
(or repulsive) force of »' on m is 

(^) 

If the attraction varies inversely as the square of the distance, 
/(f) =1, and 


the attractive force ss 


( 2 ) 
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and in all cases which we shall investigate, the line of action of 
the force lies along 

Suppose now m to be the mass of an attracted particle, and 
dv to be a volume-element of the attracting body, and p to be 
the density of dv, and r the distance between m and dv, then 
the attraction of dv on m is 

mpdyf(r); ^3^ 

and the attraction of the whole body on m \vill be found by 
means of the Integral Calculus. ^ 

In this section I propose to investigate the attraction of bodies 
on particles, and in some cases on other bodies, directly by in- 
tegration. An indirect method for the investigation of these 
attractions will be given in a following section. 

Wlienever the law of attraction is not expressly stated it is 
assumed to be that of gravitation. ’ 

185 .] The attraction of a straight rod or wire of uniform 
thickness and density on an external particle; fig. 74. 

Let 0 be the attracted particle whose mass is m, and let ab 
be the attracting bar : of which let the density be p, and let the 
area of a transverse section be « ; from 0 draw 00 perpendicular 
to AB ; let CA= fl!, CB = ^ : 0 0 = c. Let p Q be a volume-element 
ot the bar, cp=y, pq=;<^; therefore the mass-element at 
P — po) dy and let the attractions be calculated along^ and per- 
pendieular to, oc; let the attraction of the bar on 0 along 00 
and towards 0 = x, and let the attraction at right angles to 00 

towards A = Y, Then 

0 along OP ♦ 
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5, so that 0 is the middle point of the bar, t 


m 

0, iwi 


siiiAOO ; that is, the attraction of the bar wta only 

C 

in a direction at right angles to its length. 

186.] By the following geometrical oonatruotion we obtain a 
remarkable equivalent for the attraction of a rod on a partfclf 
outside of it, as in the last Artiole. 

From centre 0, fig. 76, and radius 00, describe an aw of # 
circle meeting ga, ob, op, oq in the points a, b, p, q ,* and »Mp* 
pose a bar of the same material, density, and thick ih»« w a « l« 
be bent into an arc of a circle, and to coijieido with the are ub j 
then the attraction of this bent bar on o is the same a« tlwil of 
the straight bar ab. ' 

From 0 as a centre, and with the radius or, descrilm a small 
arc PE ; then 

PQ PESOCQPll op 




P'1 


op 


sec poc. 


OP’ 

5], a ‘ 


IS. 


£ 1 . 

OJ)’ 


Now the attraction of pq on o in the direction Of 
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and therefore is equal to same as that of 

the element pq^ oi the circular arc : and as a similar result is 
true for all the elements of the circular arc, so the total attrac- 
tion of the bar ab on o is the same as that of the circular bar ab. 
If the angle aob is bisected by the line on, the line of action of 
the whole attraction of the bar ab manifestly is on : on is there- 
fore also the line of action of the whole attraction of the bar 
AB on 0. 

Hence it follows that if 0 is capable of moving towards ab 
each element of its path will bisect the angle aob, and the path 
will be a hyperbola of which a and B are the two foci; and the 
particle will ultimately meet the bar at a point, the difference 
between whose distances from A and B is equal to oa— ob. 
Thus if 0 is a particle of iron filings and ab is a magnetized 
bar, the path which 0 will take in moving towards ab is a 
h3q)erbola. 

Hence also if from a and B as foci, an ellipse is described 
passing through o, oD will bisect the focal distances, and is 
evidently a normal to the ellipse at 0 •, thus the action-line of 
the force on the particle at 0 will be perpendicular to the ellipse, 
and the pai-ticle will rest in equilibrium on the ellipse. We shall 
speak on this subject more at length in the following section. 

Hence also if three bars of the same thickness and density, 
and attracting with a force varying inversely as the square of 
the distance, are arranged as a ti-iangle, a particle placed in the 
centre of the circle inscribed in the triangle is equally attracted 
in aU directions. 

The preceding process of integration is also applicable when 
the density of the attracting bai' is variable. 

187.] Also let the following results be proved : 

■ (1) The attraction of a bar of uniform thickness and density, 
when the attraction varies directly as the distance, on a particle 
in contact with it at distances a and b respectively from the 
ends of the bar is 

' «ipco , , 

and therefore if the attracted particle is placed at the end of 
a bar whose length is a, so that 5 = 0, 

^ . the attraction = 
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and is the same as if the whole bar were condensed into a 
particle at its centre of gravity in the middle point of a. 

(2) The attraction of a bar of uniform thickness and density 
on a particle in the same straight line with it^ and at distances 
a and i severally from the ends of the bar, is 

a—l 

npc-^- 


(3) The attraction of two straight bars, each of which is of 
uniform thickness and density, on each other, in the same straight 
line, of the lengths a, and h, and at a distance a apart, is 


PP' 


C ”f" ^ “j" 


and this is of course the force which is required to keep the 
bars asunder. 

Since the result involves the anharmonic ratio of the four 
points which are the ends of the bai’s^ it follows that if ab 
and CD are the barSy and if through any point v lines va, vb^ 
vc^ VD are drawn of any lengthy and any line a'b'oV is drawn 
cutting them^ the mutual attraction of a'b' and g'd' is the same 
as that of AB and CD. 


(4) Two straight bars of lengths and %h and of constant 
thickness and density, and each particle of which attracts with 
a force varying inversely as the square of the distance, are 
placed parallel to each other at a distance c apart, and so that 
the line joining their middle points is perpendicular to each of 
them : it is required to shew that the force necessary to keep 
them apart is 




188,] The attraction of a bent rod of txniform tbickess and 
density on a given particle. 

Let us first investigate the attraction of a bar bent into the 
form of a circular arc on a particle at the centre. 

Let p = the density, o> = the area of a transverse section of 
the bar : a = the radius of the circle, 2 a = the angle subtended 
at the centre by the bar; fig. 70. Now it is manifest that the 
resultant attractioir acts along the line oo bisecting the sub- 
' tended angle, for the resultant attraction which is perpendicular 
to that line vanishes. Let poosssd, AOOsasBOOsata! then 
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the attraction of the bar in the direction oc 

=.^f\osede 

2ma>psma 
” a 

and therefore varies directly as the sine of half the subtended 
angle and inversely as the radius of the arc. 

Hence the whole attraction of the bar ab, in Ai’t. 186^ on o, 
and along the line on^ see fig. 75^ is 
2m(dp , AOB 

oin . 


Hereby we are enabled to solve the following problems : 

Ex, 1. Three bars, each of which is of uniform density and 
thickness, form a triangle ; find the position of a particle placed 
within the triangle which is equally attracted in all directions. 

Let the densities of the bars be respectively p, o-, r, and let 
the transverse sections of all three be the same ; let the perpen- 
diculars from the attracted particle on the sides bo p, rj and 
let the sides subtend at the attracted particle angles 2a, 2/3, 2yj 
then the particle is kept at rest by the three forces 
2m(op sin a 2«K»o-sinj8 2j«wrsiny 
P ’ S ’ r ' " ’ 
the angles between the lines of action of which are ^+y, y+o, 
«+^; or 180®— a, 180°— /3, 180°— y, because a+ /3-4-y = 180° ; 
and therefore by the triangle of forces. Art. 21, the forces are 
proportional to the sines of these angles j therefore 

- p <r r 

And if p = ff A T, then p s= q = r, and the attracted particle is at 
the centre of the circle inscribed in the triangle. 

Ex. 2. Two bars oa and OB of the same constant thickness 
and density meet at right angles and attract a particle placed 
at the foot of- the perpendicular from 0 on AB j it is required to 
find the magnitude and the line of action of the resultant at- 
traction. ' • • •• .. - 

Let CA = a, OB = i, a» q, is- ga . and let p be the position of 
the attracted particle. Then the attraction of c A on P in the 

line bisecting the angle Apo is l^^“:sin46°j and, similarly, 

the attraction of cb on p in the line bisecting the angle bpo is 


[l88. 


( 6 ) 


CUEVED BAES, 


259 


190.J 


— — sin 45 ; and as these two lines of action 
dicnlar to each other^ 


the resultant attraction = 


2^m(i)pG^ ^ 


are perpen- 


and the line of action of it is inclined at 45® to each of the lines 
OA and OB, 

From. (6) it appears, that the attraction of a circular rod on a 
particle at its centre is the greatest when a = 90®, that is, when 
the arc is a semicircle j and if a = 180°, that is, if the circle is 
complete, the attraction vanishes. 

Suppose however the ring to be complete, and the attracted 
particle to be in the plane of the ring, and at a small distance 
X from the centre ; then we have the following problem. 

189.] To find the attraction of a circular ring on a particle in 
its plane, and near to its centre. 

Let p be the density, and o) the area of a transverse section 
of the ring : a = the radius, fig. 77, go =: Xj which is very small, 
and such that we shall neglect the third and higher powers of 
it; PCA = dj QCP =: dO; m =: the mass of 0 , om = d cos ii?, 
op2 ~ cos 0 + It is manifest that the ring attracts 

o along the line 00 a alone; and the attraction 



p(da do 
op2 


cos POM 


* {aQos0^x)d0 

2mp(t>a — ^ 

'0 (a^ -~2axeo&6’^ 


2mp(ti 

2mpo) 


■/ (^zcos^ — ii7)( 1 1 do 

^ cff ' 

f"" S ^ 3cos2^-fl 9 cos^+ 15 cos 3^ ) 

i — 2 — *+ — 8S — ' i 


do 


irmpoi 


and therefore the attraction varies directly as the distance of 
the particle from the centre of the ring. 

190,] To find the attraction of a circular ring of uniform 
thickness and density on a particle ^ at a given distance from 
its plane, and in the line perpendicular to the plane and passing 
through the centre of the ring. 

Let a be the radius, p the density, 6) the area of a tensverse 
section of the ring, a the distance of the attracted particle from 

n l a, 
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tlie plane of the ring ; see fig. 78 ; suppose the plane of the ring 
to he perpendicular to that of the paper; let p he an element 
of it, and let the line po drawn from p to c, the centre of the 
ring, make an angle 6 with the plane of the paper ; then the 
TTiggs of the element a,t v — paiadO; and the attraction of p on 
0 along the line 00 


mpooadd 

+ 


cos POO 


J 


therefore the attraction of the ring = — -27r. 

Hereby we can solve the following problems : 

Ex. 1, To determine the attraction of a hollow cylindrical 
tube on a particle at a given point in its axis. 

Let r = the radius of the interior surface of the tube^ r = the 
thickness^ p=:the density; and let the distances of the attracted 
particle m from the ends of the axis of the tube be a and 
and let the tube be resolved into a series of rings of infinitesimal 
depth by means of planes perpendicular to the axis of the tube : 
then iiw is the distance from m of any ring whose thickness is 
the attraction of the whole tul}e 


= 2TTmpTr 

o 51 1 I 

= 2TtmpTr -J — »7 r * 

Ex. 2. To prove that the attraction of a thin paraboloidal shell 
or cup^ limited by a plane through the focus perpendicular to 



191.] The following are other problems on the attraction of 
thin wii’Gs. 

Ex; 1. The attraction of a thin wire in the form of a pai’abola 

on a particle in its focus = , where ia is the latus rectum 

of the curve. 

Ex. 2. The attraction of a semicircular ring^ on a particle 
at the extremity of the diameter which bisects the ring 

.= log tan ^ j where a is the radius of the ring. 


jp2.] thin plates. -<20 a 

193.1 The attraction of a thin circular plate on a particle 
min the line passing through the centre of the plate and per- 
pendicular to it. . 

Let the attracted particle and the centre of the^ plate he in 
the plane of the paperj fig. 79 j and let the plane of the plate be 
perpendicular to it. Let p = the density, r = the thickness of 
the plate : a = the radius, and o o = c, the distance of the at- 
tracted particle from the plate. Resolve the plate into concen- 
tric circular rings, of which let the radius of that containing the 
element p he r, and the depth he ir j then if aop= 5, 
the mass of the element atp = prrdfrdQ-, 
therefore the attraction of the plate on 0 in the direction oo 

ra pTT 

= 2ir«2pr j 1 — 'll' 

The attraction of the plate in a direction at right angles to OC 
is evidently zero. 

Since in (7) = cos Aoc, it follows that the attraction 

(a^+e^)^ 

of all circular plates of the same thickness and density on a 
pai-ticle in the line passing through their centres and perpen- 
dicular to their planes is the same, if their diameters subtend 
the same angle at the attracted particle. Hence if a right cone 
is divided into a series of circular plates, all of which are of the 
same thickness, by means of planes perpendicular to the axis 
of the cone, the attraction of each of these on a particle at the 
vertex is the same. 

In (7) if the radius of the plate is infinite, that is, if a =s oo, 
the attraction = 27r?»pr, 

which is independent of the distance of the attracted par tide 
from the attracting plate : therefore the attraotion of a plate of 
infinite extent on a particle outside of it is the same, whatever 
is the distance from the plate at which the particle is placed. ^ 

Hence for particles near to the surface of the earth, the eartii’s 
attraction is constant; because the earth may be conceived to 
be divided into a series of thin plates by planes perpendicular 
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to the vertical line passing* through the attracted particle^ the 
radius of each of which is very large in comparison of the dis- 
tance of the particle. 

If the law of attraction varies as the ^th power of the dis- 
tance; the attraction of the circular plate on a particle outside 
of it in the line passing through its centre; and perpendicular 
to its plane; 

27rmpTG ( . ) 

= -'""h (8) 

which is the same as (7), if « = — 2. 

193.] To determine the attraction of a solid of revolution on 
a particle in its axis. 

Let the solid^ %. 80^ he resolved into circular slices of infi- 
nitesimal thickness by means of planes perpendicular to the 
axis of revolution. ‘ Let o he the attracted particle, of which the 
mass is «*; and let y =/(«) be the equation to the generating 
curve of the bounding surface of the solid. 

Let 0 M=ir^ ox=:a, ob= 5; and let the thickness of 

the circular slice bmp' be dx; then by (7), 
the attraction on o of the differential circular slice 

= — (9) 

therefore the attraction of the solid on n 

= 2'nmpf \l~ (10) 

y having been replaced by its equivalent value in terms of a> 
by means of the equation to the generating curve. 

Simfiaarly may the whofe attraction be found from (8), when 
the attraction varies as the »th power of the distan c e. 

Ex. 1 , To find the attraction of a homogeneous circular cylinder 
of length a and radius i on a particle in its axis at a distance c 
froih Cline end. 

The attraction = 27r««p j j l 

' ; *'o ( 

= 2 {a (4« + (c + } . 
so that if the particle w is in contact with the cylinder, c = 0, 
and the attraction == 2ir«jp (aq. J_(a!i q. 

If the cylinder is of infinite length in the direction from the 
attracted particle, a = oo, and the attraction 

= 27rmp {(b‘ +c‘)i—c} i ^ 
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and if the particle is in contact with the end of the cylinder of 
infinite length c = 0^ and the attraction = 2 and varies 

as the radius of the cylinder. 

Ex. 2. To find the attraction of a homogeneous right cone on 
a particle at its vertex. 

Let the vertical angle = a ; so that the equation to the gene- 
rating line is y = ^rtanaj 

and let a be the altitude of the oone : then, from (10), 


the atti’action = 2vmp / (1— cosa)& 


= 2'7rwp(l"~cosa)a, 

If the attraction varies as the ^^th power of the distance^ the 
attraction of the cone on a particle at its vertex is 

Ex. 3. The attraction of a circular cylinder of length a atul 
radius whose density is constant^ on a particle in the centre 
of its circular end, is, if the attraction varies as the nh\\ power 
of the distance. 


2iTmp 


n+8 


(a^+c^) 




1) (^ + 3) 

Ex. 4. To find the attraction of a homogeneous sphere on a 
particle external to it. 

Let a =: the radius, p =: the density of tho sphere j m ss the 
mass of the attracted pariicle; c = the distance of the partido 
from the centre of the sphere, so that tho equation to tlio 
generating circle of the sphere is 

+ — 6')2 = 

The attraction of the sphere on m 


a\ 


fc-Va ( 

=5 2T;nip / \ : 


4'.TTmpa^ 

~c~ 

mu 








(11) 

( 12 ) 

if M = the mass of tho sphere: but as o is the digtimoe of the 
attracted particle from the centre of the sphere, this result ex- 
presses the attraction on each other of two particles m and m 
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at the distance c apart : consequently the attraction of a sphere 
on a particle external to it rs the same as if the mass of the 
sphere were condensed into its centre. 

This result is physically of great importance ; because in the 
iuvestigation of the circumstances of a particle moving under 
L auction of a sphere, every particle of which attracts xt 
with a force varying inversely as the square of the distance, the 
rttraeting sphere may be supposed to bo coiitoiscd into its 
centre ; and the problem becomes reduced to that of the mutual 

attraction of two particles. _ 

Also if two spheres attract each other, the action is the same 
that of two particles whose masses are equal to those of the 
spheres, and placed at the centres of the sphems •. and therefore 
L force which acts mutually on them is equal to the product of 
their masses divided by the square of the distance between their 

centres, 

Ex. 5. To find the attraction of a homogeneous sphere on a 

particle on its surface. 

In this case, y’ => therefore 

the attraction = 2 wm/i f | 


2a 

2TTinp - j - 


4i7tmpa ^ 

and therefore the attraction varies directly as the radius of the 
sphere, 

Ex. 6. To find the attraction of a homogeneous sphere on a 

parfmle withiUd^^t^^^^ of the particle from the centre of the 
sphere, and a is the radius of the sphere, the attraction of the 
larger segment of the sphere whose base is the plane thmugli 
the attracted particle and perpendicular to the lino joining it 
and the centre is 

3 

and the attraction of the lesser segment is 
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and the attraction of the whole sphere, being the excess of the 

former of these over the latter^ is 

4: TTmp 

^c: 

3 ' 


and varies therefore as the distance of the attracted particle 
from the centre of the sphere. But by the last example this 
would be the case if the particle were on the surface of a sphere 
whose radius is c; therefore the spherical shelly of the thickness 
a—e, exerts no attraction on the f)article. 

Ex. 7. By similar processes let it be proved that the attrac- 
tion of a homogeneous oblate spheroid on a particle m at its 


poieis 4:Trpmd r (l- 


where i and e are respectively the semi-minor axis and the ec- 
centricity of the generating ellipse. And that the attraction of 
a prolate spheroid on a particle m at its pole is 
4:7Tpma{l--e^) (1 i-fa ) 


where a and e are respectively the semi- major axis and the ec- 
centricity of the generating ellipse. 

194,] The Calculus of Variations enables us to solve the fol- 
lowing problem : 

To determine the form of the bounding sui'face of revolution 
of a homogeneous mass of given volume, so that the attraction 
of it on a particle in its axis may be a maximum. 

Let u be the attraction, and let ire^ be the volume of the 
given mass, which is to be contained between and Wq ; and 
thus, if r* = 



(18) 

(14) 


bn 


» = [('- >\-l' (») 

5 .e’ = 0 = [,’811;]^— I { 2 y(%Sa!— ; ( 16 ) 

therefore, if k'‘ is an arbitrary constant, 

^ = (a?” 
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( 17 ) 
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Hence it appears that the curve, which by its revolution about 
the axis of a; generates the solid, cuts the axis of a? at the origin, 
and also when x — k', thus a?o = 0, a;, = k, and the integrated 
part of (15) shews that it cuts it in both points at right angles. 
Also substituting from ( 17 ) in (14) we have 




= — 

15 

15 „ 




substituting from which in (17), the equation to the curve is 
completely determined. And the attraction of it on m. 




Now the attraction of a sphere whose mass is arpe* on a particle 
m at its surface is 


(^fTrmpc = A, (say); 


V26/ 


^3/ V v/^ 

Every particle on the surface of the solid of given mass and of 
greatest attraction attracts m with eq^ual force in the direction 
of the axis; for if r is the distance of any particle on the sur- 
face from and if B is the angle between r and the axis^ from 
the preceding equations we have^ 

cos ^ ^ 

which is constant^ and therefore is the same for all particles on 
the surface. 

195.] To find the attraction of a spherical shell of infinitesimal 
thickness^ and of constant density on an external particle^ when 
the law of attraction is represented by / (distance). 

Let the centre of the shell be the origin; and let the shell 
be referred to that system of polar coordinates in space^ which is 
explained in Art. 165;, Vol. H and let the attracted particle he 
■ on the axis of at a distance c frOm the centre of the shell ; let 
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r = the radius^ d/r = the thickness^ p = the density of the spheri- 
cal shell : so that 

the mass-element of the shell = sinO dr clOd(l > : 
let u = the distance of this mass-element from the attracted 
particle m; then the attraction of the mass-element on the 
attracted particle along the line joining m and the centre of 
the shell is 

pmr^sme(c---rco&d)f(u) ' , 

(18) 

and therefore the attraction of the shell on m 

= 2Tjpmr’drJ^ (19) 

But since — 2rc cos ^ + c** ; 

udu = TC^TuxQdBj 

and ^e{o—r cos B) = -f c® — 

and when 0 =: u when 0 = 0^ % ■==. c — therefore 

substituting in (19), the attraction of the shell on m 
Trpmrdr 

^ / (^2 _J. ^2 _ (2 0) 

0 <Jc—r 

Ex. 1 . Let the law of attraction be that of the inverse square of 


the distance ; 


••• = 

TTpmrdr f c 2 _^- 2 “|c+r 


the attraction = 

0^ L 'll 

4:7rpmr^dr 

; ( 21 ) 

and the mass of the shell — 4:tt pr^ dr =: m (say) ; 

. • . the attraction of the shell = ; 

and is therefore the same as if the mass of the shell were con- 
densed into its centre. 

Ex. 2. Let the attraction vary directly as the distance : then 
f(u) = and 

the attraction of the shell — 


4 ^ 2 


^3- ♦ nc 

-’i 


iirpmr^cdr 

muc} 


Mm2 
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and therefore the attraction, is the same as if the mass of the 
shell were condensed into its centre. . , „ 

Similarly may the attraction be determined for any other 

loiW of BiffrJictiio'ii. n 1 j- 1 A* 1 

] 96 1 Hereby the attraction of a epnere on an external particle 

can be determined by considering it as resolved into a series of 
concentric spherical shells of infinitesimal thickness. 

Ex. 1. Let the sphere be homogeneous, and let a be its radius : 
then if the law of attraction is that of the inverse square of the 
distance, from (21), 

IwpW / “ » V 

the attraction onm — - »* 

(23) 

~ 3c» ’ ^ 

and is the same as if the sphere were condensed into its centre : 
and if the pax-tiele m is on the surface, e = a, and 

4i7rpni 

the attraction = -“-j — 

and varies directly as the radius of the sphere. 

Now, under certain conditions, this gives a value to which 
in Art. 123 has been defined to be the weight of a mass-unit; 
that is, ff is the earth's attraction on a mass-unit placed at its 
surface. Consequently if the mass of the earth is homogeneous, 
and its figure is a sphere of radius a, 

4 

which gives ff in terms of the radius and mean density of the 
earth, 

Xict the law of attraction be that of the direct distance : then 
from (22), 


^ ra 

the attraction on m = iitpmG dr 


^ 4 TT P W <7 


and therefore is the same as if the sphere were oondansed into 
its centre. 

Ex. 2. Let ns assume the density of a particle of the sphere 
to vary as some power of the distance of the particle from the 
centre: so that the sphere is composed of a series of homo- 
concentric shelfe, the density of which is different for 
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196.] 


Thus suppose the density to vary inversely as the distance 
from the centre, and the law of attraction to be that of the 
inverse square of the distance; then hy reason of (21), since 
h 

P z=z 

r 

^'nmk 


the attraction on m = 


/• 


c- »/0 


'dr 


(26) 


And if the attraction varies directly as the distance, 
the attraction on ^ = ^irpmcha'^. 

Ex. 3. Let us suppose the density of the concentric spherical 
shells to decrease in arithmetic progression from the centre of 
the sphere : so that if p^ is the density at the centre, por-kr is 
the density of the shell whose radius is r, where ^ is a constant. 
Then, if the attracted particle is within the sphere and at a 
distance c from the centre, the matter of the sphere which lies 
outside of the s];)herical surface passing through the attracted 
particle exercises no attraction on it : and of that within this 
spherical surface 


the attraction = 


4 7rm 


= 4:7rm 


/ {p,--kr)r^dr 
*^0 

f PoC ^kc^ ■) ^ 
t 3 T 


and consequently varies partly as the distance and partly as the 
square of the distance of the particle from the centre of the 
sphere. 

In each of the cases, (21) and (22), as the attraction of the shell 
on m is the same as if the shell were condensed into its centre, 
so will the attraction of the whole full sphere he the same as if 
it were condensed into its centre. 

Now in celestial mechanics this fact is of great importance : 
for the planetary bodies are nearly spherical, and the density of 
each of them is variable ; and they are probably composed of 
concentric shells, each of which is of uniform density, and the 
density of which decreases as we pass from the centre to the 
surface. Thus by this property we can avoid the difficulty of 
investigating the attracting properties of them as solid bodies, 
and we can treat them as single attracting material particles. 

From the preceding’ results also it follows that supposing the 
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eartt to be a sphere, the attraction of it on particles external to 
it varies inversely as the square of their distance from the centre 
of the earth. Thus if g and / are the attractions of the earth 
on the same particle respectively at the mean surface which 
corresponds to the radius r, and on the top of a mountain whose 
height is h, then 

_g (^•+/0» 

/ 

197.] And the preceding results suggest another important 
question : Are there any other laws of attraction, besides those 
of the inverse square of the distance, and of the direct distance, 
for which the attraction of a spherical shell on a particle with- 
out it is the same as if the shell were condensed into its centre ? 

If /3 = the density of the shell, and c is the distance of its 
centre from m, the attraction of the shell, condensed into its 
centre, is ‘^T!pmr'‘drf{c ) ; and as this is equal to its attraction in 
its actual form, we have from (20), 

4^T!pmr^di'f{c) = f ^ (u’' (27) 

whence the form of / is to be determined. Omitting common 
factors, and integrating by parts the right-hand member of (27), 

4 rc^ /(c) = \{u^ + c“ — r’) J/iii)duj —2j b‘'Jf iii^du} du, (28) 

Let Jf(w)du = (l){‘ii), and let Ju <1) (u) du = f {u) ; {2Q) 

.-. <|)'(m) =/(m), = u<l)in)} (30) 

and therefore from (28), 

c+r 

4 rc^ f{o) = [(^^* + — r*) (l)(u)^2 

= 2o(c + r)<l)(c+r) — 2o(o—r)^(e—r) — 2\l/(o+r) + 2'f(c—r) 


= 2e^ 


d 


f \lf(o+r)-\lr(o-r)X_ 
doX c J’ 


(31) 


which is a functional equation to he satisfied by the form of/. 
Now expanding by Taylor^s series^ we have 

2 f/(c) = ^ ■ 5 { n<=) Y + f"Xo) +...]•; 


(32) 
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and as no relation exists between r and the coefficients of the 
several powers of r must vanish separately ; therefore 

d yj/ (o) ^ 
do 0 ^ 


Ao) 


(33) 


0 = ^ so on j (34) 

but from (30)^ ^^(^) = '5c^(^?); therefore from (33)^ 

=/(o), 

which is only an identity. Also since from (30) 

= C(l}{c); 

ylr"(o) z= (j){c)^c(p'{c) 

= (30) ; 

.L A(o)^^\o)^/(c) + cf'(c) 
z=z 2f(c) + c/'(c); 

therefore from (34)^ if 3 a is an arbitrary constant^ 

2/(^) + t?/'(^) = 3 ac, 

2cf{o) + c^f'{c)^SAc^; 

(?y(<?) = AC^ + B, 

where B is another arbitrary constant : therefore 

f(e):=zAo+—; (35) 


and this value of /(c) also makes to vanish the coefficients of all 
the other powers of r in (32); it is therefore the complete solu- 
tion of the equation (31)r 

Thus the only laws which satisfy the requirements of the 
problem are (1) that of the inverse square of the distance, when 
A=0 and B is finite j (2) that of the direct distance, when B = 0 
and A is finite; and (3) that of these laws in combination, when 
A and B are both finite. 

These are of course the only laws of attraction for which a 
sphere can attract an external particle with the same force as if 
it is condensed into its centre; because the sphere maybe re- 
solved into a series of concentric homogeneous shells, each of 
which will attract with the same force as if it is condensed into 
its centre. 
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Hence also two homogeneous shells external to each other will 
attract each other with the same force as if each is conclensed 
into its centre. 

198,] To investigate the attraction of a homogeneous spherical 
shell (if infinitesimal thiclmess on a particle m placed within it, 
when the law of attraction is represented by/ (distance). 

Lot all the (piantities and symbols ho the same as in Art. 195 : 
in this case however e is leas than r, and the limits of integration 
in the expression corresponding to (20) are c and r— c; so 
that the attraction of the shell on m 

^ r ' ' (?4 > 4- — ?•■■')/(«) (hi. (36) 

I<lx. 1 . Ijet the law of attraction bo that of the inverse square 
of the distiuna* ; so that J (11) = ^^3 ; 

7ff>mn/rr r»-cn'-+" 

the attraction = — 


« 0 / (37) 

therefore the attraction of the shell on an interior particle is 
xern, and the particle is ®iutvUy attracted in all directions. 

The geometrienl proof of this proposition is so simple that it 
is dt-sindde to insert it. In fig. «l, lot the eentro of the shell 
and the sttraeted particle Iki in the plane of the paper, and let 
the oireular ring a nit*' lie the section of the shell by the same 
plane. At 0, tho phn* of m, lot solid angles be formed, which 
oocupy all apaea about it : and lot each be considered with 
referenee to Mt equal opposite and vertical one ; let w k the 
ar« of a spherical Burfaofl, descrilied irom 0 at the mdms = 
unity, wbidh is interoopted by one of those solid angles t then 
the atm of the spherical surfaoe intercepted at tho distonce r 
is ! thus a mas«-oletnent of at tho distance r from 0 

m pr*mclr j and a« the attraction of this on m 


m 

1*1 


ss mptAikt 


m wilt the attraction of all the mass at 

sitailarlv, the attraction at p>//q' » but by the 

goomolJy of the arelo r// « rV; tboreforo tbo attr^ions of 

t!i»i tmmm an* \ and irtitig mi o m oppoiito diraoteM; 
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been arrived at, but such an explanation will be only incidental 
and that the learner may have adequate knowledge of them ; 
and I shall not lose sight of the chief object, which is to trace 
into their farthest results those general laws which an inductive 
philosophy has supplied. 

6.] Mathematics is the most powerful instrument, which we 
possess, for this purpose: in many sciences a profound know- 
ledge of mathematics is indispensable for a successful investiga- 
tion. In the most delicate researches into the theories of light, 
heat, and sound it is the only instrument ; they have properties 
which no other language can express ; and their argumentative 
processes are beyond the reach of other symbols. For other 
sciences, for Mechanics, and Astronomy, and for Mechanism 
they are almost as necessary ; and I am sure that to any one 
who has taken the pains to compare the general explanation 
of planetary disturbances given in Sir John Herschel s Outlines 
of Astronomy with that of the same phenomena as discussed 
with the aid of mathematical appliances, there cannot be a doubt 
that, however successful Sir John Herschel may have been, 
even beyond his expectation, yet for an accurate comprehension 
' of the circumstances the other method is absolutely necessaiy. 
The following extract from that work * is unimpeachable testi- 
mony : ' Admission to its sanctuary' (that is, of astronomy) 

‘ and to the privileges and feelings of a votary is only to be 
gained by one means— and sufficient hntmhdge of vmthe- 
maiios, the great metrument ^ *att exact mquky, without which no 
mon cm ever make such advcmces m this or in any other of the 
higher de^ourtments of sdenoe as can entitle him to form an in-^ 
dependent opinion on any sulject of discussion within^ their ramge. 

I can truly use the same language as to the necessity of mathe- 
matics for the successful study of the other higher branches of 
the science of motion. 

61 Here it may be asked. What axe mathematics? Define 
them. Do they require and apply reasoning processes different 
. from those of the ordinary discourse of men? have they a li- 
ferent logic? and a different language? What distmction exists 
between pure and mixed mathematics, since they are conamonly 
divided into these two classes ? and what does the term include ? 
Many of those questions may be matter of words only; it is 

* Sou Outline* of A*tronomy, 4*^ P- 5- 

iSsi. '■ ' ■ ' ■ ' 
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they neutralize each other. And because the same result is 
true of every pair of such opposite small masses into which the 
whole shell may be divided, the attraction exercised by it on 
the particle at o is zero. 

The shell has been considered to be of finite thickness, but it 
is obvious that the same result is true for a shell of infinitesimal 
thickness. 

Hence it follows that the attraction of a full homogeneous 
sphere on a particle within it varies as the distance of the par- 
ticle from the centre: for if a concentric spherical surface is 
described passing through the attracted particle, the shell lying 
outside of that sphere has no attraction on the particle ; and it 
is attracted only by the mass lying within that sphere j and that 
varies directly as its radius : see equation (24). 

If the sphere is composed of a series of concentric homo- 
geneous shells, the density of which however varies, then the 
attraction of all those lying outside of the concentric sphere 
passing through the attracted particle is zero : and as the at- 
traction of each of the others is the same as if it were condensed 
into its centre, so if c = the distance of m from the centre 
and M = the mass of all those shells lying nearer than m to 
the centre, 

the attraction of the sphere on ; 

C“ 

and if the matter of m is homogeneous, so that m varies as 
the attraction varies directly as the distance from the centre. 

Ex. 2. Let the attraction vary directly as the distance; then 

/(tc) = u ; 

and from (36) we have 

the attraction = F ^ 

1 4 : 2 

= 4:Tr pmr^cdr^ 

and this is the same as if the shell were condensed into its 
centre. 

199.] The result in (37) leads us to inquire whether there 
are any other laws besides that of the inverse square of the dis- 
tance, for which the attraction of a homogeneous spherical shell 
on a particle within it is zero. 

In this case from (36), ' ' ’ ; 

fr+c 
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0 = [(.- + «■ -<■■) // w*Cr * ’ 

now making the suhetitutions of (29), we have 
0 ^ [(«. + c’ -r*) </.(«)- 2 (w)]^_; 

0 = C) <^(r + C) + c(»-o) + c) + 1 (»-<^) 

_ d + g) l . 

c ^ i 

■•■ o = -s{t'«++"'«lX5+'''J’ 

and integrating, 

and as no relation exists between r and c, 

f'(r) = A, (89) 

— 0, and so on. 

And since from (30), fir) * r<f> (r), ^ 

>•</>(’■) *^ ^> ^{r) = ~ ^ > 

... /(r) =«-“, > 

therefore the law of the inverse sciimro of the distance is the 
only the attraction of a homogeneous spherical 

flhfill on an internal particle is zero. , , , 

200 1 To determine the attraction of a reotani^ilar plate on a 
paSle at a given distance from the plate m the Ime passing 
through the centre and perpendicular to the piano of the plate. 

S 2 »and 28 he the sides of the plate, p its densi^, andr 
its thickness} let o*the distance of the particle from the 
plate j then the attraction of the plate on the particle 


; imprie 


‘f’f 

Jo Ja 


r« 

improj^ Jo («*+y® + e*)^ 
o8 


Hence, if the plate is a square plate, 8 - « | and the attraction 


d m n r taH*" * 


I 4fMiiTihr 
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If = 00 , the extent of the plate is infinite, and as the right- 
hand member = 2 7rmpr, the attraction is constant; and thus 
the attraction on an external particle of a square plate of infinite 
exten# is the same, whatever is the distance of the particle from 
the plate. This result is the same as that already found for a 
circular plate in Art. 192. 

Also, if <? = 0, that is, if the particle is on the plate, the 
attraction is equal to 2 7tmpTj and is the same as that of an 
infinite square plate. 

Hereby also we can solve the following problems : 

Ex. 1. To find the attraction of a homogeneous prism, whose 
transverse section is a square, on a particle in its axis at a given 
distance from one end. 


Let 2 <3^ = the side of the square transverse section of the prism ; 
4 = the length of the prism ; c = the distance of m from one 
end : then the attraction of the prism on ^ 


= imp 


a; Biir 


- 2 a log 


4- (ir * 4- 2 1 ^ 


Ex. 2. The attraction of a pyramid on a square base, of which 
the altitude is a and 2J is the side of the base, on a particle at 
its vertex 

=: 4^^p^sin“^ 7 -. 


201 .] The attraction of thin plates on particles in the plane 
of the plate. 

Ex. 1 . To find the attraction of a thin rectangular plate on a 
particle external to it and in its own plane. 

Let and d—b' be the sides of the plate; then, if the 

axes are parallel to the sides of the plate, and (of, V) is the angle 
nearest to the origin, and x, y are the axial-components of the 
attraction, 


■rr 

Jv Jo: i 


xdxdy 


mpr f I ^ ?: 



Y =: mpr 



b' + ib'^ + l>' + (5'» + r 

a +(a» _ a -f (a» 

a' 4- («'» + a' + («'» + 5 ')* ) ' 
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If a'ss //s= 0 } that is, if the attracted particle is at an angle 
«f the rcctangla x = v = qo, and the attraction is infinite. If 
one, however, of those quantities is zero, the attraction is still 
finite. 

Ex. 2. The attraction of an elliptical plate on a particle at 
the focus, when the attraction varies directly as the distance is 
equal to wMse, if M as the mass of the plate. 

202.3 The attraction of various bodies on particles. 

Ex. 1. Tlio wrtnx of a right circular cone is at the centre of a 
sphere : find iho attractioji of the part of the sphere intercepted 
tty the cone on a particle at tlie vertex. 

* If wc refer ttt the system of polar coordinates in space, and 
lake the axis «*f the cone to ho the i«axi8, then 


rtw fo fii 

the attraetion ■amp] / / sin 0 cos S tlr dO d^ 

Jn Jti. Jfi 


If m pit {mu 


If « W mt% llu’ {Mtrlion becomes a bemisjiherc, and consequently 
tho attraction <if a lieniisphero on a particle at its centre ss umpa. 
Is. 2. Tim vortex of « cone »* on the aurfuce of a sphere, and 
the «t* of the cone pasHi's through tho centre of the sphere s 
find the attraction of the intercepted mass on a particle at the 
vertex of the w»nw. 

la.1 the vertex of the wmti l«» the origin, and tho axis of the 
i-t.ne the »xm of I : that iimirtUng to tho notation of Art. 166, 
Vol. II Cintegwl t'alcuUwb the tHpiation to tho sphere is r = 
2**c»*#{ then, if t w nltra-clion along the axis of s, and 


2»ew«# » r, 


■f*/* I / 


4 % p m #1 




E*. 3. To find th# attraetion of a hemisphere on a particle at 

it# txItfC. , . , , i n i> 

l4«l tho plw* of tlie jtittrtiele Im the origin, and let tho line 
thwMgh it nnd the contra to tho r-axis, the plane dr- 
etdar hii*» of tho hemiaptore toing in tho plane of (y, J ^ 
taking she ayrtew of cwinUnates given in Art. 168, Vol. U 
{Integral t’alruhwh if 2 «c«®« >?, a»«i 
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x = pml f (siaey cos 6 dr d$S(t> 

_ 4:pma 

Y ^ pm I f (sin OysiiKjy dr cld deb 
*^•“5 *^0 *^o 

= 0 . 

z = pmj^^ I' sind cos B dr do defy 

2TTpma 

3 

203.] The attraction of a homogeneous ellipsoid. 

Let the place of the attracted particle m be the origin ; and 
let the coordinate axes be parallel to the principal axes of the 
ellipsoid, the centre of the ellipsoid being at (a, y), so that 

the equation to its surface is 

>^a ..\2 

(40) 


(tv-ay (e-rY 

c“ 


1; 


and let us refer it to the system of polar coordinates explained 
in Art. 165, Vol. II ; so that, if 


( 


sin 0 cos (py , ^sin ^ sin 


-)+C 


/COS 0x2 
) + (— ) = 


a sin 0 cos 0 sin 0 sin ej) 

+ — (“ 


G 

ycos0 




= B, 


a’ c» 


-1 = c 


J 


(41) 


(40) becomes Ar’ — 2Br+o = 0; (42) 

then if r, and r, are the roots of this equation, r, being the 

greater, and r, the less, 

B+(b‘^— AC)^ B — (b“— AC)^ 

r, = i , J-J = - — i A. . (43) 

A A 

If p is the density of the ellipsoid, 

its mass-element = pr^ smBdrdSdejy ; 
and as the direction-cosines of r are sin 0 cos 0, sin 0 sin <^, and 
cos 0, so the resolved attractions on m of the mass-element are 
mp (sin Oy cos cj) dr dOdej), mp (sin Sy sin cjy dr dO defy, 
mpshi 0 cos OdrdO defy ; 

the integrals of which for limits assigned by the geometrical 
conditions of the problem are the axial-components of the total 
attraction. 
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Let X T z be the axial-components of the attraction ; and let 
us first consider the attracted particle to he within the ellipsoid; 
so that the limits of the r-integration are and -j-, j then 

j- _ r j j mp {sin Oy cos (f> dr do d<l), (44) 

Jq Jq ^-r2 

Y _ I jmp (sin Oy sin ^(kdO d^, (45) 

z^f I I 'mpsinO cos 6 dr do dcj). (46) 

Jo Jq J-r^ 

Of these three I shall consider the last, because it is the most 
simple; and results which are derived from it may be extended 
to the other two by an exchange of letters only. 

Performing the ^-integration, and replacing r, and r, by their 
values in (43), 

z = / / mp Bind cos 6 dOd<l>. (47) 

Jo Jo 

Now 

sinflcosaB _ sineeos0{b^c^a8inOcos<j)+c^a^psin0Bin ^ +a’‘b’‘ycosd) 

X ■ {bo sin 0 cos </>)’ + {ca sinOsxn^y -f- (ab cos Oy 

and observing that the denominator is a rational function of 
sin 0 and (cos oy, and that the first two of the three terms con- 
tained in the numerator are rational functions of the same 
quantities; and observing that the limits of the 0-integration are 
w and 0 ; by virtue of (40), Art. 88, Vol. 11 (Integral Calculus), 
the integrals of the quantities corresponding to these two terms 
vanish ; and we have 

C'f sin0(cos0)^<?0<i^0 , 

z_2«pa yj^ (ic sin 0 cos <|)) * + (casing sin <^)*-l-(«0 0080 )*’ 

and .performing first the <|)-integration, we have 
» sin0(cos0)’'<i!0 


n0 


{e’ + (««— c>)i!»}i{e» + (2 
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Similarly, 


X 

Y 


rziiTrmpica f 

= 4iTtmpca^ f 

JQ 




^ (Js (c2 — ^2) ’ 

Pdt 

{^2 ^ (^2 P}^{6^ + (a^-^b^)p}i- ' 


( 51 ) 

( 52 ) 


wtich definite integrals represent the axial-components of the 
attraction of a homogeneous ellipsoid on an internal particle. 

Now these three expressions involve elliptic integrals which 
cannot he expressed in. circular or logarithmic functions. The 
problem however is reduced to simple quadrature j and the 
required integration involves the summation of the attractions 
of a series of conical shells, whose common vertex is the at- 
tracted point, and the thickness of which increases directly 
as the distance from the vertex, because the and the ^-inte- 
grations have been taken between limits which give a double 
conical shell; and therefore the element-function in (51) &c. is 
the attraction of such a double shell. 

ty it will be observed, is the cosine of the semi- vertical angle 
of the cone : the axis of the cone being parallel to that prin- 
cipal axis of the ellipsoid parallel to which the attraction is 
resolved. 

204.] Jacobi has put the three preceding expressions for x, Y, z 
under an elegant form by means of the following substitution : 


Let P =: 






dt 






2 -f- 


2 > 


and when = 0, = oo ; when ^ = 1, «(5 = 0 : therefore 

die 


X = ^irmpaica / 

-/ 

•^0 


ZM.ma 


0 (u + a^) + 

dti 




if M = the mass of the ellipsoid. Similarly, 
Y 


r® du 


2 *^0 (u + d’‘) {(u + a’‘) (u + d'^) + 

^ _ Swmy r® elm 

h (« + c*) {(««+«“) (w + c»)}i 


2 


( 53 ) 


( 54 ) 

( 66 ) 


280 


ATTEAGTION OF ELLIPSOIDAL SHELLS. [ 205 . 


TliGSG vftluGS itifty iilso l)G expressed iir tlie following form : 
Let r 

TI = / 

•JO 


then 


{(»+«'■) (« + 5“) (w+c")}* 


X=_3K».«(^). i = ^ = -3H,»y(£). 

And they also give tire following remarkaMe relation : 
dx dz 3mw 4 /*“ (« + S*) + g*) + + g”) 4- ^*) + (w + a") {u + 


- rfu 


dx 


la’^d^’^dy"’^ 


~f 

Jo 


{(«+«'•') (■»+(?“)}* 
3m?» 

alja 


du 


z=—iirpm, (56) 

We Blrall see hereafter that this is a general theorem of at- 
tractions. 

206 1 Of the values of x, v, z it is to ho observed that each 
is proportional to the distance of the attracted particle from the 
principal plane which is perpendicular to tiro principd axis of 
the ellipsoid parallel to which it is the component of attraction. 
Consequently the particle is attracted by three components 
along the principal axes, each of which varies as the corre- 
spending coordinate of the attracted particle. . . . t. 

It is also to bo observed that tlio values of z in ( 61 ) &o. 
are not changed, if the quantities «, b, e are replaced by ka, kb, 
ke where k is any number : the attractions therefore are not 
dinged by the addition or subtraction of a shell contained 
b^fcwoon two ellipsoidal surfaces coucentrio and similar, provided 
that the attracted particle is within the interior. Hence we 
infer that a homogeneous shell contained between two similar 
and conoentrio ellipsoids attracts a particle within it equally in 
all directions. This theorem is generally known hy the name 
of Newton’s theorem on attractions, and is proved syiriheticdly 
in the Principia. To it also the geometrical method of Art. 198 

is immediately applioable. , , . .1 i,„n 

In fig. 82 let 0 he the attracted particle, and lot the sheli, oi 

which the seotion through 0 and the centre by the plane of the 
paper is drawn in the Wgure, be contained between two similar 
elUpsoidid surfaces eoncentrio and similarly placed, a®d lot us 
suppose tlie shell to be homogeneouB. Consider 0 to be the 
ve^x of solid angles which fill up the space around it; and to 
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each one of these angles let the opposite and vertical angle be 
drawn as in the figure : let qpop'q' be one of the lines of such 
angles made by the paper. Now of similar and similarly situated 
ellipsoids it is a property that PQ=p'q'; let o) be the area of the 
spherical surface, described about 0 as a centre, with unity as 
the radius, which the cone intercepts : so that the volume, of 
which is the section made by the paper, consists of ele- 

ments, each of which is equal to and the attraction of 

each of which on m placed at o is 

o 7 

= mp(ddr; 

and of which the sum ismpcdx^eq; similarly the attraction of 
v'q'qY is mp (ax pVj which is equal to the preceding; therefore 
the two attractions acting in opposite directions neutralize each 
other : and as the same result holds true for all the solid angles 
at 0 , so the resultant attraction of the shell on o vanishes. 

As this proposition is independent of the thickness of the 
shell, it is also true for a shell of infinitesimal thickness ; and 
therefore it is true also for a shell of any thickness, composed of 
homogeneous concentric, similar, and similarly-placed shells, the 
density of each of which varies according to any given law. 

Hence also if an ellipsoid attracts a particle of its own mass, 
and a concentric and similar ellipsoidal surface is drawn through 
the place of the attracted particle, the ellipsoidal shell lying 
outside this latter surface will have no action on the particle ; 
and the attraction of the ellipsoid will be reduced to that of 
the body lying within the latter surface. 

Hence also it appears that if, as in fig. 83, m is without the 
shell, and from o a cone, intercepting a spherical area (w) with 
a radius unity, is drawn, the attraction of the intercepted part 
of the shell at p is equal to that at q ; and as the same result is, 
true for all similar cones, it follows that if o is considered to be 
a pole with reference to the exterior ellipsoid, the polar plane 
will divide the shell into two parts, the attractions of which on 
m at the pole are equal. 

206,] In certain cases however the values given for x, y, z in 
Art. 203 can be integrated again. 

Ex. 1. Let the bounding surface be an oblate spheroid; that 
is, let az=i; and let e be the eccentricity of the generating 
ellipse of the spheroid, so that 

lUllOE, VOL, in. 0 0 



282 


ATTBACTIOi^ OF SPHEROIDS. 


47rpmca P 
a Ji) \ 


Pdt 


similarly t 


A) 

27T^/2p/3 (1 f ,, ^.1. 


% ss 47r??2p^^y 


'i 


47r#^py j 

, j. 


1. 


1 

c , } 

- — tan-*— > 
ae c ) 


4TTmpy{ (1— -6'**)^ . ) 

__XA. 1 BUI”"* e > 


1 


J’ 


[2,06. 


(57) 

( 68 ) 


(59) 


Henco it appears that the attraction depends solely on the 
eccentricity of the bounding spheroid, and is independent of its 
magnitude. 

Thus if through the attracted particle a spheroidal surface is 
drawn similar to the given one, it will attract m with the same 
force as the given spheroid, and as any other similar concentric 
spheroid which ineludes m within its mass. Hence a spheroidal 
shell, the surfaces of whidi are similar and concoutiic, attracts 
a particle within it equally in all directions. 

Ex, 2. Lot the hounding surface be a prolate spheroid, so 
that 6 zssci also lot the ocoentrioity of the generating ellipse 
be e, 80 that 

a’‘—b'‘ = «“«»; b* xa «»(l— e>),' 

then we have 

iTtmpb’‘a p (^tU 

X i. 

‘ Iob'+’-iIs (60) 

e’ (20’ ®l--e ) 


(61) 

( 66 ) 

As those expressions involve the ecoentricity only, it follows 
that a spheroidal shell, the bounding surface* of which are 
similar and concentrie prolate spheroid*, altmcte a particle 
within it ct|itally in all dircctiona. 
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Ex. 3. If the bounding surface is a sphere : then a = i = e; 


X = 


4:TTmpa 




z = 


4iTrmpy ^ 


(63) 


3 ’ 3 ’ 3 

where a, p, y are the coordinates of the attracted particle from 
the centre of the sphere as origin. 

207.] Eetuming now to the expressions (44), (45) and (46), 
with the object of applying them to the case of the ellipsoid 
attracting an external particle, the limits of the r-integration 
will be r, and so that 


m n 

mpsmBcosddrd9d(f> 

=/'/■ 

‘'0 •/O 


2 a 

mpsin^cos^-^ —dOd^. (64) 

A 

Let K.y B, c be replaced by their values^ which are given in 
(41): then the element-function contains circular functions in 
an irrational form^ and does not admit of further direct integra- 
tion, We are therefore obliged to have recourse to an indirect 
process ; and with a view to it, I will return to the symmetrical 
equation of the bounding ellipsoid. 

Let the centre of the ellipsoid be the origin^ and (a^ jB, y) the 
place of m the attracted particle. Let a, by c be the semi-axes 
of the ellipsoid^ of which the equation is 


'F 


+ ^ = 


(65) 


then the axial-components of the attraction of this ellipsoid 
on m are the following : 

pm{ii'-x) dx dy dz 


=///p 


-»)’‘ + (/3-y)»-)-(y- 
pm ^y) dx dy dz 




{(a— »)“ + (j3-y)'‘-|-(y-2:)“}t ’ 
f r r pm(y—z)da!dydz 

JJJ 


( 66 ) 


(67) 


( 68 ) 


{(“-«)“ +0-y)“+(y-«)''}^’ 

the range of integration in each case being the space included 
within the surface of the ellipsoid. 

Prom the symmetry of the formulae it is evident that the 
results of the others may be inferred from the integral of one 
of these expressions. We need therefore only consider one of 
them^ and I will take the firsts viz. (66). 

0 0 
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> 




[208. 

(69) 


X = 


ro Tv p {a—x)dxdydz 

’^J-c J-Y J-x Ua—xY + iB—vY + iy-z) 


{{a-xY + i^-dY + iy 

m dy ch 

Ua- 


zY}"^ 

T . 


-{{a-xY + iB-S/Y + 

Now when x is replaced by its limiting values, the element- 
function has a form which does not admit of further direct inte- 
gration, and we are obliged to have recourse to an indirect 
method. This has been discovered by Mr. Ivory, who has 
shewn that (70) expresses the corresponding axial-component of 
a certain ellipsoid on an internal particle ; and as the latter has 
in the preceding Article been investigated and reduced to the 
form of a single integral, so may this also be expressed in the 
terms of a single integral ; and consequently by Ivory's theorem 
we can effect one integration in the right-hand member of (70), 
and thus reduce it from a double integral to a single integral. 

208.] It will be observed that when x is replaced by x, the 
point (x, y, z) in (70) is on the surface of the ellipsoid (66). 
Through the point ( 0 , /3, y) let there bo described an ellipsoid 
concentric with (66), and having moreover the foci of its prin- 
cipal sections coincident with the foci of the principal sections of 
the given ellipsoid. In this case the latter ellipsoid is said to 
be concentric and coufocal with the former. Its equation is 
consequently x^ _ y‘ , z'‘ , 


+ 


+ 


wKere w is a quantity to be determined by tbe fact that (a, y) 
lies in the surface of (71) ; so that we have 


+ 




, ^ JL^ z- 1, (72) 

4« + ci) 6'« + a) 

Now when the fractions are removed from this equation, and 
it is reduced to an integral form, it is a cubic in w, and has 
three real roots. 

Let us suppose then if in (72) we replace <»> succes- 
sively by oo, — —4% — the results are +; ; so 

that of the roots one is greater than — ; another lies between 
— and —4® ; and the other lies between —4* and — and 

accordingly in the first case all the coefiicients in (71) are 
positive, and the surface is an ellipsoid; in the second case the 
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coefficients of the first two terms are positive, and that of the 
third term is negative, and the surface is a hyperboloid of one 
sheet; in the third case the coefficient of the first term is 
positive, and those of the other two terms are negative, and the 
surface is a hyperboloid of two sheets. Thus through a given 
point there can be drawn three surfaces of the second order 
concentric and confocal with a given ellipsoid ; and indeed with 
any central surface of the second order. As however an ellip- 
soid is the surface which is required for the present problem, we 
must take the largest root of (72) as the corresponding value 
of 0 ) ; and this is a positive quantity, because the result is + oo 
when 0 ) = 00 , and is — when o) = 0. 

209.] Let a' y i', o' be the semi-principal axes of the concentric 
and confocal ellipsoid which has been thus described : so that 

^'2 = a" 4-0,^ C^ + O); (73) 

and the equation to the ellipsoid is 


^2 ^2 ^2 ^ 


(74) 


and let x', y, i! be the axial-components of the attraction of this 
ellipsoid on a particle my equal to the other particle, placed at a 
point (a', /3', y) within it. Then if 


f ^/2 ^^2 }/ 

=X', = (75) 

x-=p»r77 -r ,(75) 


with similar values for Y and z'. It will be observed that 
when Y is replaced by x', the point (Yy y, /) is on the surface 
of (74). 

Let us determine the points {Yy /, /) (a^, /3', y'), which are 
thus far arbitrary, as follows : let (a', ^'y y) be taken on the 
surface of the first ellipsoid ; so that we have 


a'« ^ /3'^ 

and let its place be related to that of (a, /3, y), so that 




(77) 


~a ~ li' T~T’ T~y’ 
also let (a?', /, z') be so related to {x, y , «) that 

j/ _y 

a' ~ a’ b' ~ b' e' ~ c ’• 


(78) 

(79) 
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these relations bein^ consistent^ as it is evident, with the equa- 
tions to the surfaces. Let {x, y, z) and (a , y) which are on 
the first ellipsoid be p and q'; and let («',/, z') and (a,^, y) 
which are on the second ellipsoid be p' and q; so that the 
denominators of the element-functions in (70) and (76) are re- 
spectively PQ and p'q'. 

Now pV= ’PQI 

p'q's—pqj = (;»'— a')* + (y— + 

-{x-aY-{y-^Y-{z-yY 

Ch f\ 

— a') 4-' 
a / 






= 0 ; 


x—a'^ — 

-(x^-a'’‘) + 
y'‘ z^ 

4. — I 

I Zo ” 


a 

v^- 


+ 




¥ 




(^«-/») 


■ 


/!l 

¥ ) 


(80) 


pV=pQ- 

Two points, as p and p', on two concentric and confocal ellip- 
soids, the coordinates of which are related by the conditions (79), 
are called corresponding points. Similarly Q and q' arc also cor- 
responding points. 

210.] The preceding relations enable ns to express the ele- 
ment-function of the double integral (70) in terms of that of the 
integral (76). Let us replace y, z, X, Y, in terms of /, /, x', y' 
by means of (79), and the denominator of the element-function 
by means of (80), and we have 


^ Vd J..S •^-v' LKu' 


dufiU 


(81) 

(82) 


Ic , 


{(a -<r0’ + (^' -/)“ + (/-/)»}* 


Similarly 


oa , 


ah , 
ah 


And we have thus determined the axial-components of the 
attraction of an ellipsoid on an external particle in terms of the 
similar components of a concentric and confocal homogeneous 
ellipsoid on an equal particle within it^, whose place is that on 
,the interior ellipsoid which corresponds to that of the originally 
attracted particle. 
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Let x', 's', i' be replaced by tbeir values given in (51), (52), 
and (50) j and a', b' , c' by their values given in (73), and we 
have 

4:Trmpabca p pcU 


X 


ica P 

Jo {a 


; (83) 


and also similar values for Y and z. 

Thus the attraction depends on the evaluation of a single 
definite integral. 

From (82) we have the following theorem : 

The attractions with which two confoeal homogeneous ellipsoids 
attract^ parallel to each axis^ e(jual particles placed at corre- 
sponding points on their surfaces, are as the products of the axes 
perpendicular to each component. 

This theorem has also been extended by Poisson to the case 
in which the law of attraction is any function of the distance. 

211*] By the preceding theorem we can determine the attrac- 
tion of a spheroid on an external particle. Thus, for example, 
let us take the oblate spheroid ; in which case ^ 3 j and let 

e be the eccentricity of the generating ellipse, so that = 

if e' is the eccentricity of the ellipse which gene- 
rates the concentric and confoeal spheroid which passes through 
the attracted particle. Then from (57), 


ac , 
x=: 

a c 


ac 2'nmpa' 


{sin~i/~/(l 


ca 


= 2 7rmp*^{sin'-'^/— /(I— 


(84) 


ae 


(^2 + 6))^ 


, and 0 ) is the positive root of the quadratic 






1 . 


where «?' = 
equation 

Similarly 

2iTmpcB ^ , 

^ ® ^ 

„ _ 4irOTp(ffl» + (o)(c“ + ft))5^y r. (l-e'M^ . 

^ ^{l-L-^siu-.'}. (86) 

Similarly may we determine the attraction of a prolate spheroid 
on an external particle. 


(85) 
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212.] If the oblate spheroid is of small eccentricity^ so that it 
differs little from a sphere, the right-hand members of (84), (85), 
(86) may be expanded in ascending powers of e', and approximate 
results may be obtained in an algebraical form. We shall neglect 
powers of / above the second, and if we suppose the attracted 
particle to be close to the spheroid, e'= e, if e is the eccentricity 
of the generating ellipse of the spheroid. I will also suppose 
the attracted particle to lie in the plane of {sc, z), so that j3 = o, 
and Y = 0 ; for no loss of generality arises from this assumption. 


2 Tsmpa 


{(1 —e^)^ sin-‘(3— e(l — fl’)} 


_ isrmpa ^ } 

- 3 5j-» (87) 

Let u be the resultant attraction ; and \ be the latitude of the 
place of m ; that is, the angle at which the normal to the spheroid 
at the place of m is inclined to the equator* Let m = the mass 
of the spheroid ; then 

M == L—. ~ (1 ) , 

3 3 2 ' 

fees W 

= « '^ sA)»-fe»(sinA)» =‘’^<=08 A)“(H-e») {1 + a«(8inA)»} 
yo = c'‘(ainA)»(l-e»){l-l-e»(sinA)»} j 
= {x’-|-Y>}^ 

Se’ e’'(sinA)»^ 


mu j , e’'(sinA)» 
1 ^ 10 10 


■'i r; : ) Tt) + 10 ‘ 

Now as n is the resultant attraction of the spheroid on m, it 
what in Art. 123 has been called the weight of ^ j in reference 
of course to a homogeneous oblate spheroid of small eccentricity ; 
and consequently n is identical with ; hence 




Let G be the least value of ff y that is, Q is the value of y at 
the equator, when A = 0 ; then 

G = i(i + !£v 
a* V ^ in /’ 


( 90 ) 


maolauein’s theorem. 
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SO that a varies directly as the mass and inversely as the scjuare 
of the equatorial radius. Also 

(91) 

that is, the increase of gravity of a homogeneous spheroid of 
small eccentricity varies as the square of the sine of the latitude 
as we pass from the equator to the pole. 

In reference to this result, however, I would observe that the 
latest reductions of geodetical observations seem to shew that 
the figure of the earth is that of an ellipsoid with three unequal 
axes j and that the greatest and least equatorial axes are in the 
longitudes 15° 34' E and 105° 34' E respectively from Greenwich. 

In an ellipse of small eccentricity, the ratio of the excess ot 
the equatorial radius over the polar radius to the equatorial 
radius is called the and is denoted by e ; so that 

^—•<3 = but =1 — (1 — ^ ; therefore e = ~ ; and 

C(/ 2 2 

a{l + I (sinA)^}* (92) 


213.] The preceding formulae will also give the attraction of 
a homogeneous elliptical cylinder of an infinite length on an 
external particle on its surface. 

In (83) and in the two similar values for y and z, let ^ = 00 , 
while h and c remain finite ; then as the particle is on the sur- 
face, CO = 0, and 

2itmpbca H t^dt 

^ ./.i \ — ~ 

as we may foresee. Let e be the eccentricity of the elliptic 
section ; then 

4:7rmpcl3 P tdt 
< 


Y = 


b 

= 4 irmp^ 
Z == 4:71 mpy 


'0 {l — eH^)i 

( 1— 1 


4:7Tmpp 


b^o 


1 — ( 1 — 


iirmpy 


b c 


(93) 

(94) 


214.] Hence also we may deduce the following theorem, 
which was stated first by Maclaurin in a particular form, and 
was demonstrated by him in that form : 

Two confocal homogeneous ellipsoids attract an external particle 
PRICE, VOL. in. pp 
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maclaijein’s theobem, 


[ 2 1 5. 


along the same action-line, and with forces proportional to their 
masses. 

Let the two confocal ellipsoids be E and e', of which let the 
semi-axes be respectively a,l,c\ a', V, c'j and the masses be m 
and m'. Let (a, y) be the place of the attracted particle, and 
through it let a concentric and confocal ellipsoid e, be described. 
Let X, Y, z, x', y', z' be the axial-components of the attraction of 
B and e' on m at (a, ^8, y) respectively. Let a„, h^, e, be the semi- 
axes of Ej : also let x„ y,, z, be the components of the attraction 
6f E„ on a particle at the point on the surface of e which cor- 
responds to (a, y) ; then 

— = Jf-- JL — ^ 

X, 5c c/ Yi “ 

Also let Xo, 


Co «0 ’ z, ac dc ' 

Y„, z„ be the components of the attraction of e„ on m 


i \JX JKq UJLl ’flit 

at (a, ft y) which is in its surface; then we have from (53), if 
= the mass of b„, 

^ _ iUcm ^ 1'’^ du 


O/Q 




T 

Jo 




^ 4- 4 a^) (u -f ‘ 


X ^ X Xj 
Xo Xi ^ 

* — = — 
Xo 


ado u 
^ M ^ 


the last two members of the etjuality following from the sym- 
metry of the formulae. Similarly for the attraction of e' we 
hayey 


X 

Xq 

X 

F 


y' 

Y 

7 


z 

z 

7 


_ “ . 
M 

-7’ 


which equality is the statement of the theorem. 

215.] At the conclusion of this direct process of investigating 
attractions the two Mowing observations are to be made : 

(1) In the preceding investigations, whenever the law of at- 
traction has been, as to distance, that of the distance directly, 
the attraction of the body on the attracted particle has been 
the same as if the body were condensed into its centre of gravity. 
Now this property admits of generalization, so that in all cases, 
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whatever is the form of the attracting' body, the total attraction 
of it on a material particle is the same as if the body were con- 
densed into its centre of gravity. 

Let the centre of gravity he taken as the origin ; (a, ft y) the 
position of m, the attracted particle ; {x, y, ^ a point of the 
attracting body, at which let the element dxdydz of its volume 
abut ; let p he the density, and r = the distance between m and 
{x, y, z) : then if x, y, z are the axial-components of the at- 
traction, fff 7 7 r CL- 

a z=. m J JJ pr may cm 

-/// p (a— dec dy dz ; 

Y = ^ JJJ p -^y) dec dy dz ; 

“ = “///f iy’—z) dxdydz ; 
but because the origin is the eeiatre of gravity^ 

X dx dy dz = JJJ pydx dy dz = JJJ p z dx dy dz ^ 

and if M = the mass of the attracting body^ 

M = ///^ dx dy dz ; 


and these are the axial-components of the attraction of m, which 
is at the origin_, on m placed at the point (a, /3^ y) ; and therefore 
the proposition is proved. 

(2) Some remarkable results arise^ when a spherical shell or 
a sphere attracts a material particle^ if the law of attraction is 
that of the inverse square of the distance; (1) the attraction 
of a spherical shell or of a sphere on an external particle is the 
same as if they were respectively condensed into their centres ; 
and (2) the attraction of a spherical shell on an internal par- 
ticle is zero. Also we shall hereafter shew that^ Kepler'^s laws 
being assumed to be true^ this law of attraction holds good 
in the motion of the celestial bodies ; and also in electrical and 
magnetic phaenomena, results can be explained and accounted 
for by^ the same law. Now is there of this law any a priori 
probability? Can we assign any reasons why the attraction 
shouH vary directly as the product of the attracting masses, 
and inversely as the square of the distance? Suppose m to be 
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and which is such that none of its quantity is T 
cess of propagation; let m he the vertex ^o/a 

consider the parts of spherical surfaces which areTes TV? 

as a centre with different mrlN i aescribed from 

cone. The areas of -*--P^cd h, the 

of their radii, and the same amount S attrLT 
spread over each one; therefore the intensity oTth?”^'^^^’^® “ 
attraction on an unit-surface varies inverselv « iT ^“ount of 
spherical surface intercepted by the cone and., T 
inversely as the square of the distance of ^ ^’^orefore varies 

- »' - tot ts*”" 

the attraction = * 

i« lot ly' meoiis' ofVdtri It tt inllneMe 

tion i. th.t of the .W St™*' 


T" " 

force which is in aS Tft™ t " " of 

duct of the miasses and is nls r directly as the pro- 

Hne of this force !; Te it It f ^ *^0 actL- 

Now from these CTOumstandT^“° particles. 

between the components of the Tr^^ 77i. relations, 

ponents are expressed hv au^tif T oom- 

coefficients of the same ffiLotio differential 

determined, the fbis function is 

entiation. Thus, let n' be the atT^T by differ- 

particle; and let the law ofTtt attracted 

-i^-e r is the distance hetv^Lt^T^d" ^ 

or repulsion of on »» is attraction 

^ at (w', /, /) . then vl and 
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been thougbt to be terrestrial, or, at all events, cosmioal matter ; 
and tbat therefore the science involves considerations of the 
properties of this matter, and which must be discovered by- 
examination and analysis, and that these processes are extra- 
neous to pure motion : whereas the other sciences consider sub- 
jects only which are proper to them, and therefore they are 

called 11 7 7 7 

7 .] The science of number, or, as the French call it, le caleui, 

has for its subject-matter number in its pure and abstract form ; 
number, that is, as an abstract quantuplicity ; not this or that 
thing taken so many times, but the times^ which it is taken; 
it does not treat therefore of conerete things; and it is im- 
portant to observe this property of the science, because the 
truths of number are for this reason so generally, almost uni- 
versally, applicable; time, space, pressure, weight, velocity, 
quantity of light, of heat, of electrical action, may be all mea- 
sured by it; and so long as the conditions imposed by the nu- 
merical science are observed, the truths of number have their 
counterpart in the applied science.^ The. science also includes 
number in its twofold (^vision of discontinuous and continuous 
number; the former of which is the subject of arithmetic and 
algebra, and the latter of infinitesimal calculus; these being 
distinguished by a difference of species of subje^-matter, and 
not of process. It is most important to observe that tb® ^me- 
rical symbols represent abstract quantupHcities, an ® 

results are true, because they are correct developmen s o le 
idea of number, and are independent of the concrete “tatter to 
which they are applied. Yet they may be applied, and by the 
following process : the numerical proposition is operated on 
by the concrete unit of the matter of the particular science, 
wWer it be linear length, or area, or cubical content, or 
weight, or velocity; that is, each term of the numerical equa- 
tion has the concrete unit affixed to it, and thereby itself be- 
comes concrete, and expresses the concrete thing taken a cer- 
tain number of times; thus suppose we have a numerical. 

equation 4 + 8 =; 7, 

and suppose that the operating concrete unit is an mch: then 

W6 have 

4 times X one inch -f 8 times x one inch =; 7 times x one me i ; 
an inch being matter of such a kind as to be consistent with the 
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216.] 

Let X, T, z be the axial-components of the attraction of m' 
on m ; then 

= mm'f {r) , z = mm' fir) . 

T Y 


X = mm' f{r) - ^ 

Let/(r) be the derived function of p (r)^ so that 
(r) = /{t) dr; 

also 0^ dr = {a—oo')da\ and consequently 


7nm! 


, dj^ (f) 


da 


( 96 ) 

( 97 ) 


Similarly x = mm: 


, J.r' (r) 

’ ~d!r' 


, (r) 

wzm : ( 98 ) 

all these being partial differential coefficients with respect to the 
coordinates of the attracted point ; and these can be found when 
p(r) is known. 

Now let us suppose m to be attracted by many particles 
m^,,,. m^y whose places are respectively {x^y {x^y y^y z^)y 

• • * {^ny y%y ^«)j ^nd whosc distances from m are i\y r^y ,,, r^ re- 
spectively; then 

d.-^ (9\) 


r d.-^(ry) 

X = m ^ m. — -f 
^ da 


mn 


+...} 


= m 




similarly 


d , / V 
Y = P(r); 


a / / V 

z = 


Let 


:S (r) = V ; 


( 99 ) 


( 100 ) 


then x = «(g), y = «(|), t = 001 ) 

that isy the axial-components of the attraction are partial dif- 
ferential coefficients of the function v^ which is defined by (100). 

In the formula (100) :s expresses a sum; and becomes the 
symbol of a definite integral^ when the attracting mass is a 
continuous body. In this latter case, if p is the density of the 
body at {xy yyZ)y the mass-element at that point is p&? dy dzy and 

^ ^ fff P^i'^)d^dydz, ( 102 ) 

Thus, if this function can be deterinined, the axial-components 
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are^expi-essed very simply as the partial derived functions of it 
with respect to the coordinates of the attracted particle 
. y, as defined by (100) or by (102), is called the potential of^ 
maee in reference to m at (a, /3, y), which is attracted al 

cording to the law given by/(^), where F(r) =ijf(r)dr. 

217.] Let us now tahe the law of attraction to be that of tL» 
inverse square of the distance j so that 


consequently 






■ = s.~ =fff . 


■ (103) 

(104) 

the latter or the former value of v being taken according as the 
attiacting mass is continuous or discontinuous. ^ 

The value of r being that which is given in ( 95 )^ 

X = ^ ^ dxdydz 


zfff p(y—^) . 

JJJ “)’a~ ’ ’ 


*=-»(s) 


(106) 
(106) 
(107) 

pend on tte doflmte intogrol which i, gi^cn in the ri»ht hand 

the attracted particle is outside of, and not a part of the 
rae mg m^s, even if the attracting mass is a closed 'shell 
Wng inthin it : because in this case r would never^S 
and no value of the element-function would be infinite If 

- .r r « '' 

integral might be infiniie T T 

tiguLtoi r- ol?t; ™ for attracting particles con. 

function is i^fin^e^ It i/rS f ^ 

the attracted particle and refer +e i 

have ■ ^ ^ coordinates in space, we 

■ . ^^fffp^^^edrdOdcl^i (108) 

and this evidently does not take an infinite value when . - 0 

Similarly, if the attracted particle is at tbH 1 “ 
are expressed in fprma i t origin, and x^ z 

PM teims of pote coordimtB, it wiU bo seen that 
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these do not take infinite values, notwithstanding- the attracted 
particle is contiguous to particles of the attracting mass. 

Although the potential is a term by which the general in- 
tegral given in (102) is called, yet the name is speciaUy applied 
to the particular form in (104) and (108) where the law of attrac- 
tion varies inversely as the square of the distance : for this is 
the law of gravitation, as also the law according to which elec- 
trical and magnetic forces act. 

Thus the potential is the sum of every mass-element of the 
attracting mass divided by its distance from the attracted par- 
ticle. ^ 

As the potential is expressed by a sum or by an integral, it is 
evident that the potential of a mass is the sum of the potentials 
of the parts of which that mass is composed. 

The narne of “ Potential-function” was given to v by George 
Green, in his most remarkable “ Essay on the Application of Ma- 
thematical Analysis to the Theories of Electricity and Mag- 
netism,” which was published at Nottingham in 1828. But the 
abiidged name “ Potential'” was given by Gauss in his memoir 
''On General Propositions relating to Attractive and Eepulsive 
Porees vaiying inversely as the Square of the Distance,” which is 
printed in " Resultate aus den Beobachtungen des Magnetischen 
Vereins im Jalire 1839/^ 

218.] The potential is of so great importance not only in the 
theory of attractions but also in dynamics, hydromechanics, 
electricity, magnetism, and heat, that before we determine its 
value in particular cases it is desirable to consider its meaning 
from two points of view. 

As it is the sum of every mass^element of the attracting mass 
divided by its distance from the attracted particle^ it is a func- 
tion independent of any particular system of coordinates to 
which the particle and the attracting mass may be referred. 
Its value depends indeed on the place of the attracted particle, 
and varies as that place varies; but it is independent of the 
mode of determining that place. 

It has however the following important physical meanings 
We estimate woTh, as we shall hereafter explain at length, by the 
product of jpressure and the distance through which the pressure 
has acted estimated along the action-line of the pressure. .Thus, 
for instance, if a weight, = is raised through a vertical 
distance equal to /i, the work which has been spent on the lifting 



"******' »» pmm^ ^ 4 ^ 4 , ^ *** ^ 


mass 


" # » (109) 

^ I * «|||?*M. (||;: 

,». i,i^ ,«s^ M tk alttaoting 

mm * * »^»t»i^rt>* w**. *» # «»l^i»i4 4 #|«r»l« ptioloB, 

ihA * ‘i.iP, «>lk^«M»defiiiod 

% »'€i % # <l» »'«l «fe«Wi li| an nniV 

■# te ptm^ «l<^f fa * fM d 8 dataoef,: 

*# ^ i« too% 

*..-«s- »%* •* 4i# #*»l*i«i>* rf tk putaW. 

att ' f% toirffc j^bmtrttac- 

im w ti« •*» ^ # H 1% |i H *f tiltB Be^ 
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= X^ + Y^^+Z^ 
as els ds 


= -f((r>+O‘'^+0^v} 


= — m 


dY 

Ts'^ 


(111) 

so that the force of attraction which acts in the line ds varies 

dr 


as 


ds 


Hence if r is the resultant attraction, and 0 is the angle be- 
tween its action-line and ds^ 

dv 
-m — : 


i 


RCOS 6 


R COS Ods z=i — •m(Vi — Vo). 


And if the integration is carried through a closed ring, then 


V, =v„, and 


/ 


T^QQ^dds = 0 . 


The axial-components are evidently particular cases of (1 11). 
If the place of the attracted particle, in reference to a system of 
polar coordinates in space, is (r, (;()), then the components of 

attraction perpendicular to the meridian plane, along the radius 
vector, and perpendicular to the radius vector, the action-lines of 
both these last components being in the meridian plane, are re- 
spectively 

If the attracting mass is a plane wire or a plane plate, and the 
attracted particle is in that plane, and the place of it is (r, 0) in 
reference to a system of polar coordinates, then the radial and 
transversal components of the attraction are respectively 


^dY\ 


m ^^Vv 


(113) 


^dr^' r 

Before I enter on the investigation of other general properties 
of the potential, and especially of the geometrical interpretation 
of it, I will determine its value in some particular cases, and 
derive from them the corresponding components of attraction. 

320.] The potential of a thin straight rod on an external 
particle. 

Let £0 and p be respectively the area of the transverse section 
PRICE, VOL. in. Q q 
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that body, and is due, as we say, to its change of place 
is mg'h-, and the work which would be recovered, if the body 
were replaced in its former position, is also mgJi. Now potential 
is the particular form which the work of an unit-particle takes 
when it is under the attraction of one or more other par- 
ticles. For suppose an unit-particle to have come from an in- 
finite distance under the attraction of a paa-ticle whose mass is m' 
and where the law of attraction is that of the inverse square of 
the distance, so that the attraction on the unit-particle at that 
distance is zeroj then if w is the work when the particle is at 
the distance r, and is the increment of work due to, or ob- 
tained by its passage over, the space dr, 

rZw= — 



( 109 ) 


so that the mass of the attracting particle divided by the dis- 
tance of the unit-particle from the place of the attracting particle 
is the work of the unit-particle acquired in moving from an 
infinite distance to a point at a distance r from the attracting 
particle. And as a similar result is true for an unit-particle 
under the attraction of many particles, and as the whole work 
of the unit partible is the sum of all the separate works, so 


the whole work = 5. — = ^120) 

the latter or former being taken according as the attracting 
mass is a continuous body, or is composed of separate pai-tioles. 
But as the right-hand member of (1 10) is the potential as defined 
*>y (f04), the potential is the whole work obtained by an unit- 
particle in its passage from infinity to a point at a distance r, 
under the ^attraction of the several particles of the attracting 
body. This is the mechanical interpretation of the potential. 

_ 319.] The component along any line of the resultant attrac- 
tion of the attracting mass on m at (a, jS, y) may thus be 
found. 

Suppose (a, y) to be a point on a curve or other line, of 
which ds is a length-element, so that the direction-cosines oi ds 

da d^ Ai. V 

^ ^ ^ ^ component along ds of the resultant 

attraction is 


mssrnmim'- 
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da 

= X-v- + Y-^ +Z 


ds 


dy 

ds 




== —m 


Sy 

Ts'^ 


so that the force of attraction which acts in the line 
dY 


(111) 


vanes 


as 


Hence if b, is the resultant attraction, and d is the angle be- 
tween its action-line and ds, 

dy 


a cos 6 


ds ’ 


• f cos 6 ds =—m(y,—y.). 

•Jo 

And if the integration is carried through a closed ring, then 
V, = v«, and r 

I a cos 0ds = 0, 

The axial-components are evidently particular cases of (111). 
If the place of the attracted particle, in reference to a system of 
polar coordinates in space, is (r, 0, ^), then the components of 
attraction perpendicular to the meridian plane, along the radius 
vector, and perpendicular to the radius vector, the action-lines of 
both these last components being in the meridian plane, are re- 
spectively 

—m /dy\ ^dv\ —m /dy-^ 


/»V\ 

rBm0^d<l)J’ ~^^drJ ~ '••10 

If the attracting mass is a plane wire or a plane plate, and the 
attracted particle is in that plane, and the place of it is (r, 0) in 
reference to a system of polar coordinates, then the radial and 
transversal components of the attraction are respectively 
ydy^. m /dy\ 

—(3:). --(rt)- (“=') 

Before I enter on the investigation of other general properties 
of the potential^ and especially of the geometrical interpretation 
of it^ I will determine its value in some particular cases^ and 
derive from them the corresponding components of attraction. 

320.] The potential of a thin straight rod on an external 
particle. 

Let 0 ) and p be respectively the area of the transverse section 

piixon^ VOL. III. Q q 


■Qy 




THE POTENTIAL 


and the density of the rod. Let the place of the attracted particle 
m be (a, /3); the extremity of the rod being the origin, and the 
axis of a? lying along the rod, whose length = a. Then 

Y ^ 

Jo 


0 {/3a + (a?—a)^}^- 

-o + (/3^+a’‘)i ’ 


' (i7~) = I — ^ 1 . 

U-®’ + («-o)»}4 (/3“ + a»)*r 

. g ) 

^/3 /3 i{/3» + (a-aV}4'^(fl» + a.>ir 


g-g . g ) 

^/3 /3 + + 

which are the same results as those found in Art. 185. 

221.] The potential of a thin homogeneous spherical shell. 

Let p = the density, t = the thickness, a = the radius of the 
s ell j let (0, 0, y) he the place of the attracted particle. Then 
it the centre of the shell is the origin, . 

V = pra^ p" p Bin eded(l> 

•^0 Jn ('/»,a_9 ft t\r\cs /) I 


__ 27rpTa 


0 Jq -^2 ay cos 0 + y 
— — 2^^y COS0 4-y^)^] * 


Now this radicd takes different forms according as the attracted 
particle is within, or is external to, the shell. 

If the particle is within the shell, y is less than and 
„ ^vpra . 

~ y {« + y — (« — y)} 

= 47r/3r«. Qjgv 

If the particle is outside the shell, y is greater than a ; and 

^ iupra . 

V — {y + a-y + ^} 

_ ^irpra^ 

- (116) 

In the former case 5 :;= 0 ; and the shell exerts no attraction 
on a particle within it. 

In the latter case z = 


if the mass of the shell = m - and the attraction of the shell oi 
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the external particle is the same as if the mass of the shell were 
condensed into a particle at its centre. 

If the shell is not thin^ but contained between two concentric 
spherical shells whose radii are a and o! respectively, the poten- 
tials are thus found. 

If the attracted particle is in the shell, and at a distance y 
from the centre, v consists of two integrals ; one of which cor- 
responds to the matter outside the concentric sphere which passes 
through 1^1 y and the other to the matter within that sphere. 


Consequently, since v = 0, when ^ = y ; 
is no attracting matter. 


that is, when there 


ra 

= 47r/o / a 






— 4'7rp«'3 

(117^ 

And if the particle is outside the shellj 

V = /■•..* 

y 

47rp . M 

= ™ («»-«»)= _, (118) 

since v = 0, when a zzz a y because in that case there is no at- 
tracting matter. 

Consequently if the attracting body be a full homogeneous 
sphere, then = 0 ,* and for an internal particle 

27rpy\ 


V = 27rp^«-1^; 
and for an external particle, 

3y ~ y 

As both these expressions give the same value for v when 
y = «, that is, when m is on the external surface of the shell, 

V undergoes no discontinuity at that point. 

223.], The potential of a sphere composed of concentric spheri- 
cal shells, the density of each being a function of its radius. 

Of the shell of which the radius is r, and the thickness is dry 
let the density he/*(r) : then we have two cases according as the 
particle is outside the sphere, or is within it. i 

If the particle is outside the sphere, and at a distance from 
the centre = y, and if a> is the radius of y 

MfilKSIf IHSJmjf rtf rrpittint, 




800 


the potential 


[223. 

(119) 


*0‘0*o (r“ — 2?'y cos 6 l + ya )4 

47r r® 

= - 7 - .4 ^y(^-)dr; 

whereby the potential may be founcL when fM • • 

M = the mass of the spherl If 


47r^f-/(0^r= M; so that 


V =5 


M 

y 


and consequently the potential is the same as that of n r 

II the particle is inside the sphere so tli«+ • ^ 
then the integ'i-al given in n 101 ^nn,l ’ i • ? ^ ^ 

correspond to the shell on +l i • J winch will 

of whM. L “■ ““ 

v-'. b‘-^yry+r-)> + J, J. 

tXVw*; (,30, 

and this is the required potential. 

If we take the y-diflTerontial, according to the principles er 
plained m Art. 90, Vol. II (Integral Calcdus), we hre ^ 

(^)= yfiy) + ~ y^f{y) ~ ^JjrY(r) dri 

/-y “ 

(121) 


at a vejr greaTdi^tanqJ.^ ** dimensions on a paiticle 

and M to be fts .^Lert^^ori 1° ^ 

mass; so that : ■ taken at its centre of 

^■fjffzd.isd.^O. ( 122 ) 



geneous a» to tli© ooftowi# umfe* cciitii«i}iiciitJy tltoy ara iatiU 

ligible and interpretobloj indeed m meaninjr mn im attached 
to an equation which k not homognneons. Ako if an e<ination 
k once homogeueoua, it oontinuea homogeneoiia, whatever are 
the algfobraioal processes to witieh it is aubjeotod. Hence 
homogeneity auppliee a « of the eonminm, of the opera- 
twnsf if this cliara^r of an equatiotf is lo«t, error has been 
introduced. The principle of expreesing homogeneity in refar- 
concrete units will h® expWmHl hmafter. 

.* «j«w!0, or, as 
ii in general 
origin of our eoncwjdion 
_ • apace is a pluniomcnal 
i is an in- 
gwnietry 
apace which 
aeionoo tmusiats in 
Hie aximiM contain 
iwts and proprtles of it ; the «W 1 - 
triittng out of, and n«*««ry 


9.3 The second mathematiiml aeionce is that of 
it is usually mIM, geomet^l the subjetst-miitter 
tridimensional space} whatever is the < ‘ ‘ 
of it, whe&er it is expmnenc*, or whether 1 , 
condition of our knowii^ thinp at all, or whether*it 
tnitive notion, yet at all evento the subjeetomatter of 
i» speoe, abstracted from all consideration of the 
we occupy, and in which we #re j and tho 

nitions are explanations o/torms i ‘ ‘ 
to, % division of space which flows flrom the fiindiiwental idea ; 

^ •*' than 

wv ? ' spaces^ are added to ttijual wpinsss, the 

wno^ ^ equal} spaces are equal which ocimpy e.p»l imrte of 
the compmson being made on the principle of super- 

?[ I- li-'y ■'»« 
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Also let us so far anticipate what will be proved hereafter as to 
assume the possibility of a system of coordinate-axes such that 
with reference to them 

JJJp^^divd^ch JJJ pisasdcvd^ch =: jjj pos^dxd^ dz ^ 0) (123) 

and let the attracting* body be referred to this system ; also let 
{a, j3) y) be the place of m the attracted particle. Let 

so that <T is very large in comparison of the distance of any mass- 
element of the attracting body from the origin. Then 
Y _ JJJ pdivd^dz ^ 

where = (a— (y — ^)2 

= — + + (124) 

Therefore expanding by the binomial theorem^ 

1 — , 3 (aa? + P^+yzY — {o!^ + z^) ^ 

T (T * O'® * 2 O'® ^ 

omitting terms involving in the denominator higher powers of o- ; 
so that 

y _ JJJpY + 

dxdydz. (126) 

Now of the several definite integrals which this expression 

contains^ the first = ? because JJJ o dx dy dz — M ; those 

corresponding to the second term in the expression vanish by 
reason of (122); of those in the third term some vanish by 
reason of (123)^ and we have ultimately, 

{^a^^^'^ + 2y^)z'^}dxdydz. (127) 
To abridge this expression let 

A = JJJp{y^-^z^)dxdydz, " 

B »,= JJJ p(z^ +x^)dxdydzy - (128) 

0 =:JJJp(x‘^+y^)dxdydz}> 
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where a, b, g express the sums of the products of each mass- 
element of the attracting body and the square of its distance 
from the axes of x, y, z respectively; and substituting these in 
(127) we have 

Ml,, 

^ {(B-|-C-2A)a“+ (0 + A-2B)^»-|-(A-f B-20)y»}; ( 129 ) 

and this is the required value to the stated degree of approxi- 
mation. 

If we neglect the whole second term, 

_ M ^ 

(130) 

and the potential is the same as it would be if the whole attract 
mg body were condensed into a particle at its centre of mass" 
and thus if u is the resultant attractioia, by (1 1 ^ 


u =: — 
Mm 


dcr 


"“7^^ (131) 

Hence we have the following very important theorem : 

The attraction of a body or of a material system on a particle 
at a distance from its centre of mass, which is very great in com- 
parison of the linear dimensions of the body, is the same as it 
would be if the ivhole attracting mass were condensed into a 
particle at its mass-centre. 

Also as m may be a mass-element of a finite body m', and as 

Jo^g ™ W th. 

Tm bodies or material systems, of which the linear diihen- 
sions are very smaU in comparison of the distance between thefr 
mass-centres, attract each other in the same manner as if the 
mass of each were condensed into a particle at its mass-centre. 

Jhus M each heavenly body consists of attracting particles 
and the linear dimensions of these bodies are small in n' 

of their distances from each other, they attract each other ap- 
pro^matelyas if the mss of each were condensed into a partJe 

at Its mass-centre. Consequently in the investigation ^of the 
motion of anv one of fhoac ox me 

nnrlpr 7 ] Consider it to be 

under the_ attraction of many particles, each attractino- as its 
mass and inversely as the sauare of . 1 ^ i T ® ™ 

m-lre of tie ateited b!^;’ ' 
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Theorems similar to these have already been demonstrated of 
spheres^ whatever is the distance between their centres j so that 
what is approximately true of bodies of any form, the mass-centres 
of which are at a very great distance apart, is true of two spheres, 
whatever is the distance between their centres. This result may 
dso be inferred from the preceding process of investigation ; for 
m spheres, by reason of the symmetrical distribution of their 
matter, a = b = c, and all the terms in the expansion of v, 
except the first, vanish. 


23di.] Returning to the general value in (129), and taking in 
all the terms, we may, with the object of determining the com- 
ponents of attraction, express it as follows : 

M B+c— 2 a 3 

+ (132) 




Mma 3ma 


. O 7/6 w / 1 5 Wv O 

+ ^(b + C-2a)+ -^{(a-b)^^ + (a-c)/}; (133) 


Mmj3 3mB , 


15«j/3 
2 0-'' 


{(B-C)/ + (B-A)a=}; (134) 


umy Zmy , ISmv 

2 - -jJ-+ -2jr(^+B-2 0) + -2^{(c-A)a=‘ + (o-B)(3“} ; (135) 

which, are the axial-components of the attraction of the mass m 
on m. If we are investigating the action of m on m, these must 
be taken with negative signs, as m tends to draw m towards the 
origin. 

In reference to these expressions, the first terms are evidently 
the axial-components of a central force, whose centre, that is, the 
point in which the force originates, is the origin; and con- 
sequently, as regards rotatory motion, this force has no eflfect : 
hut this is not the case as to the other tdrms of the expressions^ 
inasmuch as the corresponding coefficients are generally not 
equal: and if n, M, K are the axiahcomponents of the resulting 
couple, then by (104j, Art. 68, 


L =z: — Yy = — 

M = Xy— Za = — 


3mya 


N = Ya — xjS 


^ __ 3ma^ 


(C-A) ; 

(a-b). ^ 


: ( 136 ) 
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These results will be of considerable use hereafter when » 
to the investigation of the motion of a bodv about an a 
ing through its mass-centre. ‘ ‘ 

225.] The potential of a homogeneous ellipsoid 
Let the centre of the ellipsoid be the origin, and (a 3 
place of m the attracted particle. Then >P^y) the 

y= ff f pdix^ ^ 

+ + (137) 

the range of integration being the space included within 
ellipsoid whose equation is ^ 




4 - = 1 . 


( 138 ) 

vr discontinuous function given in (68) Art psa 

Vol. II (Integral Calculus), we have ^ ^ 

2 f°° Bmtoosii 

yJo 1 ® ~ when i is less than 1 ; 

= 0, when Xi is greater than 1. 


( 139 ) 


Also since ~ + ^ ^ leg, 


cording as (^, is within or without the ellipsoid, 

2 /* sin i!J 

; t "t ■^ + = 1, or = 0, 

S^S*138)'' "MA i> 

To abridge the expression let 

. ■ (“-‘*^)HO-y)» + (y~^)»=,,»; (140) 

then we may express v in the following form • 

“‘r" -»■ 

int^aons may be .ire;t,d, i. “ *"■ 

' wiL *■■■“ “'«<* M >»0» OOI.- 
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V = 


of 


2p 


00 p<x> /»oo /*00 


TTJa i u ■ 

We must however replace ^ by a definite integral^ which will 
give an expression of a more convenient form. 

By (280) Art. 129, Vol, II (Integral Calculus), 

re-^da,^^. 

Jo 2 

Let be replaced by — then we have 

1 f-~ 

a 

, 1 
u 

. \ V = the real part 

of ^(-1 


^ (-i)Y° 

Tri a/o 






^ 1 > 


CO roQ rco /*<x> f»co 


tth 

2p 


P"- SadyAzdids . 


Q •/() tJ — .QO <— »00 —00 

0 *^0 ^ 


7r« ‘ -"0 *^0 8^ 

where i = the triple integral which includes the x- y- ;8;«-inte- 
grations. 

Now for the £»-mtegral we have by Art. 138, Vol. II (Integral 
Calculus), 








and similar values are true for the y- and the ^-integrals; so 

V“i/'-£!!^L+-5^4. \ a 

•71* flice" “ ^ *>’»+< «’■'+* / ' 

I 

(-1)4 {(a»« + i!)(i»« + !()(c» « + !!)}* 

Consequently v is the real part of 

7/ I , ^^7^^ \ .0 

2paic f^n&inte \au+t lu+t d^s-^t/ .^dtda , 

Jf / ^Caa+^a+Y2),V-l . (143) 

The variables s and t are thus far unconnected ; let us suppose 
5(0 = where co is a new variable dependent on ^d inde- 
pendent of t : then 


as =: ^ : and 

(*)*• 


B r 
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> + jllLl - c=V» t 

la^s+t b^s + t c^s+J) 6 ) I + d* + w '*' I 

= — {a^ + ;S^ + y“} - i! j — ^ + _£1_ , _Zl_ ) 

“ («“ + &) 6“ + a) c“ + a) J 


= — (a“ + /3“+y“)-j;^, 

if yj = -_^ ^ _!?!_ , _ y' . 

SO that y is the real part 
of r r sini^ 


(144) 


(145) 


__: I t ^ 

(_l)#yo P K«“+co)(^» + <»)(e“ + c»'jji’ 

of\/3T2p«ic r r ^ (2^^+yf^smh)dtd(0 , 

•’o Jo p {(«» + ^ -^r, ^ ; (1 46) 


TOO 

.*. Y=z-2pahcj I 


{(«* + (fl) {l^ ^ co) (c“ -f (a)].i- 

jin^ildUco 


{ («“ + w) (i5’' + w) (ca + £o)} i ’ 

Where ji is a function of a, /3, y and o>, hy reason of (144). 

Thisj the potential of a homogeneous ellipsoid on a particle 

at (a, ft y) whether the place of it is within or without the 
eJiipsoid. 

For the components of attraction, as is a function of «, we have 

(;^) = — 4pa«^e /* f cos^di^M 

“ -oJo M«^ + “){(«‘+'a))(F+«)7e^*:|:„^^^^^^^ 

with similar values of and . 

tL!!T a’ ^ less 

than 1 ; and consequently, ^ 

/ — 7— COS/Jifdli!! = -! 

therefore 

x^^m\^-j-j^27rpmaa6cJ 


d(i) 


'^■= ~m(~\ = 2Ttpm,8ahcf '' ' " ’ 


(^“+'“) {(«'‘4-o))(i”-f- (B)(cS-f.o,)}i’ 


W/3 

,'«?V 


« (^^ + :»){(«“ + 0)) + ft)) (es + 0))}* 

Z= ^(^'^'^~2Trpmyabc f 

, which are the values already found hy the direct process. 


; (150) 
; (151) 
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• « • • ct^ /3^ "v^ 

If (a, ^3 y) IS without the ellipsoid^ so that — - -f is 


greater than let n he the greatest root of the cubic 




+ 


= 1; 


(152) 


then as the left-hand member of this equation decreases as co 
increases, so is the quantity less than 1 for all values of co from 
CO to n; and consequently for all these values of co, h is less than 
1, and for other values h is greater than 1. Hence if we 
confine co within the limits for which h is less than 1, we 
have, as before, 

T'" sinjfeos/?r^ tt 

X ^—*=2'- 

and accordingly for an external particle, 

(“) ^-’27tpaabc f — 

n 7 r 

X = 27 rpmaa 0 o / r ; 

^Cl (cj^^ q-co) {(<2^ +<w) +<o) (c?^ 4 Co)} 2 ' 

and if in this quantity we replace co by co q- and put 
< 2 ® q- n = af ^3 J 2 _p ^ =z d- 

d(sii 


J r-txi 

f 

0 q- co) { q- co) q- co) (c'^ q- < 0 ) } ■^ 

Similarly, 

/ oo 

^ 

{¥> + co) {{a'^ + co) (i'» + co) ((/“ + to) }* 

o 7 r 

z = 2 T;pmyaoc / — r 

{d^ q- co) q- co) {d^ q- co) (d ^ + co)}'^ 


(153) 

(154) 

; (155) 
. (156) 


These quantities which contain only single definite integrals 
give the axial-components of the attraction of a homogeneous 
ellipsoid on an external particle ; they are of the same form as 
(53), (54), (55) which assign the components of attraction of a 
homogeneous ellipsoid on an internal particle. 

From (152) and (153) it is evident that d, If 3 d are the 
principal semi-axes of the surface concentric and confocal with 
the given ellipsoid, and the value of co which we have chosen 
shews that they are the principal semi-axes of a concentric ^and 
confocal ellipsoid which passes through (a, /3, y). ' ? v, - 

226*] From these values of the components of attraction the 
following theorems are deduced : 

a r !2^ 


4 
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I. If in (149), (150), (151) a, h, c are replaced by ho 

respeetiTely, and w is replaced by ^^to, x, Y, z are uncbanged. 
Thus the homogeneous shell contained between two similar 
concentric and similarly-placed ellipsoids has no attraction on 
a particle placed within the smaller surface. This is Newton^s 
theorem. 

For such a shell (^) = (^) = (^) = consequently 
the potential has the same value for all points within the inner 
surface of the shell. 

II. Let x', y', z ' be the components of attraction of a homo- 
geneous ellipsoid whose semi-axes are a', b' , c' on a particle m 
situated at (a, /3', / ) within the ellipsoid; then by (149), 

r” io) 

but by (154) if xis the ir-component of attraction of a homo- 
geneous concentric and confocal ellipsoid on an equal particle at 

C doa 

X = (^. + .)(K. + .)(i'. + .)(^.+„))V 

A = (157) 

Let (a', /3'j /) on the ellipsoid [a^ h, c) be the point corre- 
sponding to (a^ p, y) on the ellipsoid (af. If ^ f ) ; so that 



of 

a 



a 

~ "TT 1 



x' 

¥<{ , 

(168) 

then 

X 


similarly 

y' cV , 

Y "" ca ^ 

z' _ a;h\ 
z ^ ab ^ 

(159) 


and these three equations constitute Ivory^s theorem. 

III. Maclaurin^s theorem follows immediately from the ex- 
pressions given in (164), (165), (166). 

Let 1 and e' be the two homogeneous concentric and confocal 
ellipsoids which attract 'm at (a, /3, y ) ; and let x, Y, z, x', y', t ! 
be the respective components of attraction j let be the 

principal semi-axes of the concentric and confocal ellipsoid 
passing through (a, j3, y) : then 

X = 2iTpmaaoc / — — — r ; 
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L -f co) {(^1^ + +to)(ci^ 4-c*^)}^ 
a&c ^ JL ^ , (1 

73V ~ W " -i' ~ z' ’ 


if M and m' are the masses of the two ellipsoids. Thus the 
ellipsoids attract the external particle with forces proportional 
to their masses, and along the same line of action. 

IV Hence also the attractions on an external particle of 
two homogeneous ellipsoidal shells, the external bounding sur- 
faces of which are concentric and confocal ellipsoids, and the 
internal surfaces of which are ellipsoids concentric, similar and 
similarly-placed to the external surfaces respectively, and the 
thicknesses along the same axis are as the axes of the external 
surfaces, are as the masses of the shells, and have the same 
action-line. 

As this theorem is true for shells of any thickness, it is also 
true when the shells are infinitesimally thin. 

V. If V and V are the potentials of E and e' with respect to 
an external particle, 

Z - — . (161) 

M m' 

237 1 The potential and attraction of ellipsoidal shells. 

By an ellipsoidal shell we meap a shell of which the thickness 
is infinitesimally small, and the hounding surfaces are two 
similar, similarly placed, and concentric elHpsoidal surfaces. 

Consequently if «, 3, c are the principal semi-axes of the 
interior surface, and U, ho, of the exterior surface, the 
thickness of the shell at the extremities of the principal axes 
are severally (A- 1 ) and are proportional to 

the corresponding axes respectively, 

4:77 ... ... V 7 /■* n.c\\ 


also the volume of the shell 


~l)abc- 


Now the potentials of two thin ellipsoidal shells on an external 

particle are to one another as the masses. j , •+ 

In proof of this it is to he observed that we may deduce it 
from theorem IV. of the preceding Article; for as the attrac- 
tions of such sheUs on an external particle m all directions are 
as the masses of the shells, so must also the potentials of th 

*'^The"fX^ng however is a proof, independent of the preceding 
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calculation of the potential of the homogeneous ellipsoid in an 
external particle. 

Let (a, i3, y) be the place of the attracted particle and 
through it let an ellipsoidal surface Mo be described concentric 
and confocal with the exterior surface E of the shell ; and also 
let a similar^ similarly situated and concentric ellipsoid be de- 
scribed within the former, and infinitesimally near to it, so that 
a shell is formed on the exterior surface of which m is. 

Let Co be the principal semi-axes of b„,- and let p 

(*. 0 ^ 0 , ^o) be any point on b.. To «„) let the corre- 

sponding point p («, y, z) on e be taken ; so that 


X 

a 


^0 

a,, 


I h. 

dx dy dz dx, 

abe ^ 


z 

c 


Or, 


^dz. 


Xq Oq 


(163) 


To the place Q (a, y) of the attracted particle let the corre- 
sponding point q'{a',^, y') be talcen on b; then by reason of 
(80) Art. 209, PQ ='p„q'; 

.-. J_ ^ 1 ^0 dz, 

PQ aJoO, (164) 

and summing these expressions so as to include the whole shells, 
for these are corresponding spaces, ^ 


HI 


P das dy dz cl^lo 


f f f pd3!,dy,dz, 

PQ a,KcJJJ 1 (165) 

and as the volumes of the shells vary aS the product of the 
prmcrpal semi-axes, this equation shews that the potential of 
^e inner shell on the particle m at q which is exterior to it 
has fo t^e potential of the exterior shell on the particle L 

at q which IS interior to it, the ratio of the masses of the 
shells. 

_ Now the potential of an ellipsoidal shell on a particle within 
It IS the same for all positions of the particle, and is consequently 
constant. Let v, be the potential of a, on an internal particle 
m; and let v be the potential of a on the external particle ^ at 

iheUs ^ 

V v„ 

( 166 ) 


M 


'll 

Mo, 


Also let there be another ellipsoidal shell e', of which the 
i oqter surface is concentric and confocal with the outer surface 


9 


9 -] 


the science oe space. 


. „f » caUed p.re geometry; » e»ch it neither ro^imvce 

p*:, involves tire properties 

^..tione rmaeg^rtre^^^^ - " 

of the concrete quantities and this 

Lcords witir the fundamental requirements of number t c . . 

uLerties by means of arithmetic and algebra: in tins 
view we may operate on any numerical equation 

tierried in, J dednoible from, the 
C rmelogone geom.trieal propositions am also J * 
therefore if the equation is transtormcd or operated on 
m ^hmotical lU so svill the tran.format.on , 

the eor-reetaess of the eor.vs.ponJmg h«lrn,, . hm go. . t o 
o-onmetrical nroeess is parallel with, and proved by, the uume 
rical process Thus suppose the following equation to bo true 
for certain nnwierical values, 

= 2a#— : 

then hr operating on each term with the ««//, a«d inter- 

X ^and /.eeording to the co.mntienal ' 

rectangular axes, we have the geometrical JoF’^ty ol ^ ^ “ 

of which it is the equation, viz. (y») times the bueiu yu . (- 0 

times the linear unit-(#») times the linear unit, y- ^ 

being numbers. Or otherwise suppose that we ..p(>. ate on the 
same equation with the (linear unit)b then the equat.um be- 
coming aritbmetieally 

y xy = ( 2 ^— ^ ? 

and we have the sipiare of tbe ordinate = the rectangle cou- 

tallied bv tlie segments oi tbc base. 

By th^s process algohniicnl gmomotry h.»i him. oourtniolod i 

the «l«.tions in thoir originni forms »ro „«<■. ; 

metrical niacc satisfies the eimditions m to ipumtity ivli eli llu. 

science of numhor roamtes, wo operate on thoisi mimoneul .s|.ia- 

tionswith a geometries nnit, and l«»«^y '"(V ‘ ho 
geometrical propositions; and we can lurthor cmplo, all the 
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of E; and to which m at (a^ /3, y) is also external \ let m"' he its 
mass^ and v' its potential ; then 


that is^ the potentials of two concentric and confocal ellipsoidal 
shells on an external particle are to one another as their masses. 

Hence also if two concentric and confocal ellipsoidal shells 
attract a particle which is external to hoth^ the components 
of the attraction along any line vary as the masses of the 
shells ; and the shells also attract the particle along the same 
action-line. 

228. ] The action-line of the attraction may thus he deter- 
mined. Since Vq and Mq are the same for all positions of m on 
the surface of ¥io, v hy reason of *(166) is also constant for all 
these positions of m ; consequently as m is shifted from one 
place to another on this surface there is no change in the value 

of Vj that isy for such a displacement ^ = o ; and therefore 

as 

there is no action of attraction along the surface^ and the action 
is wholly normal to it. And therefore if through the place of 
the attracted particle an ellipsoid is described concentric and 
confocal with the exterior surface of the attracting shell, the 
action-line of the attraction is normal to this ellipsoid. 

Hence also if a conical surface is described having its vertex 
at the place of the attracted particle and enveloping the ellip- 
soid, the internal axis of the cone is the action-line of the 
resultant attraction of the shell. Steiner has given a geome- 
trical proof of this theorem. See Crelle, Vol. XII. p. 141. 

229. ] The amoimt of attraction of an ellipsoidal shell on an 
external particle m may thus he found. 

Let the ellipsoid e' in Art. 227 he that on the external surface 
of which m lies. Then if we can determine the attraction of the 
shell corresponding to e' on we can hy means of (168) deduce 
that of the shell corresponding to e. 

Let 0 he the position of m on the exterior surface of the 
shell, a section of which hy a plane through the normal OGt and 
the centre o is delineated in fig. 84 : then the line of action 
of the resultant attraction of the shell is, as just now shewn, the 
line oor. Let a series of very small solid angles originate at o : 
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and let that one of which the section is opy/q intercept an 
area co of a spherical surface described from o as a centre with 
the radius = unity : so that the area intercepted at a distance 
r = : now the volume of each of the mass-elements of the 

shell thus intercepted and at a distance r from o = po>r^dr; 
and therefore its attraction on m zzz mpoidr} and therefore the 
attraction of oPQ on w = x oP; and the attraction of 

ono=^mp(ax ^7 reason of the similarity of the surfaces 

OP : therefore the attraction on m of the part of the shell 
intercepted by the cone o) in the direction OP = 2mpc») x op ; and 
therefore the attraction in the direction OG 
= 2^^a)OPCOSPOG 


= 2mpoi)On = 2mpo}T, 


(169) 


if T is the normal thickness of the shell. And since the surface 
of a hemisphere, whose radius = unity, is 2 tt, therefore 

the attraction of the whole shell = 47r mpr, (170) 

and thus varies as the thickness of the shell. 

This theorem deserves a passing remark. If m is inside the 
shell, the resultant attraction is zero ; if it is outside, and on or 
very near to the surface of the shell, the attraction — 4 Timpr; so 
that on passing through the attracting matter of the shell, the 
attraction suddenly and discontinuously changes its value. It 
will be observed that this value of the attraction is the same 
as that of a plate of infinite area, whether that area be stjuare 
or circular, see Arts. 192, 200, and whatever is the distance of 
the petiole from the plate. 

fig. 84 == r, mo=:dr) and ji? is the perpendicular 

the, centre 03;i the tangent plane at o, 

’SiSSiW'" i = (171) 

but by reason of the similarity of the bounding surfaces, 

^ 

therefore the attraction of the shell, in the direction of the 
normal o g, 

(173) 


(172) 


a 


Now if tlie equation to the exterior surface is 
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a‘ 


and the direction-cosines of the normal are 


therefore if x', y', z' are the components of the attraction of 
the shell on jb, placed at the point (X) j/j along the three 
coordinate axes, 

Airmpp'^xda , ^.ismp$'‘ydh ^ A'nmpy)^zde ^ /'i74.'i 

x'= ^ 

and if B is the resultant attraction, 

_ ^TTpinpda (175) 

“ a 

Thus the attraction of an ellipsoidal shell on a particle on its 
surface varies as the perpendicular from the centre of the shell 
on its tangent plane at the place of the attracted particle. And 
the attraction is the greatest when the particle is at the ex- 
tremity of the longest principal semi-axis, and is least when the 
particle is at the extremity of the shortest principal semi-axis. 

Also the shell equally attracts all equal particles placed at 
points on the exterior surface the tangent planes at which are 
equally distant from the centre. Thus at all points on the 
curve of double curvature which is the intersection of the two 
ellipsoids ^2 

_ 1 
^ " A’ ’ 

m is equally attracted hy the ellipsoidal shell. 

Hereby we are led to the determination of the attraction of 
an ellipsoidal shell on an external particle m. 

Throiigli (a^ /3j y) “the place of m let tliere be described an 
ellipsoid e,, whose principal semi-axes are 2o, Co, concentric 
and confocal with the exterior surface B of the ellipsoidal shell; 
and let there be described within this ellipsoid a concentric, 
similar, and similarly situated ellipsoid, of such a thickness dat 
at the extremity of the semi-axis a^, that 

da,, ^ , (176) 

ao ~ a ’ 

then m is on the surface of an ellipsoidal shell. And by the 
mOB, VOL. HI. ® ® 
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X == 


concluding paragraph of Art. 227, if Xo and x are the (r-com- 
ponents of the attractions on m of the shells whose external 
surfaces are respectively Eq and e^ 

ale 

Consequently replacing x„ by its value which is given in (174), 

^ _ alo iitmpp^^adag 
^0 ^0 ^0 ^0 * 

“ ’ (178) 

+ f + ?) = i. ti. 

mass of the attracting shell. Hence also 

urn j 9 o “/3 _ _ urn Pa'‘y , 

^0 ^0 


«o^oe„ 




(179) 

where the letters with the subscript 0 refer to the ellipsoid 

passing through (a, /3, y) which is the place of the attracted 
particle m. 

Hence also if e is the resultant of this attraction^ 


R == 

^0 ^0 ^0 


(180) 

230.] This result leads to a remarkable theorem. 

Let R be the attraction of m on an unit-paxticle on e, con-e- 
sponding to the perpendicular ; then if is a surface-element 
of lo at that point, r^^s is the attraction which acts on <i^s; and 
consequently the attraction of M which acts on the whole surface 

r 

l>«ty,),.;8=three times the volome of the ellipsoid B., end eon- 

sequently = 4w«e 3o c, ; 


/ 


R^?S =3 4'7rM,' 


(181) 


and as the right-hand member is independent of the position of 
the attracted particle, it follows that the sum of the actions 
with which an ellipsoidal sheU attracts all the elements of a 
co^entrm and confocal eUipsoidal sheU is constant. 

Hereafter we shall have a general theorem which includes this. 
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331.] The results which have been demonstrated for the 
attraction of a homogeneous ellipsoidal shell on an external 
particle are of course the difPerentials of the attraction of a full 
ellipsoid, either homogeneous or heterogeneous according to 
certain laws of varying density j and the attraction of these 
latter can be inferred from the preceding values by means of 
integration in the following manner : 

Let a, I, e be the principal semi-axes of an ellipsoid attracting 
a particle m at (a, y) which is a point external to the ellipsoid. 
Let the ellipsoid be resolved into a series of similar, similarly 


placed, and concentric ellipsoidal shells, the density of aU being 
the same in a homogeneous ellipsoid, and in the heterogeneous 
ellipsoid the law of density being such that it is uniform 
throughout each shell. Let a0, iB, ed be the principal semi- 
axes of the exterior surface of one of these shells, 6 being a 
proper fraction! then the thickness is such that 


& _ _ do _ d9 

a ~~ b ~ c ~ 6 


Through (a, j3, y) let an ellipsoid be described concentric and 
confocal with the exterior surface of the elementary ellipsoidal 
shell whose semi-axes are aB,be,c6-. then the eq[uation of the 
ellipsoid thus described will be of the form 

t- ■ -f — ^ = B^ j (182) 

^2 + 0 ) ^^ + 0 ) C^±Ci) 

s 

of which cubic equation we take that root which makes all the 
denominators positive j and let this ellipsoid be the exterior 
surface of a tbin shell, the interior surface of which is a similar 
and similarly placed ellipsoid, and of which the thickness is such 

that , 7 .. M /?/. da dB 

a B 








Now by Article 229 the ir-component of the attraction of the 
elementary shell on m is 

== 4:'nw>pac(,hc • 




= 4:'nmpa aic — 


^0 ^0 




(183) 


where a^y b^y are the principal semi-axes of the ellipsoid 
(182)^ and po is the perpendicular from the centre oii its tangent 
plane at (a^ y); and oons'equently the attraction of the whole 
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ellipsoid is the ^-integral of (183) as Q vtiwAc f 
that if X is the ay-component of the attraction, ° 


X = iirma a&o P . 

•^0 ^0 ^ ^0 ^0 * 


«d... y ^ ^ 

7^rrT:\T ^ ^ 


(184) 


(185) 


^ The definite integral will take a simpler form If „ 

the vai'iable; for diflhrentiating (182) wo have ° “ 

e* 


i»o 


, d<i> = 26 do, 


and corresponding to 6 = 0 , and d - i _ 

where n is the positive root of ^ and 6) =; 


+ 


®’+w „ , w 

And substituting these we have 


-gA I )-■ 

0^+0 ^ + 


L 


X = ^Trmaa&o 


rix) 

3 / 

''o (a» + «) 


pda 


(186) 


lJ (187) 


. (^’' + «){(®’ + «»)(i»-f(u)(ca+'(a)U’ 

With similai' expressions for y and z. 

a«.aty i, „ck that rtea Z“^H “t" " 

sadins of the bounding ellinsoid th coincident 

(.184) is a function of 6 fnly Ld thfm^tl f ° ia 

tion of a single definite integral ^ requires the evalua- 

i“ !;rff ^ « 

is a hypothesis made bv i? • ^ ^ principal semi-axes, which 

erth, Se ‘I" Of tto 

, aelinite integral can be expressed in finite terms. 


Irnm to ““'“‘■"■M t«ve thus fat been 

. . asttou of motto, 
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closed surfaces of very special forms ; we proceed now to certain 
general tlieorems which are applicable to matter distributed in a 
much more general manner. 

The equipotential surface is the locus-surface of all those 
points (a^ /3^ y) at which the potential of a given mass has a 
given value. Thus it is the surface whose equation is 


V =/(a, /3, y) = C, 


(188) 


V being otherwise defined as in (104) or (108). 

Since (^) proportional to the direction- 


cosines of the normal of (188) at the point (uj y), and since 
these are also severally proportional to the axial-components of 
the attraction on it follows that the action-line of that at- 
traction is normal to the equipotential surfaces ; and as a similar 
result is true for all points on the surface^ the surface cuts 
orthogonally the action-lines of the attraction on all particles 
at its surface; and consequently if the sin*face were a smooth 
shell capable of resisting pressure in its normal direction only/ 
the attracted particle would be at rest at every point on the 
surface. For this reason the equipotential surface is called 
a surface of eguilibrimyiy or^ as the French mathematicians term 
itj surface de niveau (a level surface.) In reference to the ma- 
thematical theory of heat^ it is called an isothermal surface. 

As 0 in the right-hand member of (188) is arbitrary^ so as it 
varies, a series of equipotential surfaces is formed ; and these aU 
cut at right angles the lines of action of the resultant attraction. 
We thus obtain a system of lines which are cut orthogonally by 
the system of equipotential surfaces, and the tangent at every 
point of each of these lines is the action-line of the resultant 
attraction at that point. For this reason these lines are called 
lines of force. We have already had instances of them and of 
equipotential surfaces. In Art. 187, all ellipses of which a and b 
are the foci are equipotential lines or lines of equilibrium, and 
confocal and concentric hyperbolae which intersect these ellipses 
at right angles are the lines of force in the plane of the paper ; 
and in space, prolate spheroids, of which a and b are the foci, 
are the surfaces of equilibrium, the lines of force being a series 
of confocal hyperbolae. Also from Art. 228 the equilibrium 
surfaces of an ellipsoidal shell are concentric and confocal 
ellipsoids, and the lines of force are the intersections of the 
concentric and confocal hyperboloids of one and two sheets 
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respectively which pass through the place of an attracted nar 
tide. ^ 

The corresponding points on a series of concentric and eon- 
focal ellipsoids are all on the same line of force. 

If X, Y, z are the axial-components of the attraction, and 
E* = x“-|-Y»-t-z», the direction-cosines of the normal of the 
equipotential surface are severally 

B H 31 

If two equipotential surfaces with reference to the same 
attracting mass have a common point, they are coincident in 
all their points; for t = c and v = c' cannot he satisfied by the 
same values of (a, y), unless c = o', in which case they are 

identical; and thus they coincide in all their points. 

An eqnipotential surface, v = c, is a closed surface; for it is 
evidently continuous; and it cannot go olF to infinity; for in 
that case v = 0, and this result is inconsistent with v = c. 

Of two equipotential surfaces the interior is that to whieh the 
greater attraction corresponds. 

For two successive equipotential surfaces the force of attraction 

any point varies inversely as the distance between the surfaces. 
I his IS evident from the theorem given in (111) Art. 219 ; for if 

dn = the distance between their surfaces, and E is the resultant 
attraction^ 


B = 


Sy 


dn^ ( 1 ^ 9 ) 

that is, E varies inversely as and the magnitude of the at- 
traction is given by (189). 

^ potential is subject to the following theorem, 
“ subsequent physical investigations. 

JJJ r ’ ( 190 ) 

■' ^' = («-«^)’ + 0-y)“ + (y-«)»; (191) 

1) - , , , 
^pdxiydz-, [• ( 192 ) 


'A- 

\da») - 


“'■“)'($)=/// f 



life 
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(193) 


This theorem was discovered hj Laplace. It does not however 
hold true when the place of the attracted particle lies within the 
space occupied by the attracting matter^ this matter being con- 
tinuous j that is^ for the attraction of a body acting on one of 
its own particles ; because for particles immediately contiguous 
to the attracted particle ^ is infinite^ so that v takes th6 foTW, of 
infinity^ and its first partial differentials take indeterminate 
forms; thus the preceding process is apparently incorrect, and 
we must consider the subject with greater exactness- Let us 
consider it first in reference to the case of a homogeneous 
sphere ; let the centre of the sphere be the origin ; and let 
a^+/3^+y" = Then if v and v" are the potentials of the 
sphere according as m is internal or external to it, we have 
from Art. 221, 


V = 27 rp^^ — 


2 TTp(T^ ^ 

3 ' 


, _ 4 :TTpa^ ^ 
3 (T ^ 


/r?V\ 47rpa ^ 

3 ' 3 ' \dy) 

4:irpa^a ^ ^ dY iirpa^^ ^ ^ 4:Trpa^y ^ 

3 (T® ^ ^ dl3^ ^ 3 <t^ ^ ^ dy d * 

\da^) “ y/3^>' ”T' > 

(3 ^ _ 47rp^}J»(3/32«-o-2) ^ 

^ da^ ' 3o-® ^ ^ 



_ 47rp^«(3y" — 0-2) 
^dy^ ' 3^^» 


If the particle ^ is on the surface of the sphere, cr = ^; and 
V = V ; also, the first partial differential coefiicients of v and v' 
become identical, so that all these quantities are continuous, 
’ although the law of variation changes abruptly at the surface. 
But the second partial differential coefiicients of v and V are not 
the same at the surface of the sphere ; thus. 




47rp 47rpa^ 

’ ~ • 


(<^\ _ 

^da^^ 3 ’ Wo’ 

with similar values for the other second partial differential co- 
efficients. Thus these vary discontinuously j and. the bounding 
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siirfiioe of ll>o si)liere is tlie locus of tl^e points of discontinuity, 
llcnce we have 




We need not be surprised at those eases of discontinuity j they 
are of frequent ooeurrence in the application of analysis to phy- 
sical enquiries, and evidently arise from the discontinuous distri- 
bution of matter ; wo shall demonstrate hereafterj see Art. 237, 
the integral 0 ({uivalBnt of (193) by another process; and the 
cause of the discontinuity will at once become evident; and so 
also will the meaning of the right-hand members of the two 
preceding expressiona. 

This illustration also enables us to determine the value of 
the left-hand member of (193) when w is a particle of the 
attraeting body. For lot us suppose a small sphere inclosing 
the attracted particle to bo taken out of tlie attracting mass, 
and the radius of it to he so small, that the density within the 
sphere may he considered constant ; let v, be the potential of 
this Bmall sphere, and v' the potential of the whole excess of the 
attracting mass over the sphere : then hy reason of (193), 



And for the small sphere, as just now proved, 



And thus if the attracted particle is a part of the attracting 
mwa, ainoe v « v, + v', 

Thk correoMon of Laplace’s theorem was made hy M. Foisson. 

(IflS) and ( 104 ) ar® evidently invariants, whatever is the 
system of rectangular axes to which the bodies are referred, 
This theorem can be preved easily also from the formulae for 
tranaformalion of axes, 

284 ,*] The following is another proof of this theorem.* 

Lot the place of the attracted particle he the origin, and let 

• See Canr* de Mdeiuiiqtie, pur M, Sturm i No. i* 7 ' 1861, 


10 


the science op motion. 


[lo. 

processes of algelora for cledacing and proving goometriciil i ruths 
which are contained in other given geometriciil iiropositions. 

In both these sciences it will be observed ihiit, Ibe proccsss 
of inference is the same : the deduction from the fumlauKuital 
ideas of number and space of the truths with which they arc 
pregnant. 

10.] The third and last of the naathematieal setoncc^s is that 
of motion; into the foundation, laws^ and proeesst^s ol which 1 
shall enter at length in the following ])ag*cs ; but as my nu'thod 
is that of a positive deductive seienee, inieiultMl for (lithicti<^ use, 
and therefore to a certain extent dogmatical, it ih not neces- 
sary formally to discuss the history of the lawn of motion, or 
the growth of the fundamental idea, and the snc(H}ssive steps 
through which it has reached that perfect state in which parts 
of it can be expressed in definite axioms, and thus 1)0 made the 
major premisses of the first syllogisms from which all the other 
truths of the science are to be inferred. I shall not relate the 
logomachy of mechanics in the days of Aristotle, niul the dispu- 
tations of the Schoolmen who taught that rest was nuiimil and 
motion was unnatural, and that some bodies fall faster than others 
because they are heavier; nor shall I indicate the several steps 
by which Galileo first obtained a clear insight into the laws of 
motion, and how Stevinus first proved the laws of obli(|ue pressure 
by means of a continuous chain resting on two ineliiuKl phuies : 
neither shall I generally detail or explain experiments by whieh 
evidence is given to the truth of the axioms. My work, on ilui 
contrary, is to take the idea of motion as reeogniml, an<l its 
laws as acknowledged, and to deduce from them tludr ri^sults. 
To this end mathematics, and especially the Hcicnee of (‘onf inuous 
number, will be found most useful instruments of 5n(|uiry ; a 
word or two will shew this. Matter of motion, spact*, tijm*, 
velocity, and combinations of these, such as moment.mn, work, 
vis viva, pressure, weight, will come tinder consideration. Ml 
these quantities are continuously additive and subtract ivi*, atul 
satisfy the requirements of the science of number: and tluw 
admit of infinite divisibility; nay, more than this, soim^ of thesi‘ 
are within the grasp of our minds only when they art‘ rcM'SolviMl 
into infinitesimal elements': as, for instance, it is nect^ssary to 
know the law of change of velocity of a parti(‘lc movitig wit h 
a varying velocity, befo# We can determine the actual change 
of velocity whieh takes place in a given finite time; that is. 
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234-] 

the system of reference be that of polar coordinates in space; 

so that rrr ^ , , , 

Y z= pr sin 0 ar m acp s 

and if h are the direction-angles of 

= (^) = JfJ P ^ ^ 

= (^) = JJJ p sin 6 coBffdr dO d<f) ; 

- i = (|^) = Iff p 

the limits of integration being in all these integrals such as to 
include the entire mass of the attracting body. 

When ttj ft and y vary^ the variation of them causes displace- 
ment of the origin ; but the only quantities which are dependent 
on this displacement are p and the limits of the f -integration. 
Consequently 

+jf{{^)<^o^fH^yosff+{^)eo8A}p,sm^ 

where ri is the superior limit of and pi is the correspo|idmg 
density. 

But = 

dTi \ ^ , / dr I \ , f dr x\ 


(^)cos/+(-^)cos^-+(-^) cos4 =-I; 

= JJJ ^ Bin 0 dr do d<p— /A sin 6 do d^^ 
JJJ^smOdrdOd<f>=: JJ (pi— po)sin0^d^<#) 

= JJ pisinBdB Po JJ BinBdBd(l> 

= JJ pisind^^</>-“47Tpo 


Also 


T t 
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when po is the density at the origin. 




Consequently 
47rpo* 


' ^dy 

235.] Now the equivalents of the expressions (193) and (194) 
are often more convenient when expressed in terms of polar 
coordinates. Let the positions of the attracting and the at- 
tracted particles respectively he {f , (r, 6, (p ) : then 

rrr sinO' d/ do^ dtj/ 

~~J JJ {>•» _ 2 r/(sin d sin 0'cos ((j> — + cos 6 cos + /“ ’ 

and transforming (193) and (194) into their equivalents in terms 
of partial differential coefficients of v with respect to r, 6, and 
as in Ex. 2, Art. 108j Vol. I (Differential Calculus)j we have 




T ^ dr ^ 


1 

r^ 




(s)+. 


‘ \dAy'^} 


v“(sin^)“ 

0, or = — 4')rp, (196) 
according as the attracted particle is not or is part of the attract- 
ing mass. 

The left-hand member of (196) may he put into another form 
which is in many cases more convenient. Let cos '6 = p.-, then, 
as in the last part of Ex. 2, Art. 108, Vol. I (Differential Cal- 
culus), the expression becomes 


V 1-1 




:{(- 


■<)\ = 


dr^ 1 -/x’ dp, 

or =3— 47rp, (197) 

according as the attracted particle is not or is part of the at- 
tracting mass. 

286.] Before I present these theorems in another form, and 
from another point of view, I will shew their use in determining 
the potentials of certain given masses. Hereby we shall verify 
results already obtained, and exhibit them in reference to a 
different process. 

Ex. 1 . To determine the potential of a shell composed of a series 
of concentric spherical shells, each of which is homogeneous, and 
the density is a function of the radius of the shell. 

Let the origin be at the common centre of all the shells ; let 
r' be the radius of any shell, and p = /(/), the density of that 
shell; r, and r„ being the radii of the external and internal 
bounding spheres. Let r be the distance from the origin of 
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236.] 

tte attracted particle j tlieu v is evidently a function of r only, 
and is independent of 6 and cf>. 

(1) Let m be external to the shell ; then (196) becomes 
<Z=v 2 tZv . 

1 5- = 0; 

T dr 


^ Tf 


(198) 


where c is an arbitrary constant j bnt e evidently is eq^ual to the 
mass of the shells, because the attraction of a system of con- 
centric shells on an external particle varies as the mass of the 
shells. Hence .Jv_ 

dr~~ 

H 


V = 


(199) 


no constant having been introduced, because v = 0 when • 
If the sphere is not full, but there is a hollow cavity within 
the interior shell, and m is in that cavity, then in (198) c = 0, 
because the resultant attraction vanishes for all positions of m 
within that cavity j consequently for all such positions v is a 
constant. 

(2) Let m be within the shell occupied by the attracting 
mass; then (196) becomes 

( 200 ) 
( 201 ) 


<?^v 2 i?v 

— - + - ^ +4irp = 0; 
r ar 


whence we have +4:'itJ r^pdr = 0 j 

the lower limit of integration having been brought in, because 
^ = 0, when r = r„. Thus 

( 202 ) 


but i 


IT j p dr 


dY 

dr 


47r 

■ 


I r^pdr; 


; the mass of the shell, the external and in- 
ternal ra^ of which are respectively r and u consequently 

M , (203) 

dr ’ 

and thus the attraction of the shell varies as the mass contained 
within the concentric shell bounded by the internal bomdmg 
surface and the concentric spherical surface which passes through 
the attracted particle, and inversely as the square of the radius 

t a 
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of the latter shell. Consequently the matter lying outside that 
surface produces no attractive effect on the particle. 

Again^ from (202)^ 

^V iTT ^ , 

*=-7^4’'''* 

= —i:i:pr+‘in;pr — ^ j r^pdr; 
fri 4 ,^ rr 

y = iTTj prdr + — J r^pdr, (204) 

the lower limits having* been introduced in accordance with the 
remark made at the end of Art. 221. 

Ex. 2. To find the potential of a system of concentric cylin- 
drical shells of infinite length, and coaxal, of each of which the 
density is uniform. 

If the origin is taken at a definite point on the axis, and the 
axis of the cylinder is taken to be the «:-axis, it is evident that 
dY 

^ = 0, and that consequently the resultant attraction is per- 




Hence also =; 0 ; whence, as v is 


pendicular to the «-axis. 

evidently a function of r only, we have 
d’‘v 1 dv 

(206) 

pccor(hng as the attracted particle is without or within the space 
occupied by the attracting matter. 

If m is outside the cylinder, by integration of (205) we have 
dy 

• ' ■ , « = (206) 

where o is an arbitra^ constant. If the cylinder is hollow, for 
all places of m within that cavity the attraction vanishes, and 
consequently e = Oj for all points external to the cylinder, the 
attraction varies inversely as the distance from the axis of the 
■cylinder, and 

v=clog~, (207) 

where u is the radius of the internal surface. 

If is in the space occupied by the attracting matter, 
dy 


(208) 

where r, is the radius of the interior surface, and ^ = o when 
■ dr 
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Ex. 3. The potential of matter arranged in parallel plates^ each 
of which is of uniform density and of infinite extent^ may thus 
be found : 


Let the i?;-axis be perpendicular to the plates; so that the 
resultant attraction must be parallel to it, the attractions parallel 



according as the attracted particle m is without or within the 
space occupied by the attracting matter. 

For positions of m outside the plates 

Ta = ‘^> ( 210 ) 

■(vliere c is an arbitrary constant ; and consequently the attraction 
of tbe plates is the same, whatever is the distance of m from the 
surface of the plates. 

If the particle is within the plate, 

<^»v 

= — 47r/)a, (211) 

if the density of the plates is constant, and the origin is placed, 
midway between the bounding surfaces of the plates, so that the 
attraction vanishes when a = 0. Thus if the whole thickness of 

the system of plates is when a=:— > y- =: ; and when 

t dY ^ da 

^ — — 2 ^ ^ = 2 and the whole attraction of the plates on 

a particle at the surface = 2 TTpmt 

237.] The theorems concerning the partial-differentials of the 
potential which have been demonstrated in Arts, 233 and 234, 
and have been applied in Art. 236, admit of statement in an 
integral form; and in that form have been demonstrated fey 
Gaup, Sir William Thomson, and Professor Stokes. . The follow- 
ing is the most elementary proof : 

Let s be any closed siy:face, and let o be a point either within 
it or without it, at which is a particle of the attracting matter. 
Then if is a surface-element of s, and dn is an element of the 
normal to the surface drawn outwards at the element ^s, so that 
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is the force which the attracting matter exerts at ds in a line 
normal to s. 



— 47rM(|-, or 


= 0 , 


( 212 ) 


where m, is the whole attracting matter within s, according as 
o is within or without s. 

Firstly, let 0 be within a, Fi'om 0 draw a straight line ol 
cutting the surface, and produce it in one direction so far that it 
cannot cut the surface again, on will cut s in one point p, at 
least, and may cut it in more points if s is a re-entrant surface : 
Init the number of points of section must be uneven. Let these 
points bo p„ Pj, p„ ... ; and let op, = op, = ... j about 

the lino on and inehiding it, from o as a vertex let a cone be 
described, at the vertex of which is the small solid angle «. 
Then if from 0 as a centre, spheres are described with radii 
) the areas of the spheiical surfaces intercepted within 
the cone are severally wy,", ...j let is„«?Sj, ... be the 

surface-elements of s at p,, p„ . . . intercepted hy this cone, and 
let ds>- . • he the angles at which da, the normal-element, drawn 

outwards, at each of these points is inclined to the line on : then 

wr/ss— fi^SiCoadj o)ra“= isacos^aj ^7s^cos08,•... (213) 


Let N„ Na, ... be the components along the normals to s at 
I’n •••! of the attraction of these surface-elements on id ; so 

that V ^ 

N, = COS d. ; N, = — cos a,; (214) 

oonsequently 

Njfffli-f-NjiSa-l- ... as— (216) 


the number of terms of whioh is uneven : and 


XSdBss—ddi), 

Let this process he repeated for all angular space about b j 
this is effected hy the integration of the left-hand member 
through the whole of s, and hy the corresponding integral of a>, 
which is 4 7r j and thus for m', 


If 


sds 


Bui a similar result will ho true for every particle of the 
altraeting matter M, which is contained within s ; in which case 
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N must be replaced by its value ^ given in (189)^ where v is the 
potential of Mo ; so that 


// 


Sy 7 

-Y-as =■ 
a% 


-47rMo. (216) 

Secondly, let o be without s. Prom o draw a straight line ol 
as in the former case, cutting the surface in Pi, Pg, . . . j the 
number of these points of intersection is at least two, and may 
be greater ; but the number is necessarily even. The same con- 
struction and the same symbols being used as in the former 
case, 

— JSjCOS^o ^?Sa cos^a j = ^^Sg COS^g J 


m ^ m 

K, = — eos^xi Ha = 


COS 


Hg = 


m 


cos B. 


(217) 

(218) 


«•, N*! ^^Sx + Ha ^Sa + • . • “ — ^^Ct) 4" • • • 

= 0, 

as the number of terms in the series is even ; 

:$.N^S = 0. 

Let the process be repeated for all that angular space about o, 
which is necessary to include the whole surface of s \ then for all 
that surface, and for we have 


If 


N^S = 0, 


Also a similar result will be true for every other particle of 
the attracting mass which is outside s ; and if v is the potential 
of all that matter, then replacing n by its equivalent, 

(219) 


II 


-Y-ds = 0 , 


Hence we have the theorem : 

If V is the potential of any mass m, part of which, viz. Mg, is 
within, and the rest is without a closed surface s, of which dm, is 
an element of the normal drawn outwards, then, the whole 
surface of s being the range of integration. 


II 


— = — -iTTMo. 

m 


( 220 ) 


Or, in other words. If we consider the attraction of a mass of 
.matter on the surface-elements of a closed surface, the sum of the 
attractions estimated along the normal to the surface at its 
several points drawn outwards is equal to — 47rKo, where Mo is 
the attracting matter within the surface. Pquation (181) in 
Art. 230 contains a particular case of this last theorem. 
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The proof here given of course includes the case in which the 
closed surface is an equipotential surface, and in which the re- 
sultant attraction on the surface-element acts along the normal. 

238 1 Laplace’s equation (193) and Poisson’s extension of it 
(194) may be deduced &om (220) by the Mowing process, due 

Let us take the more general case of the attracting particle 
being within the surface s, and let us take this surface to be 
the surface of the small elementary paraUelepipedon da dy. 


Then for the face dyd» the value of is-(£)i^t?y; 


and for the opposite face it is {(^) + and 

fd'^'^s 


therefore for this pair, the value of the integral is (^—)dadMr, 

similar results are true for the other two pairs of faces; so that 
the left-hand member of (220) becomes 

-> 11 1 • j 1 • 

Now the density in the elementary paraUelepipedon being 
constant, and being p, say, Ti.^pdad^dy, therefore from(220) 

-47rp. (222) 






‘ ^dy^ -1 + 1, j 

If the particle is outside the paraUelepipedon, the nght-hand 

member vanishes. . . 

Also (220) may be deduced from (222) by integration in the 

following way : , 1 • . -? 

Let (222) be multiplied hj da d^ dy, and be the subject of 
integration through a given space within a closed surface s, 
which, contains the attracting matter M, ; then 






«/•/«/ ww* ^ ^ 

a„ are the abscissae to the points where a line parallel to the 
axis of o, at distances /3 and y from the planes of (y, &) an 
(a, 0) respectively, cuts the surface; and if da, is the smtace- 
element at (a, /3, y) and X is the angle between the normal at 


* Oamlii'idge and Dublin MatbematioaV Journal, Vol. IV, p. *I6- 
same memoir the reader will find references to the works of Gauss and SirWilham 
ThoTnaon, 
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that point drawn, outwards and the a-axisj dfi dy = da^ cos Xi 
= —da^ cos Xo ; and if a cylinder is described with the generating 
lines parallel to the axis of m, and circumscribing s, the line of 
contact divides s into two parts j and the range of 

is the part of the surface which is farthest from the origin. ; and 
the range of JJ (•^) X^ da, is the part nearest to the origin. 
Hence if the range is the whole surface of s, 

and the other two parts of (223) will take similar forms ; also 
f p dx d^ dm = a, •, therefore (223) becomes 

hut since X, p,, v are the direction-angles of dn, which, is an 
element of the normal of s drawn outwards, by (111), Art. 219, 

(. 26 ) 

and this is the integral equation of- the normal attraction 
through a closed surface. 

239.] The potential does not admit of a maximum or mini^ 
mum value at any point in free space^ where there is no attracting 
matter. For in this problem v is a function of /3, y ; and is 
subject to the condition given in (193) j and thus in (39),^ Art. 
163^ Vol. I (Differential Calculus)^ the coefficient of vanishes, 
and consequently the three roots of that cubic equation cannot 
,be all of the same sign ; but this condition is necessary when V 
has a critical value, and accordingly T does not admit of a maxi- 
mum or minimum value. 

This fact may also be inferred from the statements of Art. 237. 
For did the potential admit of a maximum or minimum value 
at a point in free space, a closed surface could be described 
about that point, and so near to it, that at every point within 
it the potential would be less or greater than that at the 

Doiut; so that ^ would be negative or positive all through the 

surface, and consequently / / ^ would be finite ; and this 

paicB, VOL. in. 9 ’J 










is impossible^ as such a surface contains none of the attracting 
matter. ° 


Hence if the potential is constant at all points on the closed 
surface^ s, which includes none of the attracting matter, it has also 
the same value for all points within s. Because if this is not so 
there must be one or more critical values within it, and this 
been shewn to bo impossible. 

As V does not admit of a maximum or minimum value in free 
space it increases in some directions and decreases in others 
remaining constant for all points on an equipotential surface; 
consequently a material particle vmder the action of attracting 
bodies cannot be in a position of stable equilibrium. This theorem 
is due to Mr. Earnshaw, and is given by him in the “ Philo- 
sophical Transactions of Cambridge/'’ Vol. VII, March, 1839. 

240 .] The theorem given in Art. 237 leads to the following 
very remarkable results in reference to equipotential surfaces : 

Let an infinitesimal area be taken on an equipotential surface, 
V = (5 ; and let the normals to the surface be dra'wn all round 
the contour of the infinitesimal area; these evidently form a 
tubular surface of small section. Also let another equipotential 
surface, v = o', be drawn intersecting the tubular surface : let a> 
and w' be the areas of the sections of the tubular surface made 
by these equipotential surfaces. Let a and n' be the forces of 
attraction on w and co' respectively, the lines of action of them 
being normal to the areas of w and o)^; then as there is no force 
of attraction perpendicular to the sides of the tube, as the gene- 
rating lines are lines of force, and as no attracting matter is 
supposed to be within the tube, by (219) we have 

no)— rV=0; (228) 

that is, the attracting force is inversely proportional to the 
section of the tube. This theorem gives the variation of the 
attraction along a line of force so long as it does not pass 
through attracting matter. 

If the tube contains attracting matter and the volume between 
(a and &> is full of matter, then the difference of the whole at- 
tractive forces on the two ends of the tube varies as the quantity 
of matter contained in the tube between these two areas. 

The following are particular oases of this theorem* : 

When the attracting body is symmetrical about a point, the 


* See TliomBon ami Tait, Natural Plnlosopliy, Vol. I, p. 365. Oxford, 1867. 
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the incemeht mutt be k»ow.., 

mined by the law, before we can hml the Inutc cluui^c, 
latter befng determined from the former by means ot iniegi.i- 
iutfese retpeote tl.en the subject-nmtter of em- «.,™e. 
will be found to hnrmoniao with the laws of t le stloiue o 
mimber • and these latter may be applied. ^ 

11.] Suppose now that the axiomatic laws ^ 

deduced from the fundamental idea of motion, and t ' 

them: let them be translated into mathematical hu giu^i ami 
symbols, and so stated that the propositions take the tomi ^ 
equations j if the concrete mechanical unit be • 

equation will stand as a numerical eciuation : to it iii thiH sta c 
all the rules of the science of number may be applied, and what- 
ever are the results which can be inferred by means ot them, 
they may be translated by an operating factor in o n u 
chanical equivalents, and these again into ordinary 
As therefore the resources which the science of imm tti Mqip 
become more numerous, the more fruitful is the _ deduct ve pro- 
cess ; and hence it is that the progress of the scumccH is sunn - 
taneous ; whatever retards the one’ is also an obstacle to t 
prog*r0SB of tbc othci% 

Consequently the following will be the course ol our cuquuy. 
The idea of motion will be first described tognthor with space 
and time which are two incidentals of it. This is the tuuda- 
mentol idea of the science; and pregnant properties oi it will 
be enuntiated : as matter is the subject of motion, so will 
properties of matter have to be explained, aiul especially the 
property which is called iner^ui, as we are hereby led t(> the 
formation of equations of motion, in which the equality ol mo- 
mentum impressed and momentum expressed will he stated. hes<- 
pregnant properties of motion and of matter are euUed /,««« f>/ 
Motion, and will ho found to he only two; we shull trnuslute 
them into mathematical language and symbols; and by the pro- 
cesses of iiilinitesimal calculus dediieo from them their reHidls, 
which we shall in many cases trace in the applications of me- 
chanics, and especially iii the phetiomona of gravitation, whether 
in the ease of bodies iieiiig near to the earth and falling tovvanls 
it, or in the case of the approximate motion of the plaiietary 
bodies, herein laying the dynamical foundations of physii’ul astro- 
nomy. By this method the foimdations of mechanics will he hii.l 
ill breadth sulUeieiit to iiielude all kinds of matter; whether 
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lines of force are obviously straight lines drawn from this point. 
So that in this case the tube becomes a cone^ and co is propor- 
tional to the square of the distance from the vertex; conse- 
quently the attraction varies inversely as the square of the 
distance. 

If the attracting matter is distributed symmetrically about an 
axis in cylindrical shells of infinite lengthy the lines of force are 
perpendicular to this axis^ and the tube becomes a wedge^ the 
section of which is proportional to the distance from the axis ; 
and the attraction therefore varies inversely as the distance from 
the axis. 

If the attracting matter is composed of a system of parallel 
platesj the lines of force are all parallel^ and the tube becomes a 
cylinder^ the area of the section of which is the same at all 
distances^ and consequently the attraction is the same at all 
distances. 

241.] The following theorem in the Integral Calculus^ dis- 
covered by George Green^ and contained in his Essay on the 
Theories of Electricity and Magnetism/*' is more general than 
the preceding ; and is fundamental ' in many subsequent in- 
vestigations- 

If s is a closed surface containing a given quantity of matter^ 
and ^s is a surface-element of it^ and dn is the element of the 
normal drawn outwards ; and if r and v are two functions of 


a, P) y which do not become infinite at any point within s^ then 

///'' {(S) + ($) + (0)} £* 


in which the triple integrals comprise all the matter contained 
within the surface s^ and the range of the double integral is the 
whole closed surface s. 

Let us take the integrals in the left-hand member of the 
equality; then 
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tie first definite itiW«l v •. ^ 

' memleJof ' 

JJ ■' ?(,;I)™* t ■ 

-IJJ l(rjCU00 + 00}<laifi,,^fL t,, 

i»wt the tljiKl of thite ifttograli ia equal to tfiA a j. ^ ■ 

/(/ f(, /«) (,/„) f (^/^) ('J^) + 

M.jw w lhia ^j,r,,a«i,„5 k symmetrical with reewcl to tt „n^ 

«l I# liliritimt I fill viiliii^ t%r iul 1 \ ^^gara to u andv. 

111 .' thinri'in i. lii.r,.i,v ™ti,l, U ““•* 

r.m-li...» ,. .Ill V ^ ''■ “ ‘''= o' n® 

. Jil:’ r ”V, '•' ''''“™“ “ " ‘““O" i-1* •* 

J-e u, , ,, he infiniU* at a point 

*..«! W «« snpiic* V to heeome 1 at that point. Lot a sphere bo 

dwM'rilwl from that |»iiit as centre with an infinitesimal radius 
-». then ff», preimhng theorem i« manifestly true for all the 
r»e itig inattor estermvl to this aphero. And with regard to 

111. .rl..--.'. .i.». ''■=;.d^) + O+0 = O; 

iK tUs same value 

w liy tlm prindplM of definite m%ration equal to jj fdai^dy, 
wkieh m the volmne of the sphere, multiplied by some mean 
taluo of f l(3iT) + (^)+(^)J which is in magnitude of 

Iho «»o order « i, smoo(^)+... i« Mto for aU points 
withia tho sphere j and consequently when the radius of the 
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sphere is infinitesimal this must be omitted. 


/''*'** 


mean value of 


multiplied by JJ Yds = = 


and this vanishes when a =z 0, 


r dY ^ 

dn 


=”•//; 


where u» is the value of u at {a„, I3„, y„)j and since v = -, 

dv dv 1 u f f 7 1 ^ ^ ^ 

S = “ ^ = 7^ ’ consequently J J -^-ds = - M ; bo 


that in the limits for the sphere^ 

Hence when the whole ranges of integration are considered, 

III'’ {(£) + (0) + (0)}‘''‘'*^'*>'-//'’S*+‘’'’'' 


Similarly, if v becomes infinite at any point within the range 
of integration, an analogous correction must be made for it ; and 
also similar corrections for any other points, whatever be their 
number, at which such values take place. 


242.] One or two remarks have to be made in conclusion : 

(1) Throughout this Chapter I have spoken of attracting 
massesy and have denoted mass by the symbol and mass- 
element of the attracting body by the value given in Art. 121 ; 
viz. pdx dy dz ; and I have retained this conception, to give con- 
sistency to the imagined action. But the preceding theorems 
are of much wider application than to gravitating matter in the 
ordinary meaning of the word : they apply to electrical and 
magnetical action ; and thus the meaning of m must be en- 
larged ; and must be taken to denote quantities of attracting 
action or of influence, whether of free electricity or of magnetism, 
whatever these may be. It is indeed with reference to these 
latter subjects that the theorems are so important. 

(2) We have spoken always of attraction. But the theorems: 
are also true for repellent action when the repulsion varies 
directly as the products of the repelling masses and inversely as 
the square of the distance between them. This extension will 


Qumui meomms in aitiuctioiis. 

!jc made in the mathematical expressions of +1,,. +i 
masses are affected with negative signs • ald l!^°'T' 
necessary in applications to electrifitv' whl f 
ro»lm „d »og.tive electricity, « in 

then pUcefin M^MndnrtiM ?'* “'“““‘J'' 

«jr, there is ojnilitainm in the u^teriot” mi ^ 

olootneity passes to the surface of th^ h„j ™ iMMnmgfae 
» shell of ciying density" pZ Sc^ rf^C ,t Z/T 
pre»nto of the eatornal air. p„r 
the potential threnghont is constant : and oons^Zly 

^da^' ^dB0~V^}~<>- 


|tt fZ; l7nI‘.?eJzV’rtZTZ^^^^^ 

J 8 carried to the surface. electricity 

electricity forms a shell which is in eoui 
hbnum, of which the thickness may be considered constant and 

parts ^ the body, and consequently its interior surface is at 
i«t. ^ The exterior surface is open to the pressure of the air, and 
as this acts only normally to the surface, the exterior surface 
t« tno auoll IS an equipotential surface. 


(a) If the electrised body is an elKpsoid, the shell of electricity 
on its surfaeo will ho ellipsoidal, and we may consider it to be of 
wnstant density, and of variable thickness, and to be contained 
between two sinailar and concentric ellipsoids, so that the thick- 

»«i at any point varies as the central radius vector to that 
point. 


( 0 ) The repulsive action on any particle in its external surface 
1*8 normal to the surface at the point, and proportional to the 
thickness at the point. 

( 7 ) The repulsive action on a particle at different points on 
the external surface is proportional to the perpendicular distance 
from the centre on the tangent plane to the ellipsoid at the point ; 
80 that at the extremities of the principal axes the repulsive 
action varies as the length of the axis. 
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PART II. 

DYNAMICS; THE MOTION OF MATERIAL PARTICLES. 


CHAPTER VIL 

MOTION, ITS AFFECTIONS, ITS LAWS, AND ITS EQUATIONS. 

Section Introductory ; on motion^ matter ^ time^ s^ace, 

243.] On resuming tlie course of our treatise of the science 
nf motion which was interrupted at the end of Article 1 1, it is 
necessary to make some preliminary observations. 

Mechanics is the science which treats of the action and effects 
of forces on material particles and bodies at rest and in motion ; 
that part of it which relates to bodies at rest, that is, under the 
action of many forces in equilibrium, is called Statics, and has 
been discussed in the preceding part : and that part of it which 
relates to motion is called Dynamics, and has lately been termed 
Kinetics, and will be developed in the following parts of the 
work : the passage from the latter to the former, and the process 
by which the principles of the latter include those of the former, 
as the general science includes its particular subordinate, will be 
investigated hereafter. 

Djrnamics, as it is intended to unfold the subject in the fol- 
lowing pages, will be presented to the student in a twofold 
aspect : primarily and chiefly it will be considered as a positive 
and exact science, such as I have attempted to sketch it in the 
first Chapter ; and of that nature of which the pure sciences of 
number and geometrical space are supposed to be. Motion is 
the fundamental idea of it; that, viz., out of which spring all 
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the ti’uths of the science^ and from axiomatic statements of 
which they are deductively inferred. Dynamics^ as such^ is a 
science of speculation and thought ; doubtless in the construc- 
tion of it experience may have suggested much^ but the so- 
called necessity of its principles is derived from another source. 
Secondarily^ it is my purpose to shew that the science is useful 
to explain phaenomena of the world external to us : hence arises 
the necessity of proving that the axioms and the first statements 
of the pure science are true in the subject-matter of cosmical 
observation^ and that the laws of natural phaenomena are in- 
cluded within the range of the pure science. Now for this end 
large experience, in the way of observation and experiment^ is 
frequently required. The operations of nature are complex^ and 
it is only with deep searching that they allow themselves to be 
so far unravelled as to exhibit the laws they are subject to. In 
this respect then it is necessary to apply a limit to our inquiry ; 
and I propose only to shew^ and that concisely^ that the axioms 
of the pure science, or the laws of motion, are true in cosmical 
matter ; so that, thus far at least, it is likely that we are on the 
right road of naUml philosophy. And it will also be desirable, 
here and there, to point out certain salient laws, such as the 
law of gravitation and Kepler’^s laws of planetary motion, that 
our attention may be directed to them rather than to others. 
As in the preceding Chapter it was beside our object to enter on 
the complete discussion of attractions as applied to the determi- 
nation of the figures of the earth and of the planets, to the theory 
of heat, and to magnetism and electricity, because such appli- 
cations can be made only on certain hypotheses, and with the 
development of functions in series involving infinitesimal terms, 
the knowledge of which belongs to the special subject : so in the 
following treatise I shall not enter on the planetary or lunar 
theories, because such subjects require special knowledge, and 
belong to physical astronomy : but the general equations of 
dynamics will be investigated in all their breadth, and will be 
brought down to that stage where these special sciences com- 
mence ; and will not, except in very simple instances, be applied 
to cases or under circumstances wherein such special knowledge 
is required. Thus our science is a principal mi normal one ; 
normal^ I say, because it is that to the rules of which each 
special subordinate science conforms : and the greater or less 
that conformity is, the more or less complete is that special 


MOTION AND MATTER. 


337 


. 244-1 

science j and principal , because the laws of dynamics are those 
which the special science takes and applies^ each in its form and 
degree ; and they are so large^ that many forms of them are 
includedj which observation has not yet shewn to. exist in the 
material universe. The applied part also serves a moral purpose^ 
insomuch that it enables man to fathom the depths of the laws 
of Cosmos^ to express them in a concise^form^ and thus to study 
the works of God. It is for these reasons that the science of 
motion is the most perfect of the physical sciences. 

Although philosophically perhaps it might be more correct 
separately to investigate these two branches of the subject^ yet^ 
as the treatise is didactic^ it is more convenient to consider parts 
of one or the other^ as they arise in the course of it. 

The nature of the symbols which will be employed requires a 
remark ; we shall have to speak of time^ space ^ velocity^ matter; 
these are heterogeneous quantities^ and cannot be operated on 
so as to multiply time into space or mass into velocity ; this is 
self-evident. But these quantities will be represented by sym- 
bols such as t^ dty s^ ds^ v, dv^ m, dm ; and these are numbers^ 
and not the concrete things. Thus t expresses the t times an 
unit of time is taken ; dv the dv times an unit of velocity is 
taken ; and the numbers^ of course^ can be multiplied together^ 
and the resultant of the operation is number of that kind which 
the symbols express before the operation. The unit of con- 
cretion however^ which is to be introduced after the operation^ 
may be different to that previous to the operation : see Art. 124. 
The concrete units are of course arbitrary^ but remain unaltered 
during the whole of an operation. Sometimes a secondj some- 
times a year is taken as the unit of time ; sometimes a foot; 
sometimes the earth'^s radius^ sometimes the mean distance of 
'the earth from the sun^ is taken as the line-unit ; these units 
vary according to the problem ; and the circumstances of it will 
generally guide us to a judicious choice. 

244.] Motion is the fundamental idea of mechanics; motion; 
that iS; either real or virtual; either in act or in power; and 
therefore the science is more correctly termed the science of 
motion. Motion need not be defined: it is too general to be 
capable of useful expression by means of a more general term ; 
it is a quality or a state : one result of it is change of position of 
the thing moving : I say; thing moving ; for a necessary element 
in an adequate conception of motion as the fundamental idea of 
pnioB; VOL. III. s: X 
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the undulatory theory^ are also included. Matter is treated as 
the subject of motion ; and when it is spoken of, it is supposed 
to have one essential property^ and that is mobility. 

Matter also admits of divisibility without limit : a very large 
quantity of it may have motion^ or a very small, nay^, an infi- 
nitesimal part of it j and this is called a j^article ; such as is 
analogous to a geometrical point : and its other properties^ 
mobility and such like, are independent of the quantity of it. 
This remark is important ; because it will be necessary to divide 
the subject, according as we consider the motion of a finite 
quantity of matter, which is supposed to consist of an infinite 
number of particles, and which is called a material system or a 
material body: or according as we consider that of a material 
particle. The quantity of matter which a body or a particle 
contains is, as already stated, called its mass. 

Of motion, and consequently of matter with reference to its 
property of mobility, there are two other affections, which, by 
reason of their abstract nature, need not be defined : viz. time 
eLud sjpace: it is suflicient for us to be able to form a notion of 
them, and to enunciate of them such properties as are required 
for our purpose. Space and time, like matter, are continuous 
and divisible; and these affections are without limit. Space 
may be very large, nay, infinite ; we cannot fix the boundaries 
of that space in which the heavenly bodies are ; and it may be 
very small, such as that occupied by a chemical atom or a 
material particle. Time also admits of degrees as to quantity ; 
it may be an instant ; such an infinitesimal, that the aggregate 
of an infinity will make only finite time : or it may reach through 
the present moment from ages bygone to ages to come. Motion, 
matter, time and space, stand to each other in the following 
relations. Matter exists in space and time; all matter, even 
the minutest particle, occupies space. No two particles of matter 
and also no two bodies can occupy the same space at the same 
time; this property of matter is called its impenetrability. The 
same matter cannot be in two different places at the same time : 
hence a particle of matter or a body cannot pass from one posi- 
tion to another without lapse of time ; time is consumed in the 
passage ; and therefore a change of place requires time. And, 
as a longer or a shorter time may be spent in the passage, so do 
we conceive of the rate or speed at which a particle of a body 
moves. And hence arises the quality of matter which is called 

X X 
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vehcity; velocity being the degree of swiftness or slowness with 
which matter moves. Prom these relations arises the necessity 
of measuring space and time, and of determining equal spaces 
and equal times. As material bodies exist in space, they have 
volume and/omy volume depending on the quantity of space 
which they occupy, and form on the bounding terms of that 
space ; but the knowledge of equal spaces must be found in an 
adequate knowledge of space. The method of measuring volume 
is founded on the geometrical principle of superposition, and 
two volumes are equal which oecuj)y the same or equal spaces. 
The notion of equal times and also the measure of equal times 
arises out of the idea of time, and an idea of time is not ade- 
q,uate unless it has these notions; it is true that the passage of 
time is marked by events which take place in it ; and equal 
times are marked by the regular recurrence of similar events; 
that is, by uniform motion; but equal times* are in themselves 
altogether independent of any particular kind of motion; they 
exist before it and they enable us to apprehend and to measure 
such a motion : equal times therefore must be deduced from 
the notion of time. 


Section 2. The KinefiuLtics of a jpavtiole in a stfcdgM path, 

246.] The most simple motion of a material particle is that in 
Vhich it describes along a straight line equal linear spaces in 
eqhal times ; the motion of it is then said to be uniform, and 
the vdpoity to be constant ; these two expressions in fact being 
eqmvaleut. But when equal spaces are not described in equal 
time^, the Velocity is said to be variable; such a velocity may 
vary contuluously or discontinuously ; but it will be necessary 
for us to consider only a continuously- varying velocity ; because 
a discontinuous variation will be a succession of constant velo- 
cities, changing abruptly, and, as it were, by impulses. 

* M.Poissoa, Traits de Mdaanique, ado Ed. Tome I, p. aog, writes: “Lanotion 
dee temps dgaax, et la mesure du. temps ne sont fonddes ndcessairement stir auount 
loi partioiiU^re de mourement; et Ton peat, en oonadqiianoe, les supposer dans la 
deamtion du mouvement nnifcnrme et de tonte autre sorte de mouvemens 
Dr. Whewell, in his Treatise on Mechanics, Ed. 5, Art, 102, says ; '' Thosd 
„ intervals of time, in which there is no discoverable reason why they should be 
Unequal, are supposed equal/’ 
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cosmieal or of that of light, if there is an ethereal medium ; 
and all kinds of motion, whether direct or orbital or oscillatory; 
the basis therefore will be wide enough to comprehend the ma- 
thematical theories of hydromechanics, light, heat, electricity, 
magnetism; these several sciences, as they advance towards 
perfection, satisfy more and more the notes of the science of 
motion, hut the perfect state will be reached only when they 
wholly do so. 

la.] Such is the philosophical form of the perfect atul exact 
and such is the philosoi)hieal course of leani- 
a diifereut method is more 
It is batter to begin with what 
than with an ab- 


science of motion 

ing it; but there are reasous why 
suitable to a didactic treatise- 
is apparently more simple and more concrete 
stract verity ; we are not accustomed to analyse eases of motion, 
but we are familiar with an effect of the same (‘ause as that 
which produces motion, but which in mechanics is actually more 
complex ; we have all of us a notion more or less exact of pressure 
or of weight; the tension of a string caused by a weight sus- 
pended at the end of it, or a presiure caused by a weight resting 
on the hand, gives us a notton more distinct than that of a body 
falling under the action of the earth^s attraction. Now let me 
analyse such a pressure from a dynamical point of view : take 
the case of a weight resting on a table ; the sarru^ force which 
produces the pressure on the table would cause the body to lull 
towards the earth, if the table were removed; the falling oflbrt 
is the same, although the table is there : the earth attriictH the 
body, impresses velocity on it, and causes it to penetrate the 
table ; hut the material of the table is elastic, and therefore^ so 
often as the body penetrates the table and causes the jiariieles 
of the table which are in contact with or are near thc^ body 
to approach each other, an elastic force of recoil is called into 
action and causes the body to retire : thus an 08 cillai 4 )iy morion 
of the body is established, which is however so slight that the 
motion of the body is to the senses impei*ceptible. It may 
perhaps be thought that this is an indirect mode of consi (hiring 
such a simple case as that of a body resting on a table : p<n‘hapH 
it is ; but it is the mode of applying the principles of the science 
of pure motion to the case of a body resting on a table. 

Thus although in the order of the pure science other and more 
simple cases of motion would he discussed before this, yet as 
this case of pressure is so mtnple, as it seems, and so common, 
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In the case of constant velocityj equal linear spaces are de- 
scribed in equal times ; now although the velocity of a moving 
material particle is a. quality or state of the particle itself and 
resides in it, and is that hy which it difiPers from a particle at 
restj and although no account more exact can he given of it, 
yet W velocity can he measured; and the measure is taken to 
he the number of imits of linear space passed through in an unit of 
time. If therefore a material particle describes uniformly ® units 
of linear space in one unit of time, v is the measure of the velo- 
city ; and if 5 represents the space passed through hy the particle 
in t units of time, then, hearing in mind the last clause in 
Art. 243, s=vt-, (1) 

and ^ 

Thus velocity is linear space^ and is the linear s^ace clescriied in 
one unit of time* 

I may observe that, if a particle describes a path with uniform 
velocity, this result is true whatever- is the form of the path, he 
it straight or curved, a curve plane or of double curvature. 

If the velocity continuously changes, equal spaces are not 
described in equal times, and the velocity becomes a function of 
the time. Let the time he resolved into infinitesimal elements ; 
and let us suppose the particle at the end of the time i! to he at a 
distance s from an origin fixed on the line, and to he at that 
time moving with a velocity v : that is, if the particle were to 
move for one unit of time with the velocity which it has at 
it would describe v units of space in that unit of time ; and 
suppose ds to be the space described in dt, the next element oit-, 
then, if v is the velocity at the beginning, and vfdv is the 
velocity at the end, of dt, the mean velocity with which ds has 
been described may be expressed by v.h-Bdv, where d is a proper 
fraction, and is positive or negative according as the velocity is 
increasing or decreasing : therefore by reason of (1), 
ds — {v-\-Bdv)dt-, 

and neglecting the infinitesimal of the second order, as by the 
prineiples of infinitesimal calculus we are obliged to do, we have 

ds s^vdt', W 

that is, ds units of space are described in dt units of time hy 
the particle moving with the velocity v at the beginning of dti 

and therefore dividing through by dt, we have ^ equal to the 
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as 

dt 

In the cases therefore, both of constant and of varying velocitv 
velocity is the space described in an unit of time • and lA v' 
of (2) and (4) tk. ratio of tke space de^^ibsd ^ £ 
time during which it is described; and is in the latter ease 
ratio of two infinitesimals. 

The unit of velociy is evidently the velocity with which a 
particle describes uniformly an unit of space in an unit of time 

It wiU be ohsm-ved that 6 has disappeared : now as it is upon 
the sign of 6 that an increasing or decreasing velocity depeP^ds 
so are the results (3) and (4) true in both cases. ^ ^ ' 

The following are examples of the preceding theory : 

:Ex. 1 . If a particle describes uniformly 100 feet in 10 seconds 
and a foot and a second are respectively the line-unit and the' 
time-unit, the velocity of the particle is 10. But if the time- 
unit IS half a second the velocity is 6. 

Ex. 2. Find the position of a par-tide at a giyen time when 

’• o » ds 


Here 


dt 




s=zs,d“; 

if IS the distance of the particle from the origin, when i =z o. 
Ex* 3. JKnd the position of the particle when the velocity 

i/ties as, tnA -futYiA 


varies as the time. 
Here 


dt 




' T^t^ 

a 


where s„ is the yalue of s, when t = 0. 

• 4 ." ^ moying along 

Its path TOth an increasing (or decreasing) velocity; and to fix 

om thoughts let us suppose the velocity to be increasing; then 
rate uniformly, or at varying 

^ Krstly, let us suppose the increase of velocity to take place at 
an uniform rate. Let us suppose/ to be the increment of velocity 
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in an unit of time ; then if the velocity is zero at the beginning 
of ty and the velocity is v at the end of 

V -fti (5) 

but if Vq is the velocity at the beginning of ty and v is the velo- 
city at the end o(t, (6) 

so that the velocity-increment in the time t varies as /‘and also 


varies as t. 

fy which is the velocity-increment in an unit of time^ is often 
called the acceleration; but as the former term is more sug- 
gestive^ I shall generally employ it ; it evidently takes a negative 
sign if the velocity decreases as the time increases. When the 
velocity increases uniformly^ /is constant^ and the acceleration 
is constant ; these two expressions being equivalent. 

If the particle at the beginning of t is moving with a velocity 
and the velocity-increment is negative, then if v is the velo- 
city at v — (7) 

Also since the particle is at rest when = 0, that rest takes 

place when ^ 

^ = ( 8 ) 

Secondly, let us suppose the increase of velocity to take place 
at a varying rate, so that there are not equal increments of 
velocity in equal times ; then the increase of velocity is a ftinc- 
tion, either explicit or implicit, of the time. 

Let the time be resolved into equal elements ; and let us sup- 
pose the particle at the time t to be moving with a velocity v, 
and at the time t-\-dt to be with a velocity v + ds] then if f is 
the velocity-increment at the time ty and f^df^ the time t-^dty 
f-\-Bdfy where ^ is a proper fraction, is the mean velocity-incre- 
ment during the time dt ; and consequently by reason of (5), 
dv = [f^^6df)dti 

dv ■=^fdty (9) 

if we omit the infinitesimal of the second order ; that is, dv units 
of velocity are added in the time dt Hence, dividing by dt. 

In this latter case the velocity increment or acceleration is, said 
to vary. And thus whether it is uniform or varying, it is the 
increase of velocity in an unit of time; and is also the ratio of 
the increase of the velocity to the time in which that increase 
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take^ place^ and is in the latter case the ratio of two infinh 
tesimals. 

Thus the unit of acceleration or the unit of velocity-increment 
is, when the increase of velocity is an unit in an unit of time. 

If the velocity decreases, / is negative ; and from (10) we have 



( 11 ) 


These expressions shew that an unit of acceleration is that which 
corresponds to an uniform increase of an unit of velocity in an 
unit of time. 

848.] Taking these results in combination with those of the 
preceding Article, we have the following values : 

In the general case of varying velocity and of varying positive 
acceleration^ from (4) and (10), 

civ ^ ch 

^ iW^ (U dt 


cPsdt-^’dHds ^ 
dt^ ’ 

( 12 ) 

and therefore if s is equicrescent, 

dsd^ t _ 

J ~~ dp ’ 

( 13 ) 

and if t is equicrescent, 

„ d^s 

( 14 ) 


We shall suppose i to be an equicrescent-variable throughout 
the whole treatise, unless it is stated expressly that it is not so. 

These values suggest the following remarks : 

Let a particle be moving, and let it describe the space ^ in 
the time t : 

(1) Let us suppose the space and the time to be resolved into 
corresponding infinitesimal increments, so that neither all the 

nor all the are equal : in which case neither t nor j is 
equicrescent ; and thus (12) correctly represents the velocity-^ 
increment due to one unit of time : but the expression is un-* 
necessarily complicated, and is therefore of little practical use. 

(2) Let the time be resolved into equal elements, that is, let t 

be equicrescent: then and (14) expresses the velocity- 

increment* Now if the velocity is constant, all the correspondiug 
elements of space will be equal ; that is, all the &^s will be equal 
and = 0 : there will, in this case, be no velocity-increment.. 
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If the velocity is not constant^ the ds’s corresponding to equal 
dfs will not he equal j there will he an excess of one ds over the 
preceding or succeeding ds, and thus there will he a d^s : as dt 
is constant, let us assume it to he the unit of time ; then ds is 
the velocity ; and d^s is the velocity-increment ; and therefore 
measures the acceleration force. It is also to he observed, that 
if the velocity-increment is constant, d^s is constant, and there- 
fore = 0 : hut if on the other hand the velocity-increment is 
variable, the vary, and d^s is not equal to zero ; similarly 
we might proceed, and shew under what circumstances d‘s would 
be constant, and therefore d*s = 0. 

(3) Let the space he the equicrescent variable; in which 
case, if the velocity is constant, the dfs corresponding to the 
ds’s are equal, and dH = 0 ; but if the veloc% is not constant, 
equal dfs do not correspond to equal *'s, and therefore dH 
will not he equal to zero : in this case (13) is the expression for 
the velocity-increment, / being affected with a negative sign 
because the velocity-increment becomes greater, as the time to 
which it is due becomes less ; and therefore the dfs, to which 
equal successive ds’s are due, are decreasing, and therefore d‘i is 
negative. 


249.3 The following are simple illustrations of the preceding 
formulae ; it is unnecessary to add others as the subject will be 
amply applied in the succeeding Chapter. 

Ex. 1. If there is no velocity-increment, = 0 ; so that if 


c, is the constant velocity. 



S = So+1}J. 

Ex. 2. If the acceleration or velocity -increment is constant, 
s = Si,-\-v„t-\- -^ff’ S 

where So and are the values of the space and the velocity 
respectively, when ^ s= 0. 

Hence if a particle moves from rest from the origin mth n 
constant velocity-increment, 

and thus the space described varies as the squm’e of the time. 
PBICE^^OL. III. Y y 
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Ex. 3. If the velocity-increment varies as the time from rest, 
cPs 


dP 


= M; 


1 7 ./. 

3i=”' + 2^'' 
k 

S = v^t->r-P. 

6 

Ex. 4. If the velocity-increment varies as the distance from a 
given point in the line of motion, and is negative. 


dP 
2d$d'^s 
~dP 

dP 


= —ks ; 




if a is the value of when the particle is at rest ; 
— & 


iS 


0dif ; 


the negative sign being taken, as I will suppose the particle to 
move towards the origin ; 


cos'~^ - == 
a 


if = 0, when s ■=. a, and the particle is at rest ; 

,9 = acos#i^. 


Section Z.—The dynamics of a particle moving^in a straight line. 

250.] The preceding observations on the kinematics of a 
particle are all that we require at present. We shall return 
to the subject in Chapter IX ; and must now enter on the 
further consideration of matter as the subject of motion; and 
we shall state explicitly certain properties of matter, beyond 
those which have been stated, in Part I, of it as the subject 
of pressure or statical force. An important question meets us 
at the outset ; according to our conception of matter, as the 
subject of motion, has it any power of changing its state ; 
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has it when at rest a power of putting itself into motion ? has 
it when in motion a power of itself either of increasing or of 
diminishing its velocity ? An adequate conception of matter 
involves a reply to these questions in the negative. Matter is 
inert; it has no power of acting on itself or of changing its own 
state as to rest or motion. If it is at rest^ it will remain at 
rest : if ifc is moving with a given velocity along a rectilineal 
path^ it will continue to move with that velocity along that 
path : there is no more reason why it should change its course 
towards one side of that line than towards the other : this is 
equivalent to saying that lapse of time does not affect matter^s 
state as to rest or motion. And not only does matter remain as 
it is^ unless acted on by some source of velocity external to itself, 
but it also passively submits to external influence : whatever 
effect is communicated to it, that is also developed in it. Now 
I am not saying that matter does not act on other matter, for 
the matter of our physical system does so act : thus leaden balls 
attract each other : particles of air repel each other : but it does 
not change its own state. Whenever therefore — and this is 
most important — matter^s state is changed either from rest to 
motion, or vice versd^ or when its velocity is increased or di- 
minished, that change is due to some adequate cause, and velo- 
city is communicated to it from some source external to itself. 
This source is called force; and force is either accelerating or 
retarding according as the velocity of matter is, by its action, 
increased or diminished : a more exact definition by means of 
its measure will be given hereafter. . From the fact that matter 
is inert, or, in other words, from the principle of inertia, will 
be inferred the first equations, or propositions, of the science, 
The principle may be stated in the following form, and is then 
commonly called the first Law of Motion : 

Matter at rest remains at rest, and matter in motion continues 
to move in the same line and direction, and with unvaried velocity^ 
unless acted on ly some force external to itself. 

This principle of inertia is axiomatic, and is the first axiom 
in the construction of the science ; it rules that when a change 
of state takes place in matter, that change is due to the actiop 
of some cause external to the matter. : . % 

251 .] As we shall apply our theoretical investigations largely 
to the matter of the earth, and of other bodies of the solar sys7 
tern, it is worth while shortly to inquire how far the properties of 
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matter which have heea axiomatically stated are fulfilled in that 
particular matter of which they consist. 

As to Mobility; the fact is shewn by daily observation: 
bodies falling towards the earth, particles of matter constantly 
moving in the air and as seen in a sunbeam, the waters of 
the sea never at rest, the motion of the moon and of the planets 
the motion of particles of air in the wind, all bear evidence to 
this property; nothing is seen quiescent; everything is in 
motion. 

As to Inertia: terrestrial matter seldom changes its state 
without our being able to assign the cause; and hence we 
inductively infer, that the cause could always be assigned, if 
our knowledge of the moving matter and its circumstances was 
perfect. Consider a particle of iron, placed on a smooth table ; 
relatively to the table it is at rest : but let a magnet be placed 
so that the particle of iron is within its influence ; the particle 
will begin immediately to move towards it ; and the longer the 
space is through which the particle moves, the greater will be 
its velocity ; thus the magnet is the cause of the motion of the 
particle at first, and also of its subsequently increasing velocity. 
Now let another magnet be introduced of the same power as the 
former, and acting along the same line of action, and in an 
opposite direction, so that the action of the former* magnet on 
the particle of iron is neutralized : then it is found that the 
iron-particle will continue to move with the velocity which it 
has at the time when the neutralizing magnet is introduced: 
tha.t is, the velocity which it has at that instant is a quality 
teiidihg in it, and which it has of itself no power to annihilate : 
its vdocrty will, it is true, during the subsequent motion become 
less and less j yet it appears that such a loss of velocity is caused 
by the friction against the table, the resistance of the air, and so 
on ; for if these impediments are diminished, the particle con- 
tinues to move with a velocity less rapidly decreasing : and 
hence we infer that if they were entirely removed, there would 
be no diminution of the iron's velocity. 

So again if a ball is projected along a level surface, such as 
a bowling-green, the rougher the surface is the more impediment 
does it oflfer to the ball's motioh, and the sooner is the ball 
reduced to rest : but if the surface is smooth, as a pavement, or 
smoother still, as a plate of glass, or as ice, the longer will the 
ball continue to move; eventually, however, it will be reduced 
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to restj because it is impossible to remoye all the impediments 
which are continually acting on it as retarding forces^ and are 
thereby withdrawing velocity from it. 

Again; if a suspended pendulum oscillates; the time ere its 
motion ceases will be longer if it vibrates on a knife-edge than 
if it is suspended by a spring, because the resistance of the 
former is less than that of the latter j and if it oscillates in the 
exhausted receiver of an airrpump; the time ere its motion 
ceases will be longer than if the oscillations take place in air. 
From experiments such as these, it is inductively inferred, that 
if all the hinderances are removed, and if the moving matter 
does not receive velocity from any other spurce, it has in itself 
no power either to increase or to diminish its own velocity. 

The nearly uniform periods of the planets, and the almost 
constant length of the mean sidereal day, in a similar manner 
tend to shew that the same law is true in the matter of which 
the bodies of the solar system consist. 

The principle of inertia was first recognised by Galileo : me-' 
chanicians had before his time failed to give a correct exposition 
of the principles of mechanics because they knew not this fact. 

253.] Matter therefore can neither generate velocity for itself 
out of its own resources, neither can it absorb into itself velo- 
city which it has, or velocity which is communicated to it : it is 
alike ^^naturaF'’ to it to be at rest and in motion; whenever 
therefore its state changes, some cause external to itself is the 
origin of the change ; if the velocity is increased, some velocity 
has been communicated to it ; if it is diminished, velocity has 
been abstracted from it : whatever causes a change of velocity 
is force j and the word force'’' will be used in Dynamics 

in this meaning only. 

The word force," as thus stated, has not the exactness which 
an exact science requires. Such terms are not precise enough 
unless the quantities which they express are measurable : and as 
force is an active cause, it will be measured by its effects. Now 
the effect of a force is velocity, and consequently the velocity 
communicated to or impressed upon the moving matter in a given 
time, say, in an unit of time, is the measure of the force. But the 
velocity impressed on a particle is equal to the velocity expressed 
in its acthal motion, inasmuch as matter has no power to absorb or 
to produce any of such impressed velocity ; and consequently the 
velocity-increment, or the acceleration, in an unit of time is the 
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measure of the force. Hence if a force causes in a moving ma- 
terial particle an increase of velocity / in an unit of time the 
force may be correctly denoted by/, because that signifies its 
eflpect, viz. the velocity-increment of which the force is the cause. 

Hence the unit of force is that which impresses an unit of 
velocity in an unit of time. 

Also the varieties of force are in this respect as many as are 
the velocity-inerements which they produce. Thus if a force 
communicates equal velocities in equal successive time-elements 
the force is said to be constant ; and according as it increases or 
diminishes the velocity, it is called an accelerating or a retarding 
force. If a force, on the other hand, comrnunieates unequal 
velocities in equal successive elements of time, it is called a 
variable force, and an accelerating or a retarding variable force 
according as the velocity is increased or diminished by its action. 
The law according to which the velocity is communicated is 
called the law of the force. The velocity which a force transfers 
to , a body is called the impressed velocity; and the velocity 
which is developed by the action of the force in the moving 
body is called the expressed velocity. In the case of a single 
particle the velocity expressed in its motion is equal to that 
impressed by the force on it; but if that particle is a member of 
a material system or of a body, for reasons which will be given 
here^ter, it will appear that this is not the case. Thus in a 
moving particle the impressed and expressed velocities are indeed 
the same thing viewed from diflPerent points. 

IVqm these explanations of force and its varieties the follow- 
ipg pesnlts arise. Firstly, let us suppose a force to be constant 
9*1.^ material particle, which is moving in a straight 
path, dong the hne of its motion ; and' let / be the velocity 
which is communicated by this force in an unit of time ; then if 
the force acts for t units of time, the velocity communicated is 
ft', and if the particle was moving with a velocity u when the 
force began to a,ct, and with a velocity v at the time t, and the 
force is accelerating, , , 

• ft-, ( 16 ) 

and if the force is retarding, 

^ = f-fi- (16) 

Secondly, let us suppose the force to be variable, and suppose 
it to be such that at the time t a velocity/ would be impressed 
y it in an unit of time, if it , were constant during that unit; 
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and to be sncb that at the time 2 . velocity/+^wonld be 
impressed by it in an unit of time if it were constant during 
that unit. Then^ if ^ is a proper fractionj/+^r^ would be the 
average or mean velocity impressed in an unit of time during the 
time : and consequently if dv is the velocity actually impressed 
dv = (/-I- Q df) dt) 

and omitting the infinitesimal of the second order^ 


dvz=zfdt) ( 17 ) 

and this assigns the increase of velocity which takes place in the 
time dt by the action of the force /. This force is the increase 
of velocity in an unit of time. 

If we require the amount of the velocity which is impressed 
by a finite accelerating force in a finite time^ this must be 
deduced from (17) by integration; and the process can be 
effected immediately if/ is constant or is a function of since 

in this case r 

v^Jfdi; 


but it must be done indirectly if/ is a function of v or of s. 

We have however brought our investigation of the effects of 
force to this point : viz. that its effect and its measure is the 
acceleration or velocity-increment which has been discussed in 
the previous section on Kinematics^ and we have 

dt'^^dtdt 


d'^s 


( 18 ) 


and consequently all the results of this equation, its various 
forms, and the remarks which have been hitherto made on it, 
are applicable to it, when /is the accelerating force. We shall 
have so many applications of this equation hereafter that it is 
unnecessary now to insert any. 


253.] When a force acts on a particle a^ rest, the action~line 
of the force is of course the Ime ff motion of the particle ; but 
when a force acts on a particle in motion the action -line of the 
force may be, or may not be, the line of motion of the particle. 
In the preceding article we have supposed the former case. The 
latter case, which is more general and also more importaht> will 
be fully discussed in following Chapters. « 

If two or more forces act simultaneously on a particle in the 
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line of its motion^ the resultant effect will evidently be the sum 
of their separate effects. Thus suppose a material particle to be 
moving with a constant velocity and two constant forces 
f and f' to act on it; the effects of which are severally to 
produce velocities f and f' in one unit of time ; and suppose 
each of these forces to act for t units of time : then the velocity 
of the particle at the end of t units of time will 
If one of the forces; say/'; act in a direction contrary to that of 
the particle^s motion; it will abstract velocity; and the velocity 
of the particle will; at the end of t units of time; be 
A similar result is of course true when the forces are variable. 

Hence if two forces are capable of communicating equal ve- 
locities to the same body in equal infinitesimal elements of time; 
the two forces are said to be equal; and are such; that when 
applied to the same body in oi3posite directions along the same 
line of action, they neutralize each other; and do not change 
the body’s velocity. This is the definition of equal forces. Simi- 
larly; forces which in equal infinitesimal elements of time will 
produce in a given body; twice, thrice, &c. the velocity which 
another force will, are estimated as double, triple, &c. of this 
latter force. 

354.] Force, such as we have considered it, impresses finite 
velocity in a finite time ; and the effects of it have been resolved 
into elements corresponding to infinitesimal elements of time. 
Thus if a force acts for a finite time, and if the law of the force 
is given, the total velocity impressed by it during the whole 
time may be found by integration, and the whole velocity will 
be the measure of the force'’s action. A force of this kind is 
commonly called a finite accelerating, or retarding, force. But 
suppose a force to act, and to communicate a very great velo- 
city in a very short time, such as the explosive force of gun- 
powder, which will impress a very great velocity on a cannon- 
ball in the very short time during which the ball is passing 
along the bore of the gun, then doubtless if the law of the 
communication of the velocity is known, the whole velocity 
may be found as in the former case, and will be the measure of 
the action of the force j but if the law of the force is not known, 
and the force acts for a short time and then ceases, the whole 
velocity which is impressed by it may be talcen as the measure 
of its action. A force of this kind is called an impnlsive or in- 
:siantaneo%ts force. This force does not, it is to be observed. 
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difFer in kind from finite accelerating force ; the communication 
and tlie development is as gradual in one case as in the other; 
the difference consists in the mode of measurement of its effect : 
in the former case the law of force is given^ and the total action 
of the force is determined by integration: in the latter case, 
whether the law of force is known or not, the action of the 
force is measured by the whole velocity which has been com- 
municated by it. 

255.] Hitherto motion and velocity have been considered 
independently of the quantity of matter of which they are. 
Velocity and its properties have been discussed as being of a 
mass, and, to fix our thoughts, we have assumed a material 
particle to be the matter moving ; but it has been unnecessary 
to introduce any reference to the quantity of matter, because 
the velocity of a material particle and of a mass of large dimen- 
sions may be the same : and inertia as a property of matter 
does not require any conditions as to the quantity of matter : it 
is true equally of a particle and of a large body. But now it is 
necessary to consider velocity in reference to quantity of matter 
or mass : because the equations of motion of moving matter, 
from which all the theorems of dynamics will be deduced, are 
formed by comparing the velocity impressed with the velocity ex^ 
pressed; and thus a question arises, whether two bodies having 
equal velocities impressed on them will move with equal veloci- 
ties, whatever are their masses ? No doubt, by the principle of 
sufficient reason, if their masses are equal, the expressed veloci- 
ties will also be equal : but what will be their expressed velo- 
cities, if the masses are unequal ? In reply to this question we 
must strictly define equality of mass; and be on our guard 
against an argument in a circle : equal masses must not be de- 
fined to be those on which, when equal forces act, equal velocities 
are impressed ; when equal forces are defined to be those which 
impress equal velocities on equal masses. We have already spoken 
of mass, and of its mode of measurement by means of weight, 
in Section 1, Chapter lY; but the following process of deter-^ 
mining it is that which is most appropriate to our present 
purpose. If two masses having the form of spheres, and moving 
with their centres along a straight line, and in opposite direc- 
tions, impinge on each other, and if each is by the collision 
brought to rest, these masses are said to be equal : . so, that . 
equal masses are defined in the following terms : 
ruiQB, VOL. III. z z 
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itoo masm are equal which moving with equal velcAii i 
the same straight line, in opposite directions aid imni! * 

Other, are rechoed to rest ly the collision. ' ^ 

When many masses have by this nrocess bp<.n • , 

be equal to each other, we may collect two or morr^'to ^ 
mass, and thus obtain masses which shall be any multinle of^ 
g>ven mass : and by a reverse process we may obTin 1 
which ai-e submultiiiles of another mass: and thus w! ? 
tain masses which bear any ratio to each other. Thus ifTLfi 
masses are collected into one mass, and ,.'into another, the r£ 
of these collected masses will be to each other as to J ' 

^ consider the motion of a 

material pai-ticle only. It is much more simple thmtll If 

aVof tern dcs' ''T ' f “ay 

bodv i! «!S f 7 7 case the 

of£ 1 ° translation; or the pai-ticll 

of ae body may revolve one about another, without the^relative 
positions of them being changed, in whidi case the bo^ 
the motion of rotation : a full investigation of these IdnemLcd 
circumstances will be found in Part III of the Treatise : whereas 

infinitesimal geometrical 
pomt the motion of rotation may be neglected, and weW t 
consider motion of translation only. 

if ttlTat’ST terrestrial matter, that 

m‘rst!r f v"' -ts c 

th equal velocities, a greater force may be required to 

£ h“a “Signed is, th!t 

fe «T, ■ peater force qf inertia than the other. Now this 

“0 force: ifnlithe" 

another nT.;i + 1 , ' , reason is, one mass is greater than 

pf our ^jeot. ^ ^ *^6 very foundation 


•' "«i-r -.a 

laxieiy ^ has been called '^forr« » xi 

.»a «. “'"1“ “ 

, , them: and I cannot but refer toM ^ 

■ questions, for a corroboration of the view of tb!” “ authority on such 

Mdoanique, ale Ed. Tome I, Art lao ^ subject here taken, Traitd de 
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356 ,] Let two material particles be in motion; of wbicli I will 
suppose one to be tbe unit-mass^ for the unit is arbitrary^ and 
the other to contain m unit-masses; and let them move with 
equal constant velocities v : if the m unit-masses of the larger 
mass are separate^ each would move with the same velocity 
and therefore the sum of the velocities of all the particles 
moving separately would be mv ; and by the principle of inertia 
the sum of the velocities is not changed when all the particles 
are collected into one common mass, and therefore the quantity 
of velocity which is expressed in the moving mass m is mv: 
that is, is in quantity times the velocity of the unit-mass. 
Although therefore the velocity of both the masses is the same 
as to intensity, yet in quantity or amount of velocity ^ that of the 
mass mism times that of the unit-mass. 

As we shall frequently speak of this quantity of velocity, it 
is convenient to assign to it a distinctive name : it is, as ex- 
plained above, the product of the numbers expressing the mass 
and the velocity, and has been ordinarily called momentum or 
quantity of motion ; although the term is somewhat inaccurate, 
yet, to avoid the inconvenience of new nomenclature, I shall 
use it, and shall signify by it the quantity of velocity which 
exists in moving matter: and shall henceforth signify by the 
term velocity,^'’ velocity as to intensity. 

The increments of these will be called respectively the mo- 
menium-increment and the velocity-increment; and of these, when 

expressed, the mathematical equivalents will m and ^ > 11 

t is an equicrescent variable. 

Thus the momentum-unit is the product of the mass-unit into 
the velocity-unit. It is evident also that the momentum of a 
body is equal to the sum of the momenta of its several parts. 

The distinction which is drawn between velocity as to inten- 
sity and velocity as to quantity or mpnientum, may be illus- 
trated by the following analogies. Suppose two masses of the 
same substance, one of which is ten times as large as the other, 
to be in the same state of temy)erature^ and suppose both to be 
heated so as to be of the same higher temperature : then to these 
masses heat has been transferred from some external source ; and 
to the larger mass ten times as much as that to the smaller one , 
and thus, although both are of the same heat as to intensity, 
yet the quantity of transferred heat in one is ten tiin^s as great 
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that heat as toInLsity f 

T;r, 

to bo received by a table or a !i™ “’™ 

IS, if It leeeives the whole liijbt so much w the area 

illumination bo. But if a «■» 

throushout its suifaee, the greater Z sL£T‘“ 

.1.0 wd be the guautity of light reeeived by tt' ThufTt 
does as to intensity vary inverselv as +>10 ^ 

spread: but the quantity o^St^ece 
n.w equally throughout varies directly im th^ 

■<Jo 7 .J It appears then that when force acts on mo+f . ,1 

communicates velocity to it, the effect is momentum aS 
only velocity as to intensity. And this suhinof i / I ^ * 

sidored both with reference to velocity^ 

that is, with reference to impidsive and to fin^ 

W Now the law of incr/a rules thl t hot tZltr 

naW- ol! 1 • ? r n? ™P«lsive; let be the mass of a 

imfnt ^ ^ “ force act 

then tb«*^ ^ ^ instantly moves with a velocity ®, 

then the oxiiressed momentum is mv, Let o be the momenhim 

impressed by the action of tlxe force, which is like a blow; then 
by the preceding principle, ' 

q, = mv; ( 19 ) 

i; = A: (29) 

whiohMsignstho velocity communicated to the particle by the blow. 

.nf .n moving with the velocity «, 

and the force acted on it in the line of its motion, then if r is 
the velocity after the action of the force, 

( 21 ) 

The following are illustrative of this theorem : 

If a particle of m mass-units moves with a velocity v its 
momentum is ?»«;; and if all its momentum is transferred to a 
particle m , and v' is the consequent velocity of m’, 

W/V ss 

mv 


V' 


which determines the velocity of 


m 
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258.] 

Thus if a particle^ as a small ball^ of mass = 3, moves with a 
velocity = 4^ its momentum is 12; and if it impinges directly 
on another particle of mass = 2^ and is reduced to rest by the 
impact^ the whole of the momentum will have been transferred 
to 'dy and will move with a velocity =6. 6 therefore will 

be the expressed velocity, and 12 will be the expressed mo- 
mentum, of this latter particle. 

Hence also momentum is the measure of the pressure of per- 
cussion of a moving mass. 

So if two particles, moving along the same line and in oppo- 
site directions with velocities which are inversely proportional 
to the masses, impinge directly on each other, they will be re- 
duced to rest by the collision. 

Again, if a cannon-ball of mass = 10 is fired from a gun> 
and emerges from the bore with a velocity = 250, the momen- 
tum of the ball is 2500, and this will be the measure of the 
explosive force of the gunpowder. 

Hence also it appears that whenever momentum is impressed 
on a mass by means of matter acting upon it, it is withdrawn 
from some other source, or an equivalent momentum is simul- 
taneously produced in an opposite direction. Hence also we 
infer that the whole amount of momentum is always the same. 
Momentum cannot be created : it can only be transferred. It 
may perhaps be thought that momentum can be generated by 
muscular action, say, that a stone may be thrown, and thus 
receive momentum, by the muscular action of the arm : we 
must not however be deceived by appearances: let a person 
stand in a frame suspended as the scale of a balance, and which 
is capable of moving freely : if he impresses momentum on any 
body, as, for instance, if he throws a stone, it will be found that 
he moves in a direction directly opposite : and the product of 
his mass and the velocity with which he moves in the scale will 
be equal and opposite to that which he has given to the stone : 
the apparent creation then of momentum in one direction is a.c- 
companied by the creation of an equal quantity in the opposite 
direction. A similar effect takes place when momentum is im- 
parted to a mass by means of a pressure against the earth. 

258.] The same principles apply, and lead to similar results 
when the force is finite accelerating. If a particle of mass m 

s 

receives a velocity-increment = -^ > by the action of a force, the 
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expressed momentum-increment due to the force is m ~ • a 

consequently if the force is such as to impress a velocity-incre- 
menty on an unit-mass^ then 

* d^s 

( 22 ) 

and /=4^- /o,^ 

'' dP (23) 

And if 8 is the whole impressed momentum, which may or may 
not vary with m, ,, ^ 

( 24 ) 

The source of the impressed-momentum has been usually called 
moving force; and as it is equal to the expressed momentum- 
increment, we take this latter to be its measm’e ; and as the 
accelerating force is measured by the velocity-increment, that is, 

ty so the measure of the accelerating force is that of the 

moving force acting on a mass-unit. Hence also the moving 
force-unit is that which impresses an unit of velocity on a mass-unit 
in an unit of time. 

Equations (19) and (24) are called equations of motion; they 

define all possible kinds of motion of a pai-ticle in a rectilineal- 
path. 

Let us exemplify this result : suppose a particle m to be 
falling towards the earth : it is found by experiment that the 
earth^s attraction is an uniformly accelerating force, which im- 
presses on the falling particle a velocity-increment of 32 feet 
(approximately) in one second of time ; let a second therefore 
be the time-unit, and let us represent the number 32 by y 

(— gravity); then mg is the impressed momentum-increment, 

, d^s . 

®^P^®ssed momentum-increment : therefore, by 


reason of (22), 


mg z=m 


d^s 

~dP- 


(25) 


9 = 


d'^s 

~dP' 


The illustration may be more correctly represented when we 
take account of the.mass of the earth. For since the attraction 
between the earth and the particle is mutual, the particle at- 
tracts the earth while the earth attracts the particle : if there- 
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259 -] 

fore m and M are the masses of the particle and of the earth 
respectively^ the velocity-increments of the particle and earth in 
an infinitesimal element of time are inversely as the masses. 

Similar too is the mutual attraction of the earth and moon : 
the expressed velocity-increments with which they move towards 
each other are inversely as their masses. Hence it follows that 
their centre of mass would remain at rest, if the earth and moon 
had no other motion than that which is due to their mutual 
attraction : but owing to the action of the sun, and the motion 
of each in space, the centre of gravity describes an ellipse with 
the sun in one of the foci. 

Hence then it follows that (1) moving forces do not impress 
equal velocities on different masses, unless they are proportional 
to the masses j (2) the velocities expressed in equal masses are 
proportional to the moving forces j (3) the velocities expressed 
in unequal masses by equal moving forces are inversely propor- 
tional to the masses. Hence also we infer that when a moving 
force impresses velocity on a mass, the velocity expressed varies 
directly as the moving force and inversely as the mass. This 
last proposition has been commonly called the third Law of 
Motion, and is enuntiated in a form such as. 

When moving force produces velocity in a given mass^ the velocity 
produced is inversely projportional to the mass. 

Sir Isaac Newton calls the following proposition the third 
law of motion : Action and reaction are equal and opposite.-'^ 
This however is no more than a statement in plain language of 
(19) and (24); and it is necessary to explain the meaning of the 
terms action and reaction^ and how they are measured. 

And here we have come to the second axiomatic principle 
which is necessary to the construction of our science : when the 
state of matter, as to motion, changes, a measure of the change 
is hereby given ; the product of the mass and of the velocity 
which is expressed in a given time is the measure of the force 
which has caused the change, and is by the principle of inertia 
equal to the impressed momentum. Froju this equation all the 
results of dynamics will be deduced. 

259.] As equation (22) is a differential expression of the 
second order in terms of s and and as in the complete solution of 
a dynamical problem it is required that s should be expressed in 
integral terms of t^ it is evident that this differential equation 
must undergo 4wo integrations before the required solution is 
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Ify is constant, or if it is a function of ^ sav f — thf a +1, 
( 24 ) becomes , ^ ^ *^en 

Cv^ s 


m 


dp 


~m(j>(i); 


mi 


fds V /'< 

when v, is the velocity, when t ■. 


( 26 ) 


ds 


■ f m(j)(f)dt; 

t(\ 


(27) 


and thus the result gives momratum; ( 26 ) sivine the mn 
mentum which accrues in the time t-t,, and ^ 27 ) giving the 
momentum at the time t. In both cases however the result i! 
momentum The space may be found in terms of the time from 

If/ is a function of ^ ; say/= 4,(^1 then 
d^s 

M -~Tr- == 


Let us multiply both sides by * ; then 


mds- 


~dF 

== J M<l)(e)ds; 


( 28 ) 


tte “tfr. ““ ‘>'8 »»• of 

the product of the mass of a particle and the square of iU 

it is 

hand i coefficient of variation. The right- 

n^ck^i 4^ I’""‘^""ts of the mass of the 

Mda. FoOoct of ao iMprooMl vdooitr-4.orom»t 

Sit j^?r" i‘ “*■ ““ “ ““oi “8 “"’•i 

po;«. i„ it. oiotioo fcoogn aotliS 

000 1 ^ is that which is dooe hr ao uoit of 

acceleiatmg force aotrog os ao uoit of oiatter aroLh ao uoit 
of space. Aod .f a. oartVs attoactioo at a givco/acris a. 




* It IS called by Sir W. Thomson and Professor Tait “ Kinetic Energy.” 
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CHAPTER II 


STATICAL PEESSUEES ACTING AT THE SAME POINT, 


Section 1. — Explanation of matUr, force, mechanics. 

. 13.] A formal definition of matter such as would satisfy a 
metapliysieian or a physicist is not required for this work. It 
is sufllcient for us to conceive of it, as the subject of pressure ; 
capable of receiving and of, as we shall hereafter see, trans- 
mitting pressure : and as such, having volume and form ; be- 
cause it is in this aspect only that it is of imi)orlance to us in 
the present treatise*. Matter is rigid or stiff, when its com- 
ponent particles are kept in a state of relative rest by the action 
of cohesion or attraction, or of similar molecular forces ; and of 
these we require at present only to know that the external 
pressures acting on matter are in magnitude, in comparisttn of 
these internal forces, infinitesimal. The consideration of other 
properties of matter, as the subject of force, will bo undertaken 
in the sequel. 

Matter is assumed to be infinitely divisible j an infinitesimal 
portion of it is called a particle : and the space occu])ied by a 
particle is so small that it is a geometrical point. A finite 
portion of matter is caUed a body. The quantity of matter 
contained in a body is called the mms of the Iwwl.r 


xoiston says, ua matifere est tout ce qui peut affoctur mm .soiw .I'lim, 
ifere queloouque.’ Dr. Whewoll, 'Body or matter is anytlu»« 

possessing the power of resisting the action of force.’ MoclmuioH, stli 
on, Cambridge, 1836. 
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unit-accelerating force, and the mass of a pound is the unit-mass, 
and a foot is the unit-space, the unit of work is that which is 
required to raise the weight of one pound through a vertical 
space of one foot. 'This is called a fooi-^ovmd, ; and is the unit 
of work generally adopted by British engineers. 

Thus the work done in raising a weight through a vertical 
distance is proportional to the weight raised and to the vertical 
distance through which it is raised. 

Generally for any force, the work, as thus defined, done 
during an infinitesimal displacement of the particle on which it 
acts, is the virtual moment of the force, which has been de- 
scribed in Article 108. 

If in the motion vis viva is lost, negative work is done by the 
force ; that is, the work is stored up as potential work in the; 
particle or mass on which the force has acted. Thus if work is 
spent on winding up a watch, that work is stored in the coiled 
spring, and is thus potential and ready to be restored under 
adapted circumstances. Similarly, if a weight is raised through 
a vertical distance, work is spent in raising it, and that work 
may be recovered by lowering the weight through the same 
vertical distance. 

This theorem, stated in the most general form, is the modern, 
principle of conservation of energy or of work ; and is made the; 
fendamental theorem of abstract dynamics as applied to natural; 
philosophy. 

In this case we have an instance of space-integrals. And as , 
forces in nature are functions of the distance, this is the form: 
which dynamical problems take in physics; we shall hereafter 
have many examples in the solution of problems which are 
capable of such application. 

There is still another form which / may have : it may be a; 

function of the velocity ; that is, / may be of the form > 

in which case . 

= . } \ 

and of this equation we may generally take either the time- 

integral or the space-integral. Thus if we take the time-in- 


tegral^ replacing ^ by Vj we have 

dv 

= cU-, 

<p{v) 

whence, when is given, we have v in terms of t- 
PEicB, von. III. 3 ^ 
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And if we require the space-integral, since 
fp!t _ dv 
dP ~'df.~ 

rdv 


* ^ dty 
di ds 


(31) 

(32) 


we have — ” _ . 

whence we have v in terms of s. 

If / i=|iv.„ in terns of two or Moro of Ibo tl,„e qoontitio, 

t, ,, ond it i, only in certain oases that the differential eon.- 
tion admits of integra,tion. ^ 

Of all these several forms of f we shall ho,r.a 
in the following Chapter. ^ examples 

260.] The truth of the preceding theorems connectino. movino. 
force mass, and expressed velocity, in the case of t’errestrial 
raattei IS proved hy Attivood^s machine, for a foil description 
of winch I must refer the reader to Attwood's ozdgina Mse 
on rectfoneal motion, and to other treatises on exp rimen M 
J James, hut of which a concise account is given in' 
of the succeeding Chapter. It is shewn hy numerls etpL 
ments made with it that the expressed velocity-increment 
sjond of time vanes directly as the moving foree and inversely 
as the whole mass moved; and therefore the product of the 
mass and the velocity-increment varies as the moving force and 
may he taken to be a measure of it. The same i t 
also proved by the following experiment: it has herslln 

S f n - ^ stiewn in Section 3 

f.? that, when bodies move under the ae. 

L ^ ^ **iose distances Suppose 

tte ^ ^ wiMnlcd from two pomte in 

fall from ml to the bw« 

„f the am th^,ngh™?a 

•0 ttTtelodtiesI^i red hi' a)*T f“ ""“P™*'"? chord, 
^therefore th 0 two balls are raised tZu 2 "arTs,tLthords of 
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which are inversely as the masses of the halls, the velocities at 
the lowest points will also be inversely as the masses ; and it is 
found by experiment that balls which have fallen through arcs, 
the chords of which are inversely as their masses, and which 
impinge on each other at the lowest point, are by the collision 
brought to rest : and therefore the momenta of them must have 
been e(iual, and thus being in opposite directions along the 
same line of action have neutralized each other. This then is 
an experimental proof that the momentum is equal to the pro- 
duct of the mass and of the velocity. It is also found that, if 
the arc through which one of the balls moves is greater thau 
that determined above, when the balls come into contact, they 
are not reduced to rest, but move in the direction of the motion 
of that which has fallen through the proportionally greater arc. 

It is also found by experiment that if two balls of unequal 
masses are placed in contact, and have a spring so arranged 
that when the spring is set free it exerts an equal action against 
both of them, the velocities which are expressed in them are 
respectively inversely as their masses. 

261 .]] When the matter on which moving force acts rests on 
a surface, the noi'mal to which is along the line of action of the 
moving force, the effect is not velocity hvit jpTCssutc : for the in- 
finitesimal element of velocity, which the moving force would 
impress in an infinitesimal element of time, is destroyed by the 
resistance of the surface. But if the surface were removed it 
would be expressed in the moving matter, and the elements of 
velocity being added to each other, a finite velocity would be 
expressed. When therefore a moving force impresses velocity, 
and . the velocity is expressed, the elements of it are added to 
each other, and the resultant is the whole expressed velocity : 
but when the elements of velocity are destroyed as soon as they 
are communicated, the result is pressure. Hence it follows that 
two pressures are to each other as the product of their masses 
and the infinitesimal elements of velocity which would be ex- 
pressed in them in an infinitesimal element of time if they were 
free. At this point therefore statics becomes a branch of dy- 
namics, and on this principle, which is the principle of virtual 
velocities^ the theorems of the latter science are applicable to 
and become those of the former, ^ 

We are hereby supplied with a method, which is in practice 
most convenient, for determining the mass of terrestrial matter. 

3 A ^ 
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Observation shews that at the same place all bodies, whatever 
are their substances, acquire the same velocity in faUmo- 
vacuo in the same time. The eartVs attraction therefore i! an 
accelerating force which acts independently of the particnW 
kind and quantity of the matter which moves, and is theiXe 
the same for all matter. Consequently the pressures of bodies 
under the attraction of the earth vary as their masses: Cs 
pressures are of the bodies, and therefore the wefoS 

at the same place vary as the masses of the bodies; and as the 
balance affords an easy mode of comparing weights we can 
hereby deduce the relative proportions of the masses ’ 

It may probably be thought that this method of determining 
mass IS more simple than that chosen in Art. 256; and prac^ 
tmally for the matter of the earth it is : but there are objections 
to It, so far as the principles of the pure science of motion are 
concerned: (1) It experimentally assumes the relation between 
mass, movmg force or its measure momentum-increment, and 
anceleratog force or its measure velocity-increment ; and this ' 
It IS adduced to prove : (2) only terrestrial matter can be com- 
pMeff by iV whereas the principles of the science of motion 

Art 62 S 

legahte et du rapport des masses, inddpendamment de la pe- 
santeur qm n est qu'une propri^td s4eondaire des corps, pul. 
qu^elle deviendrait tout-h-fait insensible, sans que les mL"es 
eussent change, en les transportant k une distance suffisamment 
gra^e- de la terre.^' Thus M. Poisson thinks that such a mode 

terreSSTSr' 
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CHAPTER VIIL 

THE EBCTILINBAE MOTION OB PAETICLBS. 

Section 1. — Direct impact and collision, 

263.] We proceed now to the application of the principles 
and equations which have been investigated in the preceding 
Chapter : and we shall begin with the most simple case, that 
of the direct impact and collision of two material particles. To 
fix our thoughts, however, I shall consider these particles to be 
spherical homogeneous balls, which move so that all the parti- 
cles describe equal and parallel paths, and the balls have there- 
fore no motion of rotation ; the velocities also of the balls will 
be supposed to be uniform both before and after collision, and 
the paths along which they move are supposed to be rectilineal ; 
also the line of action of the mutual pressure of the balls during 
the collision is supposed to pass through their centres; and 
if this line is that in which the balls are moving the impact is 
said to be direct; but if either of the balls moves in a line not 
coincident with this line of action the impact is called obligtt^e. 
We shall now investigate the former case : the latter will be 
considered in Section 1, Chapter X. 

‘ Let the masses of the two material particles be m and mf\ and, 
to fix our thoughts, let us suppose them to be moving with 
uniform velocities in the same direction along the straight line 
OA, fig. 85, say, from left to right : let v and v' be their re- 
spective velocities”, and let us suppose v to be greater than 
so that m overtakes and impinges on mf: the momenta of the 
two balls are respectively mv and mfv\ 

Now no matter is perfectly rigid ; all is more or less ex- 
tensible, compressible, and also elastic. Thus when m impinges on 
a compression of the particles of the two balls at, and about, 
the point of contact takes place : a change of form of the balls 
thus takes place, and the molecules of them move one relatively 
to another: velocity therefore has been impressed : dm them, 
The disturbance of the relative positions of the elements of the 
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bodies also brings elastic forces of restitution into fio+,- ^ 
e effects of the impact are supposed not to be such Zt 
balls are broken or crushed by them and the greater thp 
turbance of the particles is, the greater is th's He I 
now although according to the configuration of the ball 
we have imagined, the velocity of n is Hte thL ff 
yet duimg the collision momentum is being withdrawn^fr^ 
and IS Wferred (T) to by the meansVraH Hde" 
whereby the velocity of m' is increased; and (21 to tha 1 ' 
whi^ are ;disturbed in and about t4 place 

i ^ ".omenta is the 

tanefetence of momenta continues until „ and ./ move 
Jith the same velocity; which circumstance eventuallv ocoZ 
for so long as the velocity of is greater than that of J IJa 
c ange 0 the forms of the balls is increased, whereby the elastic 
force also increased; and as this increasL in a Her m 
portion *ban the compressing force, the two balls must ultimately 
move with the same velocity : at this stage of the process the 
compression is, it is to be observed, a maaermum. 

tZl ^^ith the same velocity 

eie IS no mutual pressure between them : there is then n^n 

6een brought 

into action by the compression, and these therefore beHo ' 

tall , ““.P™™ “ . mataum, i, from „ 

of the fio- ’ "P n^inc forces in the restitution 

of * *'.« ’'>“"‘7 of m' ond to diminisl, that 

iato olaetio moring fol , J 

and , in both H produces momentum : 

giWto®?!^ momentum is abstracted from m and is 

imHedtv ttTrIf'' = 

heL to tha/Jb- restitution of the forms 

^ ou^ Hln : T.t-' ? Here, 

molecularHlT :e H 

lUent • and if ic ^ ^ ai. i have recourse to experi- 

thereis always a cTf given substances 

Sell L ‘1.0 monmnta 

® the reef tuta; the ktter quantity being dwaji lees 

'-Z i‘ ■ I. 
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than the former : the ratio is called the measure of the restitu- 
tion of the bodies^ and is symbolised by e ; the limiting values 
of e are 0 and 1 : the former being its value for substances per- 
fectly inelastic, and perfectly hard, because if a body is perfectly 
hard there is no compression, and therefore there is no elastic 
force of restitution : and the latter being the value of e when the 
bodies are perfectly elastic, and when the momentum recovered 
during the restitution is equal to that spent in producing the 
compression. Mr. Hodgkinson has not found in the course of 
his experiments (see British Association Reports, Vol. Ill, p. 534) 
any matter perfectly fulfilling these conditions. Hence the 
value of e for all known substances is a positive proper fraction. 
If therefore p represents the momentum impressed during the 
compression, <9P is that acquired during the restitution. 

263.] Let m and wf be the masses of the two balls, which 
move in the same direction along the straight line oa, see 
fig. 85, with uniform velocities v and ?/ : and let us suppose v to 
be greater than v% so that m overtakes and impinges on wf : let 
% be the common velocity of the two balls when the compression 
is a maximum : let P represent the momentum spent in pro- 
ducing the compression, and (?p that acquired in the restitution 
of the form^ of the bodies. Let v and v' be the velocities of m 
and m', when the collision ceases; and which are their uniform 
velocities after the collision has taken place. We shall consider, 
the circumstances of the balls as they are (1) at the instant 
when collision begins, (2) at the instant when the compression 
is a maximum, (3) when the collision has ceased. Now 
rkv = the momentum of m at the beginning of the collision, 

p = the momentum spent in producing compression, 
to = the momentum of m when the compression is a maximum ; 
therefore, by reason of (19), Art. 257, 

mv = ^ew + p; (1) 

wfv' the momentum of wf at the beginning of the collision, 

MAh' -rz. the momentum of m ' , when the compression is a maximum; 



(2). 

and at the instant when the collision 

ceases, we have 

similar process, , ^ 






and therefore adding (1) and (2), and (3) and (4)>- 
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Div -|- m'v' 


my + m'Y 


m + m' 


mv + mW =. my -{-m'V-. 

tWore the sums of the momenta before and after impact are 

Prom (1) and (6) we have 

„ mm' , 

( 7 ) 


therefore the momentum spent in producing the compression 
varies as the difference between the velocities before impact 
Substituting in (3) and (4) from (5) and (7), we have 




m + ni 




mv+m'v' em 


and thus the YGlocities of the balls after collision are expressed 

mfterms of their masses, the coefficient of restitution, and their 
velocities before impact, 

which is impressed on in a direction oppo- 
site to that of-its motion, by the elastic force .p during L 
restitution of the form of the balls, may be such as either wholly 
to neutrahze the velocity of m and thus to bring it to rest, or to 
impress on it a velocity in the opposite direction. In the latter 
case, V will have a negative sign, and we shaU have 

greater than 


GYifi —m 


If before impact moves in a direction opposite to that which 
h^y? imagmed, and so as to meet m, v' must be affected with 
*neg8^ ve^g^ m aU^the preceding formulae; in which Case if 
mv^mv^ that is, if the momenta of the impinging balls ai-e 
equal, 0, and the balls are at rest at the instant when the 
compression is a maximum; and after the restitution has taken 

directilj 

half of the product 

ot the mass of the moving particle or ball and the square of the 
e oci y, and notmg that this is the equivalent of work, the sum 


of the vires vivae of the balls befbre coffision is + , 


„ after collision is 


) SO that by (8) and (9) we have 






f 

, 264.] DIEECT IMPACT AED COLLISION. 369 

I mv’^+m'V^ __ niv^+m'v'^ 

I 2 (10) 

I and therefore in the case of imperfectly elastic halls, when e is 

I less^ than unity, vis viva, and consequently work, is lost by 

I collision. 

I Also since the balls after impact move with constant veloci- 

I ties V and V, they in t units of time severally pass over Yi and 

I y't units of distance : and therefore the distance between them 

; = (V'— V) t 

== 

\ Also v'— V = e{v--v")j 

^ that isy the relative separation after impact is to the relative 

separation before impact as i? is to 1 . 

264.] Let us consider some special cases of the preceding 
results. 

^ Ex. 1. Let the elasticity be perfect : < 3 = 1 ; then 

V = ^ 


v'= -z;' H — (tj — 2 ;') . 
m + m ^ ^ 


( 12 ) 


and also if m — . m' ^ v'= ^7; that is^ when a perfectly 

elastic ball impinges on another equal and perfectly elastic 
balh each after impact moves with the velocity of the other 
before impact; if therefore one is at rest before impact^ the 
impinging ball remains at rest after impact^ and the other will 
move with the velocity of the impinginf ball. Hence if there 
is a row of equal and perfectly elastic balls in a straight line ; 
and if the first ball moves in that line with a velocity v, and 
impinges on the second^ the first will be brought to rest^ and 
the second will move on. with the velocity v : similarly will itj, 
after impact on the third ball^ be brought to rest^ and the third 
ball will move with the velocity v ) and so on through all the 
balls^ until finally the last ball moves with a velocity v and all 
the others are reduced to rest. Now as this result does not 
depend on the distances between the balls^ it will be true if the 
balls touch each other ; and thus if there is a row of equal 
and perfectly elastic balls in a straight linOy which touch each 
other^ if one of the extreme balls moves with the velocity v, and 
impinges on the next ball vuth a velocity v in the direction of 
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the row of halls, the intermediate halls will not he disturbed 
and the last will move with the velocity of the impinffin^ hall ' 
Alsoife=l, + 

^ . 2 2 » ( 13 ) 

that IS, the sum of the vires vivae is the same before and after 
impact. This is an instance of the general law of dynamics viz. 
the conservation of work. ^ 

Ex. 2. If the bodies are wholly inelastic, e=0 j also if they 
are perfectly hard, so that no change of form is caused by the 
impact, then no elastic force is brought into action, and e = o. 
In these cases ^ ^ 

that is, the balls after impact move together, and of course with 
the same velocity. 

^ Ex. 3. If m' is infinitely greater than m, and if i/= 0, or, which 
IS the same thing, if m impinges on a fixed obstacle, as on a 
fixed plane, then v = — et;; (15) 

that is, the ball rebounds with a velocity which is e times that 
of impact^ and in an opposite direction. 

And if the elasticity is perfect, e— 1, and 

V = —V I 

that is, the velocity of rebound is equal and opposite to that of 
impact. 

And if e = 0, V = 0, and the ball remains in contact with the 
plane. 

266 ] The velocity of the centre of gravity or mass-centre is 
not changed by the alteration which the velocities of the balls 
undergo by reason of the impact. 

Let w and uf be the distances of the centres of m and m' from 


n A. i.*! !• - Vi iib ttlAU YfO irom 

0, ilg. tlie ^me t : so that their velocities along oa at that 
time are and ; and thus 


dx firj 

_ ^ dt dt 

A^! o of theii- mass-centre; then by 

(110) Art. 125, 




= ^V: 


^nd IS therefore equal to the sum of the tnomenfca of the balls : 
but by (6) the sum of the momenta is the same before and after 


ii 


PEEFACE TO THE SECOMD EDITION. 


Calculus and its capital applications It is 

be considered and studied independently of the two 

procc .ug volumes. 1„ it are contained Stats t 

toy so called, Attractions, and the Dynamics 
of a Material Particle. 

totbiecr^tl™* 

punciples of Mechamcs, and are not extended to par- 
b^ar sciences wherein these principles are specift- 

■ on wlM^ti principles are discussed 

-on which the eqmhbrium and stability of bridges 

arches, and roofs depend ; yet the practical tes 

of the engineers and the builder's arts are not con- 

of &ht 1 “d f asteonomy, the theories 

,nd f ’ the explanation 

-<nd tocnssion of certain experimental laws which 

a*® toqw into these 
^ epecial subjects is beyond the scope of this work 
at its present stage. 


15 


|-^_j matter and force. 

Force is a cause which chauf-H's or ttuuls to <-han^jo mnttor'H 
itate as to motion or rest. A particht is at rest when il enn- 
tantly occupies the same phu-e iu space. A partieb umves 
rhen the place occupied hy it chanf?cs its position. 

Mechanics is the science which treats of the action and fllccts 
d‘ forces in this respect. 

Statics is that part of Mechanics in which tho rolatioiw t»l‘ 
brees are considered as they protlucc pressure or a tcndoncy ti» 

notion. , 

Dynamics, or as they arc somotiinos tennctl K.inofi<'«, w that- 

)art of Mechanics in which the relations of i\mm iirit eon»iiktrcil 
.8 they produeo motion. In the first part of iltii work I 
consider Statics, and only bo far, for the moiit part, m tlm li«aliei« 
»n which the foi'ccs act are rigid. Dynainica and other iiulijeeli^ 
rill he considered in subsecpnmt parts. 

14.] When force acts definitely on matter, it in «nliji*et to tlii^ 
bur following incidents : it acts (1) at a certain jaaiil i pi) iitong 
li definite line; (3) in a given direetion along tliat line ; t U nit It 
b certain magnitude or intensif y. Ami a f(»r<*e in not wiiitl to Ik? 
fiven unless all these four iiuadeniH of it an^ givtuit 

As Statics is that part'* of MecdninieB witiidt eotiiiiterK tiiii 
•elations of forces m they produce pressure or ii tendency l«i 
notion, so are statical forces pressures. Weight is one ol ilio 
nost common forms of pressure. Whenever in tltli lirst piirt 
[ speak of forces, the term signifies prcisureil hut I ottiploy Itiii 
vord force in accordance with common iwuigt. 

The point at which a force acts is called its qf app/imikmn 
Fhe straight litie passing through the point of nppliciitioii of ii 
:orce, along wliich the force tends to mak<!f the particle at the 
point of application of the force move, is ciiIIihI the //kc e/%o*/ifOi 
ys: aotion-Une of tke fort*e ; llitMlirtHdion the Hue 

ivhich.the foixo tends to make the particle move i« <*iitltHl Ifie 
iirection of the for(*e. Thus we take the dirticUoii to tie tliiii in 
vhich the force pulls or attracts tlni partiete tit its jwiiiit of 
i-pplication. The magnitudes of forces are niewtired hy rinii* 
paring them, with, some otlua* fima*, the inagiiitude of tliii latter 
bree being taken to he an nuit-forecn Tito fiilltiwiiig ig llm 
node of measuring fonti^ 

Two forces are equal, whicli acting at tli# Mine point, itliiiig 
}he same line of action, and in opposite diwotioM, 

jach other. 
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impact: and therefore the velocity of the centre of gravity is 
the same before and after impact. The same property is also 
true of any number of haUs directly impinging on each other in 
a straight row. 

366.] Examples illustrative of the preceding equations : 

Ex. 1. Determine the velocity of a given hall m which im- 
pinges on another equal hall moving with a given velocity, 
when the impinging ball remains at rest after the collision. 

Here m' ■=. m, and v = 0 : therefore from (8), 


Ex. 2. To determine the mass of a ball which, interposed 
between and is such that the velocity of m,, which is 
originally at rest, may after impact from % through the inter- 
vention of be a maximum. 

Let V be the velocity of at first : then 

the vel. of after impact from + . 

the vel. oim^ after impact from 

= /K);Say: 

r(m ) = _ 

i{ m, = and changes sign from + to - : therefore the 

value of f{m^) is a maximum, if is a mean proportional be- 
tween the two extreme balls. 

Ex. 3. n balls perfectly elastic, are placed 

in a row : find the ratio of their masses, when a momentum v 
impressed on the first is after impact equally divided amongst 
the n balls. 


vel. of my after impact on Wa =: 
vel. of ^2 after impact from = 
vel, of after impact on = 
vel. of after impact from = 
vel. of w, after impact on = 


^ . 

m>y -j- 

2myV 


(18) 


2myV 

1^2 +^8 mi-{-m2’ 


(19) 


2^3 2myV ^ : 

(m, + Mt) (m, + m,) (w, + m,)’ '■ 





■I 


l; 
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and so on: therefore from (18), (19), and (20), 

n ‘ (wJa + ^^a) (OTi + »22) 


4OTi {Mj —Mj) p 





+ 9fii) + m. 

.)(«*i- 

II 


1 ^ 


1 , Ms 


1 

Ml +m,i 


ms, + Pis ~ 

n — 1 ' 


~ w + 2 ’ 





9n^ 


n + l ~ 

n—l 


«-2’ 

n—l 

“ M — 3 ’ 


• 

II 

%+i. 





9i—r-h2 

n^T ^ 




which gives the ratio of every two successive halls. 

267.] The theory of impact may also he applied to the deter- 
mination of the momentum lost by a body as it moves through 
a resisting medium. 

By the law of inertia, a material particle or body which has 
a certain momentum continues to move in a rectilinear path, 
and with a constant velocity, unless it is acted on by some 
force j that is, unless momentum is abstracted from it or is com- 
municated to it. Now if a particle or body moves in a vacuum, 
its velocity is not affected by any action of the medium through 
which it passes, because there are no material particles to be 
displaced by the body in its passage : but if the particle moves 
in a resisting medium, such as air or water, or in any other 
medium gaseous or liquid, whose density is finite, the particles 
of the medium are to be displaced, to allow the particle to pass 
through the medium; that is, the particles must move, and 
must therefore have momentum Communicated to them; and 
this will be abstracted from the moving body; hence it loses 
momentum, the amount of which it is our object now to deter- 
nune. And a loss of momentum will arise not only from the 
displacement of the particles which the passage of the body 
through the medium requires, but also from the action of the 
particles on each other, ajid from their fnction against the 
surface of the moving body, whatever the hature bf that friction 
is ; the latter causes of loss of momentum, involving data’ extra- 
neous to the present subject, we cannot now determine ; but of 
the former cause, and which is the principal one, we can deter- 
mine, at least approximately, the effects. 


THE ACTION OF A EESISTING MEDIUM. 


Let the moving mass present to the resisting medium a plane 
face, vrhose area is a>, and the plane of which is perpendicular 
to the line of motion of the body : let m be the mass of the 
moving body, p = the density of the resisting medium, and let 
the plane face w be at the time i! at a distance s from a fixed 
point in the line of its motion : let ds be the distance through 
which a> moves in the time dt, and let v be the velocity of the 
body : so that ds = vdt. In the time dt, the plane face to will 
have passed over a space equal to ds, and will have impinged 
upon, and communicated momentum to, all the particles of the 
medium contained within a small cylindrical surface, of which 
(0 is the base and ds — vdt is the altitude j then as p is the den- 
sity, and as the particles move with a velocity v so as to allow 
the body to pass through, a velocity v will have been commu- 
nicated to the mass patds, that is, to pavdt-, and as this moves 
with a velocity v, its momentum is pea v^dt-, and this has been 
abstracted from the moving mass j therefore by reason of (22), 
—mdv = pmD^dt', 
dv 

m-j: --pa.v-^- (2i) 


the resistance of the medium therefore will have caused to the 
moving body a loss of momentum which varies as the density 
of the medium, as the plane area of the body on which the 
medium acts, and as the square of the velocity vsdth which the 
body moves. 

It will be seen hereafter that this result gives a loss of mo- 
mentum due to the resistance just double of that which is given 
by the principles of fluid motion as estimated in hydro-me- 
chanics. One source of the discrepancy doubtless arises from 
the fact that, as the body moves and displaces particles of the 
medium in front of it, it leaves an empty space behind, into 
which other particles at once move, and impinging against the 
body give momentum to it ; and thus the loss of momentum, 
which is given in the preceding expression, is greater tEan 
what actually occurs. 

From (21) the foUowing results may be derived : since 
d/D 0(0 .. 


t 


■| ! 
:| P 


i: 






; ^ 

1, rf 


V 


( 22 ) 
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if t^o is the Take of when ^ = Oj and this equation gives the 
velocity at any time t, if the body moves initially with the velo- 
city 1 ; Also i! = 00 when = 0 j so that the body never comes 
to rest* 


Also since t) = ^ , if and « = 0 , when i! = 0 , 

m, { 1 

~ pcav^l^ ( 23 ) 

which gives the relation between s and and consequently 
= 00 ^ when if = 00 , and = 0. ^ 


Section 2 — RecMinear motion of panincles under the action of 
(in uniformly acceleratmg force. 

268.] Let m = the mass of the moving particle ; and let a 
pomt 0^ fig. 86, m its line of motion be taken as the origin; 
let E be Its position at the time f, let op = a;, and let pq = dx 
be the space-element described in the time dt : so that if is the 
velocity of m at the time t, 

dx 

vdt; (24) 


dt 


= v: 


dx 


let /be the impressed velocity-increment due to, and the mea- 
sure of, the accelerating (or retarding) force : then mf is the 
impressed momentum-increment of in an unit of time 
Let rfz; be the expressed velocity-increment due to the time 
mdm is the expressed momentum-increment due 
dv 


to the same. time; andi«^ is the expressed momentum-incre- 


^ time: therefore by reason of (23), 

^ d dx d^ x 


wv 


dt dd dt 


dp'. 


(25) 


if i! IS the eqmcrescent variable :/ also is' to be affected mth i 
posifave or negative sign according as from (25) the action of 
the force makes the velocity increase or decrease as the time 
mcreases. To fix our thoughts, let/ be positive, therefore 


d^x _ 

IF 


(26) 


Now suppose the circumstances of motion to be such that the 
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velocity of M = u, when *5 = 0 j then, integrating between limits 
thus assigned^ we have 

T dx 
. dx 

' ' Tt~'^ (27) 

that is, the increase of velocity in the time t is ft-. « is called 
the initial velocity. 

Again, integrating, and supposing the particle to be at 
a(oa = a), when = 0, we have from (27), 
dx = udt^ftdt} 
fP 

X — a z=z ut 


X = a •^ut + 


2 ' 


If m is at the origin, when ^ = 0 ; o = 0, and 


x = ui -{■ 


ft. 

2 ’ 


(28) 

(29) 

(30) 


and also if the pai-ticle starts from rest, then « = o, and we have 


.-ft 


(31) 


in this last equation w is called the space due to / during the 
time t : and t is called the time to which x is due under the 
action of /. 

Again, multiplying both sides of (26) by idx, we have 

and supposing the velocity of the particle to be u when r = 0, 
so that M and 0 respectively are the inferior limits of the defi- 
nite integrals of the sides of the equation, we have 


dP 


— = 2fx-, 


(32) 


and if the velocity of the particle = 0, when « = 0, then « = 0, 
and we have 


dP 


= S/r ; 


. the velocity = (2/a!)i ■; 

Thus, if the particle m stands firom rest and moves through- 
the distance x, i 


the vis viva 


= mfx) 


(S3) 
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relation between the velocity and the time 
(33) that between the velocity and the space, and (30) or fan 
t lat between the space and the time, it appears that when a 
particle moves nnder the action of a finite accelerating force, 

^ (a) The velocity acquired during a given time varies as the 
time. 

(^) The velocity acquired by the particle during its motion 
through a certain space vaiies as the square root of the space. 

(y) The space through which the particle passes varies as the 
squai’e of the time. 

_ If the force is retarding, / must be affected with a negative 
sign, and we have 

dx , 

Tt = (34) 

/dcs\% 

(35) 

X ■= (30) 

Also if the initial velocity is in a direction the opposite of that 
in which the force acts, then % is negative, and the necessary 
changes must be made in the preceding formulae. 

^ And if the particle is projected with a velocity « from o in a 
diiection contrary to that in which the accelerating force acts, 

it comes to rest when = 0 ; that is, when 


ana « = (37) 

It will be observed that two different modes of integration 
have been adopted in this Article, the subject of both modes 
being the equation (26). One mode has been the time-inte- 
gration, and the other the space-integration. (27) is the result 
of the former, and (82) of the latter. Thus if we introduce m 
into both sides of (26), momentum is given by the time-integral 
and vis viva by the space-integral. In the case of a constant 
accelerating force, we are able to effect both integrations ; here- 
after we shall see that the choice is but seldom offered to us ; 
and that the space-integral is the only one that we can effect. 
The distinction is of great importance, and will come out more 
prominently than at present in a future section. 
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If a particle moves from rest, the space described in t units of 
■ time is given by (31), and we have 






Let iTi, ... x„ be the spaces described in the first, second, 
«th units of time ; then we have 


- 2' 

/ 

f 

+ + = 9*1, 


f 


f 

a 


= / 
2 

_/ 


X3; 


:r,=-'-x5; 




(38) 


that is, the spaces described in the first, second, . . . »th units of 
time are as the numbers 1, 3, 5, ... (2w-l), and are therefore in 
an arithmetical progression, the common difference of which is/. 

269.] As a full understanding of the results of a constant 
accelerating force is of great importance for future subjects, let 
us consider it in its most elementary form, and from first prin- 
ciples. 

Let m start from rest at 0 , fig. 86 : and let the time of its 
motion be resolved into equal infinitesimal elements, each of 
which we shall represent by t : and let ar,, x„ x,, be the 
spaces which it describes in the first, second, time-ele- 

ments ; then since / is the velocity which the accelerating force 
impresses in an unit of time, the velocities of the particle at the 
end of the first, second, , . . ^th time-elements will be 
2/r, S/r, ...^»/r. 

Now imagine' each successive space-element to be described in 
the same time r, and with an uniform velocity through that 
space-element : then it d is a symbol for a positive proper frac- 
tion, these successive uniform velocities will be 

(/+^a/)r, (2/+d8/)r, ... {(«— l)/-|-tfji'}rj 

and because the space is equal to the product of the time and- 
the velocity, a;, = tf,/T*, , 

= (1 ■+ ^a)/’^*, •; ^ ' • 
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tliP whole space 


>Pi +a-a + ... -f .r^ 

_«(«._!) , + (39) 

, ""2 ‘^’^“ + ^^‘ + ^» + ...+Wr».(40) 

Let the whole space described by the nai-tide 
wltole time « t , then t nr ■ md " ’■ 

time-elemeiit, n is an infinitv '^f +i T / “finitesimal 

i! 



therefore from (. 40 ), 


fi = 




•.p~/+/T^X0; 


m thi sama result as (81), 

270*J Soma axamplea are added illusfraf iVa , 

™nl.inrf in tl,<, priding ^ 101 “ • 

» inti, rm,)! " « »«el.t Bne who., length i. 

« into four parte, such that a particle under the acfinT, .f 

«'»nl neonl.rating force which note dong the line mny 
from r»t, dcoriho ..c. W ® 

Ll»f of*.. .»♦ Ten. XI... n 


u 


vvj^iwtA WXXAU. 

3”, be the four parts : then, by equations (38), 
a s= £i -- _ £i±fi±fii+«i 


8 


» ' * *^1 w ™ I 

16 


Xn as 


1+34-6 + 7 
16 ’ 

8 


if, 7a 

16’ ^—16’ ^i = i6- 

AX. 2. A particle moves in a straight line, under the action of 
m uniformly acoelerating force, and describes spaces n and o in 
the ;9th and (^h units of time respectively; determine the velo- 


» . lormiy acoelerating force, and describes spaces n and o in 
the /jth and (^h units of time respectively; determine the velo- 
m f of projaetiou^ and the magnitude of the accelerating force. 

I/et u sz the velocity of projection, and let/be the accelerating 
ffirw; then ® 


ffirw; then - 

The space descrihed in one unit of time on account of the 
velwity of projeetion is u i and that due to the accelerating 


forci* in Ihc »fh unit of time = '^(2u- 


■1); 


i; 
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f> 




f = 


-Q 


Q = «+*^(2j_l). 

, _ Q,(2^-l)-p(2^ -n 

2{p-q) 


p-q 

Ex. 3. A particle is projected with a given velocity w in a line 
along which an accelerating force acts, and in a direction oppo- 
site to that of the forceps action : and the time is given between 
its leaving a given point and its return to it : it is required to 
determine the velocity of projection and the whole time of 
motion. 

Let u = the velocity with which the pai-ticle leaves the origin 
o : and let the time between the particle's passage through a, 
at a distance a from o, and its return to it be 2t : let b be the 
extreme point which the particle reaches : then, by Art. 268, 

OB = — and time from o to b = - ; 


the distance ab = 


2/ 


and the time due to this distance = t : therefore by (31)^ 


and the whole time of 


2w 


motion = y* = 2 (t* + y ) . 


Section 3. — On gravity as an uniformly accelerating force ^ 

' 271.] In the Chapter on Attractions it is shewn that the at-^ 
traction^ on an external particle of a sphere consisting of 
homogeneous concentric shells^ fhe density of each one of which 
may be different, is the same as if the whole sphere were con- 
densed into its centre, and therefore the attraction of such a 
sphere on an external particle varies as the square of the distance 
of the particle from the centre of the sphere. Hence if a particle 
moves in vacuo towards such a sphere, and under the influence 
of its attraction, the law of force is that of the inverse" square 
of the distance from the centre of the sphere.' But when the 
attracted particle is nearly on the surface of such a sphere, and 
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moves only over distances which are small in comparison of the 
radius of the sphere, the variation of the attraction is so small 
that It may he neglected, and the accelerating force may be 
. considered constant. The same result also follows from the in- 
vestigation of the attraction of a plate of infinite extent on an 
external particle which is given in Art. 192. If the attracted 
partiole lies within the surface of the sphere, the law of attrac- 
tion depends on the densities of those concentric shells of which 
the sphere is composed, and which are within that concentric 
spherical surface on which the attracted particle is; for the 
resultant attraction of all the shells external to that one 
vanishes. 

. . results are approximately applicable to the attrac- 

tion of the earth on particles and on bodies ; only approximateh,, 
I say : because the mean bounding surface of the earth is not a 
sphere, but approximately an oblate spheroid, of which the equa- 
tonal diameter is 7925 miles, and the polar diameter is 7899 
miles ; and thus the ratio of these diameters is nearly that of 
the numbers 299 to 298. Now the effect of this oblateness (1) 
IS an increase in the eartVs attraction, and thus in weight and 
m the accelerating force of gravity, on particles at or near to 
the eartFs surface as we pass from the equator to the poles ; 
and the amount of this increase is in weight about the 590th 
part of the weight of a body at the equator : (2) is a change 
of the line of action of the eartFs attraction. If the earth were 
a sphere consisting of homogeneous concentric shells, the line of 
action on a given particle would be the line joining the position 
of the particle and the eartFs centre : as the case now is, the 
hue of action is, by the principle of fluid-equilibrium, perpen- 
dicular to the surface of still water at the place : and is therefore 
along the normal to the spheroid : all these lines of action there- 
fore touch the eyolute-surface of the spheroid, but do not pass 
through the centre. Laplace has calculated the effect of the 
oblateness of the earth on the motion of the moon ; and observa- 
tion verifies his results. 

Again^ as the earth rotates about its polar diameter^ the cen- 
trifugal force, which diminishes the weight of particles and the 
earth's accelerating force on particles near to the surface, is 
gmatest at the equator, and is zero at the poles : of this cause 
of diminution and its measure we shall speak hereafter : I may 
observe, however, that at the equator the weight of a body is 



IS POKOS i»B ITO iscroPSTa. [14. 

Statical toMS .rc contoody additive, and, aa sucli, aafcfy 
a.e ,cqni.ement. of tho science of nnmlmc , th», .1 one pound 
ia added to one pound, the enm is t»o pounds; no part of 
Stto of the weights is absorbed n.to the oll.ot; the weght 
of a basket of stone, is the same, whatever is the arranKcmcnt 
of the stones. Statical forces also admit of coni m„«» inmase 
and decrease, and of inhnite divisWity; Urey thus «.t.sly the 
requirements of the science of continuous numhor. 

If two statical forces, thus proved to he eiiual, act on a particle 
at a point along the same line and in the same directum tho 
acting force is twice eanh of the original forces i it three forces 
act similarly, the resulting force is thrice each ol the original 
forces • and so on. Thus it is that forces admit of measure- 
ment : an unit of force is chosen, and other forces arc compared 
with it; and are expressed as being so many times the unit- 
force Thus forces ai-e expressed by numbers, being referred to 
a concrete unit-force. The unit-force is arbitrary, and may bo 
a finite or an infinitesimal force. If forces are expressed by 
numbers which are commonly called incommenBurable^ ihey 
possess the properties of commensurables, if they are referred to 
an infinitesimal unit-force. If the unit-force is ebangod, the 
numbers expressing the forces which are referred to it are also 
changed in an inverse ratio. Thus a weight of six pounds is 
expressed by 6, if a pound is the unit-force; by 12, if one-half 
of a pound is the unit-force ; by 3, if two pounds is tho unit- 
force. It is manifest that general laws connecting the* point of 
application, action-line, direction, and magnitude of a force, niiist 
be independent of the conventional unit-force. 

Statical forces will hereafter be expressed by symbols, siieli as 
p, Q, a, . . . . These are numbers expressing tho number of t lines 
which the concrete unit-force is contained in the given force; 
hence also when we meet with such symbols as i>“, Q,“, . . . tlicso 
are also numbers. It is plain that if P represents a concrete force, 
p“ is uninterpretable and unintelligible. 

Forces may be represented by geometrical st raight lines. As 
a force has a definite point of application, a dcliuito action-line, 
a definite direction, and is of a definite magnitude, so does a lino 
starting from the point of application of the force and eoineident 
with the action-line in ils direction, and in length cont aining 
the same number of linear units that the force contains units of 
force, adeipuately and completely represent the force in all its 
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diminished by about the 289th of its trae weight, and that the 
effect of centrifugal force in passing from the equator to the 
poles varies as the square of the cosine of the latitude. 

Also the effect of the eartVs accelerating force varies by 
reason of local causes : it is affected by neighbouring mountains 
both as to intensity and as to line of action ; it is different on 
an island which is surrounded by a large mass of water, and on a 
continent : it even varies, as delicate observations with the time- 
measuring pendulum shew, with the materials of the earth at 
the place of observation : thus may the pendulum, as M. Poisson 
observes, and as we shall shew hereafter, become an indicator 
of geological conditions. 

Gravity also manifestly varies with the altitude of a place 
above the level of the sea : experiments however, by which its 
value has been determined, are supposed to be made at the 
level of highwater-mark. 

272.] And notwithstanding all these variations of the earth's 
attraction, for bodies near to the surface the accelerating force 
due to it is nearly constant at any given place, and increases as 
we pass from the equator to the pole; and decreases as we 
remove farther from the centre of the earth. The exact mea- 
sure of it as an accelerating force, that is, the velocity-incre- 
ment which it impresses on an unit-particle in one unit of time, 
for a given place is, of course, to be determined by experiment : 
and at Greenwich, if one second is the unit of time, at the level 
of highwater-mark, and in vacuo, the most exact pendulum 
experiments exhibit a velocity-increment of 386.28 inches, that 
is, of 32.19 feet. That is, if a particle falls in vacuo towards 
the earth, the excess of the velocity at the end of any second of 
time over that at the beginning of the second of time is 32.19 
feet. 

The velocity-increment is the measure of the accelerating 
force called gravity ; and it is independent of the matter, form, 
and magnitude of bodies. Thus in the common experiments 
under the exhausted receiver of an air-pump, the heaviest metals 
and the lightest pith fall from rest through the same distance 
in the same time, and acquire equal velocities. And also the 
time of oscillation of a pendulum is independent of the mattpr of 
which the pendulum is made : gravity therefore as an. acceler- 
ating force is independent of the particular kind of matter which 
it communicates velocity to. . ■ 
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^78.3 As to the experimental proof that • 

fonnly accelerating force • when n lion ^ ^ity is an uni- 

f.»Iy iWf a?XtTiw n", 

peat and inctome. » lapidly that t£ Uw „f “ 

»ot bo observed with accuranv • lio • increase can- 

contrivance which may diminish thrioTT 

the law. There are clIieTro not change 

firstly, Attwood's machine j in which' tTrul!” r " ' 

foring slightly from each ;ther fo we ri^a e ! 
very fine, and, as nearly so as mav lio fl -H a 

string : this is susnended nvov ^ and inextensible 

hy means of friction- wheels and otherT 
ia diminished, niovest et i 

mass descends; and as both thfZ Of course the greater 

due to 2‘Jl “ “ 

eghts. And these momentum-increments are eaual ovoonf 
that some small pm-t of the impressed momentum rieltl 
producing the velocity of the puUey and of the string, wLh we 
at present neglect. Now as the difference of the wette of tie 
wo »,.« r^yU .. OMoll „ it i. 

FOmed velooity-mcreuiont of the mosses be dimimsbod » miieh 

‘lo volooiy md deo the whole welooiiy whieh is e.- 

pressed m a given time : and after very careful and numerous 
observations it is found that, numerous 

duriL’tL'^fi?' f ™ *i»0 

during which it has been m motion from rest. 

(2) The spaces described by the descending mass vary as the 
squarea of the times during which they are described.. 

(3) The spaces described in successive Units of time vary as 
the odd numbers 1, 3, 6, ^ 

And as these results are in accordance with those which have 
been deduced in Art. 268, when the accelerating force is con- 
stant ; and as the processes by which these results were proved 
may be inverted ,• it follows that the moving force hy which, in 
Attwood s machine, moment- increment is impressed, is uniform ; 
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and therefore the earth's attraction^ or gravity, is an nniformly 
accelerating force *. 

Secondly, the oscillating pendulum is a contrivance hy which 
great accuracy is attained, in which the velocity-increment is 
easily measured, and which is actually employed for the pur- 
pose. To the lower end of a fine straight rigid rod a body is 
attached, the mass of which is so large in comparison of that of 
the rod, that the mass of the latter may approximately he 
neglected : the upper end of the rod is fixed to a horizontal 
axis, about which the whole rod and body vibrates freely. Now 
if the rod is moved out of its position of rest, and turns about 
this axis, the rod and body will vibrate ; let the vibrations 
be small, and let the motion take place wholly in one plane : 
then it is observed that the oscillations are isochronous,' that is, 
are performed in equal times. In a future Chapter it will be 
shewn that such isochronism of bodies moving in small circular 
arcs can be true only when the accelerating force is constant; 
and therefore we infer that the force of gravity under the action 
of which these isochronous oscillations are performed is a con- 
stant accelerating force. 

274.] In the following examples of the action of gravity, the 
time-unit is taken to be one second, the space-unit one foot; 
and the velocity-increment is supposed to be 32.2 feet (rather 
greater than its correct value 32.19 feet in the latitude of 
Greenwich) for facility of calculation, and is symbolized by g-, 
and m is the mass of the moving particle. 

We will consider the case (1) of a falling body : (2) of a body 
projected vertically upwards with a certain velocity : and in 
both cases I would observe that if the time results with a nega- 
tive sign, it expresses an epoch, anterior to that at which we 
suppose our time to commence. 

(1) The motion of a heavy particle m falling towards the 
earth. 

Let a certain point o, {a) fig. 88, in the line of the particle's 
motion be taken as the origin ? and let ®=op be its distance 
from 0 at the time t : then, if = pq is the space described in 
dt, that is, in dt units of time, 

* !From tins Article, and from Art, 260, it appears that two prinoip^ results 
are established by Attwood's macbine ; (r) the matter* of the earth; Is such, that 
the expressed momentum-increment is equal to the product of the mass and the 
expressed velocity-increment : (3) gravity is an uniformly accelerating force. 
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^ = the space described in one unit of timoj 

= the velocity at the point p, and at the tirn e 
= 'O (say) ; 
d(jC 

and therefore = mv is the momentum of the particle at 

that time. Hence ^ ^ is the expressed velocity-increment 

in an unit of timcj and is the expressed momentum-incre- 
ment in an unit of time. This last expression is to be equated 
to mg, which is the eartPs impressed momentum-increment on m 

due to a second of time j so that we have 

d'^x 

Now of this equation let us first take the time-integral ; then if 
« = the velocity of m, when t=.0, the definite integral of (41), 
the superior and inferior limits on both sides corresponding to 
t and to i{ = 0, is 

dx 

= (42) 

• J.T. 1 • 

• • velocity of OT = ; ( 43 ) 

that is, the velocity is equal to the sum of the initial velocity, 
^d of that which gravity has impressed in If'-, and if the particle 
is projected upwards from o in a direction contrary to that in 
ivhich a: is measured and g acts, then 

^ dsG 

' ' (^ 4 ) 

Again integrating (43), and supposing « to be the distance of 
from 0 when t = 0, let us take the definite integrals with limits 
corresponding to and to if = 0 ; and since 


dx = {u^gt)dt; 






Next let us take the space-integral of (41), and multiplying both 
sides by 2 dxj we have 

7 
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and taking the same limits of integration as heforej 

= 2^ («-»); (46) 

... ^ = (vel.)» = M“ + 2^(a!-4 (47) 

from which the equation of vis viva and of work may he de- 
duced; for from it^ if v = the velocity at the time i, we have 

/VM 

— {v^—u^) = mff{at—a), (48) 

a 

of which the left-hand member expresses vis viva as defined in 
Art. 259, and the right-hand is the work taken from the mass m 
as it moves through the vertical distance xi—a. 

If when ^=0, ®=0 and the particle is at rest, then «=:0, and 






dx^ 

IF = 


(49) 


?(( = 0, and 

dx 

Tt-’'"’ " 2 

Whence in a particle falling from rest, 

(1) the expressed velocity varies as the time ; 

(2) the expressed velocity varies as the square root of the space ; 

(3) the space varies as the square of the time. 

And generally, (43) gives the velocity in terms of the time: 
(46) gives the space in terms of the time ; and (46) gives the 
velocity in terms of the space; (46) is of course identical with 
the equation which would result from the elimination of the 
velocity by means of (43) and (46). 

(2) Suppose the particle m to be projected vertically upwards 
from 0, see {fi}, fig. 88 ; OT!=x, vq^ — dx] and let oh = h, where 
H is the highest point which w, reaches j and let u — the velocity 
of projection from o : then since g in this case causes both the 
velocity and the distance to decrease as t increases, 


m 


d^x 

'W 

d'^x 

'W 


=s-mgi 




(50) 


an^ taking definite integrals with limits the same as heretofore, 

dx . 

■-gt, . 


dt 

dx , 

X = %4—Yr 




(5^) 


3 h 
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also from (50)^ 


• =:-‘2^Xy 


When ^ = 0, the particle comes to rest; therefore from 
(51) and (53)j 

the time, when m comes to rest, = -; (54) 

the distance from o to H = |^; (55) 

after m has come to rest at h, it begins to descend: and from 
the preceding formula it is manifest that the time of the descent 
irom H to 0 is equal to that of the ascent from 0 to h ; also that 
the velocity acquired in the descent is equal to that lost in the 
ascent. These results are also evident from first principles. 

275.] Ex. 1. A particle falls from rest; determine its velo- 
exty^ and the space which it has described at the end of 6", 

dx np 

dP~^’ 

• the velocity at the end of &"= 6 x 32.2 feet; 

the space described during 6" = ~ ^ feet 

Ex. 2. A particle is projected vertically upwards with a velo- 
city of 100 feet in one second: find the height to which it 
ascends, and the time of its ascent. 

IF 

^ ^ dx 

dx^ 

=-2gx.-, 

When^=0, ^ 10000 

/ g-^' ^=2^ = -^- 

® “ projected upwards with a velocity « ; find 
tw t.„, wkck b.tw«. its Wri-g, a„d Ktoinin- 

to, a given point in its patk. ^ 

^ point of 

projection: then if ^ is the time from o to A, 

2 ’ 



!6x 32.2 feet; 

32.2 X 36 „ ^ 

~ — feet 


whenJ=o, 


= -9i 


~u ^—gt‘, 

= — 2gx.i 


a = lit—' 
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U {W^ — iag)^ _ 
ff~ 9 ’ 


(56) 


and the time to tlie highest point = — • 

9 

In (56) the upper sign refers to the passage of the particle 
through the given point in its descent^ and when it has left the 
highest point; and the lower sign refers to the passage of m 
through the given point in its first ascent ; therefore 


the intervening time = 


~g 


Ex. 4. With what velocity must a particle he projected down- 
wards, that it may in n" overtake another particle which has 
already fallen through a feet. 

Let u = the required velocity : therefore the space which the 
first particle will pass through in is 



and the velocity which the second particle has, when the former 
starts from rest, is \ therefore at the end of its dis- 
tance from the origin^ is a ^ ; which, being equated 

to the preceding distance, gives 


Ex. 5. A particle whose elasticity is e falls through a given 
vertical distance a and strikes a horizontal plane, whence it re- 
bounds, and falls again ; and so on continually : find the whole 
space which it passes through before it comes to rest. 

By (49), the velocity of impact on the plane = (2«y)^ ; 
by (15), Art. 264, the velocity of rebound = ' 

the height to which the particle ascends, by (55), = e’^a\ 
similarly after the second impact, the height = <3? ; and so on ; 

therefore the whole space = 2 + . . .} 

2e^a 

— Ct/ 

1—e^ 

1+e^ 


376.] Let us also investigate, and apply to certain examples, 
the equations of motion of two given masses connected by 
a fine inextensible and flexible string, which is suspended over 

31)2^ 


MOT.OK 0, 

a pull^, as in Attwood^a HiacWne, see fig. 37 • we ^ ' 

the pulley and the string to be without Lilia so J 
ot tlie impressed momentum is spent in <nvino. vel 

I^t « and «'be the masses respectively at f and" 

time i ; of these let ns suppose m to ho flm x 
clesoends. let ap «.« bT ^ l +l * t^atr 

..ta,ibl0, ^ ««, .moo th. .trios i. i.- 

Ksr a constant; 

'** £ S *= -^ + f!!l' _ 0 

. = ( 57 ) 

wlioneo we ooncludo that the voloeitv and +i,» 1 <0 

wenta of the two particles are equal and have opposL°*'^'”'°^^' 
Now the whole mass 

lutiement is m + m'i and as the whole of this has ^ for-iti 
veloeity.ineremeut, the expressed momentum-incremeat 

« OTOtrATT''! ““""‘“"““o* i. the «mo» of thri of 

« nvir mtil Qi » I that m, m thatafore 


(»+»') 


m—m' 


jm« which wpiation all the ciroumstanoes of a motion such as we 

if ».srr »- r *" 


2 i^ fti 

Asto thitiireum8tttU0M of the initial velocity: suppose w to be 
project^ vertieally downwards, so that if it were free it would 
have the velooity ai and similarly lot m' bo projected vertically 
downwards, »o that if it were free it would have the velocity a'^ 
and let the veloeity with whioh, by virtue of these two separate 
wlocities, m and m' move when connected by the string, ben: 

(«» + /»)« = ma—nia*', (6I) 

, ,, _ ma—m'o! 

. . ( 62 ) 

whith gives the initial velocity with ivhich m begins to descelid, 
11 mam greater than and with which begins to descend 
M m a u greater than ma.. 
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Let the initial value of a; be a : therefore from (59), 
dx m — m! 

dt ^ ~ 


(63) 

(64) 

(65) 

( 66 ) 


m+m 2 ^ 

u being given by (62). 

And if a' is the initial value of we have 

M+m 2 

277.] Examples illustrative of the preceding formulae : 

Ex. 1. m = 16.6 oz. : m'=: 15.6 oz.^ and they start from rest : 
required the space through which m passes in 5"^ and the velo- 
city which it has at the end of the time. Erom (63) and from 

the velocity otm = 5 feet; 
the space = 12.5 feet. 

Ex. 2. A mass of 10 lbs. is distributed at the ends of a thin 
cord passing over a jGxed pulley, so that the heavier weight 
descends through 3^ feet in 10^": it is required to find the 
weights at each end of the cord. 

Let w =one weight ; therefore 10 = the other : then from 


(65), 


= 




3 _ 2^^10 100 ^ ^ 
^ 10 2 ' 


i+m' 2 ’ 

‘2^; = 5.3, 10-~^^7 = 4.7. 

Ex. 3. A heavy mass m di’aws another m' by means of a 
flexible and inextensible string over a pulley : at the starting of 
the weights, m is thrown downwards through a feet, and 
through a' feet : it is required to determine the distance through 
which m descends in 

Using the notation of equation (62), . 

a = {lag)^, o' = (2ffl'^)i; 

~ — (2w5 

m+m ^ ^ 

therefore from (65), 

\ j . gp 


X = 


(2#!!4-: 


Ex. 4. It is required to determine the velocity-increment of 
the centre of gravity of two heavy masses m and r)f^ which are 
connected by a string passing over a fixed pulley. 
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Let X and of be the vertical distances of m and mf at tL.. +• 

^ below the horizontal line passing through the centrfof S 
fixed pulley : and let ® be the vertical distance from the 
line of their centre of gravity. Then 

{m + m'’) X = mx + m'af ; 

,a^x' 

n ' — ^ • 




and substituting from (69) and (60), 
d'‘x m—m‘ 




m'~ ~ g- 


>dP + + 


(67) 


SiOTiON 4>.-~Beoiilmear motion of particles in vacm 
action of varying accelerating forces. 

378.3 The varying accelerating forces whose efibcts will be 
^onsx ered in this section are supposed to be explicit functions 
of the distance between the moving particle m and the point 

I^thT whence its influence emanLs- 

is supposed to be along this Hne’ 
M us the force IS only implicitly a function of the time: that is' 
only so far as the passage of the particle through a certain dis' 

fora ' . ^ eiuation 9 f motion will be of the 

' ■ ( 68 ) 
and not of the form %^f{f. ( 69 ) 

pmenUherer or^bij^wHct 

i» »^e p,.b, eJ 1.Z wSrXZ f 

■ttu, ‘zr./TjiT ^ « ““«» 

>«P0J so I. rt 0 « „ 

m ooisider bnefl, the general we. Lei .. = the mass 
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1 6 .] THE COMPOSITION AND KESOLIITION OF FOKCES. 
eircumstanees. This mode has the 

tZ Lr meehanical propositions from them ^motrm u- 
logues ; and vice versa. Of this process we shall hereattci ha 

^ 15^] When a material particle is ajted on by 
simultineously, there is generally a definite 
direction along which it experiences a defimte 
other words, along which it has a tendency to move. Now the 
one force which would produce on this particle a pressure wHj 
along the same action-line and in the same direotion, is ealW 
the Imltant of the acting or impressed forces : and ite aetmn- 
line is called the action-line of the resultant: and the soverel 
impressed forces are called cams>mmte in referen^ to it. lh« 
resultant is evidently unique, definite as to its point of applica- 

tion,action-line, direotion of action, and magnitude. 

If the forces acting on a particle are so related as t« pro.luee 
a resultant whose magnitude is 2!ero, then the furees an miu 
be in equiUbrium, and the system of forces is called an cmui- 

librium-system. . . 

Hence we infer that when many foroes act on a partieloi it a 

new force is introduced equal in magnitudo to their resultant, 
and acting along the same line and in an opposite direction, it 
neutralizes the effects of all the others, the system ot fowos is 


in equilibrium, and the particle is at rest. 

The process of combining the effects of many forces, and of 
thereby determining one force which would produce an equal 
effect, is caUed t/ie composition of forces. And ns the process 
evidently admits of inversion, and the effect of one ferine may be 
decomposed into the effects of many forces acting HimultaneoUMly 
at the same point, so this latter process is oalleil the resolulmt 
of a force. These processes will be very extensively cmployiHt 
in the sequel. 


Section 2.— The composition and resolution <f mans forces aefittg 
on a material particle, the lines of action of mkiek m« m m* 
plane. 

16.] Let us first take the case of many forces acting on a 
particle along the same action-line, and in the same dirwlion. 

PRICE, VOL. HI. ® 


279 .] 


TAEYING ACCELERATING EORCES. 


391 


of the moving particle, and let the centre of the force he the 
origin o, fig. 86 : let p he the position of m at the time t\ let 
OP = ® : let the force vary as the »^th power of the distance, and 
let fx, which is called the absolute* force, he the value of it 
when at — 1 and m = 1 ; so that the impressed momentum-incre- 
ment is ixmat”, which is to he afiPeeted with a positive or nega- 
tive sign according as the force is repulsive or attractive. Now 

the expressed momentum-increment is m : therefore hy 
Art. 258^ if the force is repulsive, 

(70) 

because both w and the velocity increase as t increases; and 
thus both ^ ^ ^ are positive ; and consequently 

dividing (70) through by m, 

(71) 

If the force varies inversely as the ^th power of the distance, 
and is repulsive, (71) becomes 

and (71) and (72) must have negative signs if the force is at- 
tractive, because in that case x decreases as t increases, when 
the force makes m move towards its centre. 

Instead however of deducing from these general values the 
circumstances of the corresponding rectilinear motion, it will be 
more convenient to consider the results for particular laws of 
force : and we shall choose such examples as will either elucidate 
natural phaenomena or will suggest general methods for solving 
problems in rectilinear motion. 

279.] A particle m moves towards a centre of force which 
attracts directly as the distance ; it is required to determine the 
circumstances of motion. 

Let o, the centre of force, be the origin : and let p, fig. 89, be 
the position of m at the time i\ let op = and OA = where a 


* In the preceding investigations on attraction, Chap. VI, I have taken idle 
mass of the attracting body to be the absolute force, so that at an unit of distance 
and on an unit-mass the attraction is equal to d:he attracting mass : and thus the 
attraction of one unit-mass on another unit-mass at an unit-distance apart is made 
the attraetion-unit. - ■ - - ^ 1 
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is the position of the particle when if = 0 : let ^ = the absolute 
force : then the equation of motion is 

cPx 


(73) 


2dxd^x 

___ 


= — 2fjLxdw; 


and if the limits of integration are those values which eon-e- 

spend to if = if and to if = 0, then if the particle is at rest, when 
.r = a and if = 0, , . 

= ix(a^ 

—dx , , 

• • 7 -r = [^dt, 

(a’— 

the negative sign of the root being taken, because, according to 
our configuration, x decreases as t increases : therefore integrating 
between the limits correspoiiding to if = ^ and to ^ = 0, 

cos-' - = fl^if. 


X = aooBfjfit; 


dx 


(75) 

(76) 


^ flM^sin/x^if, 

Prom (74) it appears that the velocity of the particle is zero 
when i»=«, and when < 1 ;= —.a ; and is a maximum, viz, when 
« = 0 ; the particle therefore moves from rest at a ; its velocity 
mcreases until it reaches 0 , where it becomes a maximnni ^ and 
'Where the force is zero : so that the particle passes through that 
point, and its velocity decreases, and at a', at a distance = - a, 
becomes zero i whence the particle under the action of the force 
returns, and continually oscillates over the distance 2 a, of which 
0 IS the middle point. The distance a of a from o is called Ue 
ctftijpUinde of the vibration. 

Also from (76) it appears that when x=0, t= and when 

2 fX^ 

X:=za^ t=:0 ; SO that the time of passing from a to 0 = ; and 

2ii^ 

the time from o to a' is the same^ so that the time of the oscillation 
from A to A is — • This result may also be more generally 
y; inferred by the following method. The relation between and 6 
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is given by the periodic fhnction (75)^ viz. a? = <2 cob Now 
as the greatest value of a cosine is + and the least value is 
— 1 ^ the greatest and least values of ir are +<2 and — x also 
will have passed once through all its values when is in- 


2'jr 


creased by 27 r ; that is, when t is increased by — ; this therefore 
is the time of a complete double oscillation ; and consequently 
the time of one oscillation, viz. from a to a', is • 


And hence we have the remarkable fact that the time of an 
oscillation is independent of the distance from the centre of the 
point from which the particle began to move, and only depends 
on the absolute force, and is the greater the less that is. 


280.] The two following cases in nature, wherein an attrac- 
tion, the law of which is that of the direct distance, presents 
itself, deserve mention. 

( 1 ) A homogeneous sphere attracts a particle within its 
bounding surface with a force varying directly as the distance 
from the centre of the sphere; see Ex. 1 , Art. 196. Let us 
therefore consider the earth to be such a homogeneous sphere, 
and let us suppose a particle to niove under the action of the 
eartVs attraction within the shaft of a mine the direction of 
which is vertical. Thus if 0 is the centre of the earth, fig. 90,' 
and p is the position of m at the time tj the force acting on m 
varies as op ; and thus if the shaft were continued straight 
through the earth, such as that represented by a'cpa in the 
figure, and if the particle were free at a, it would move to c, 
where its velocity would be a maximum, and thence on to a'' on 
the opposite side, where it would come to rest : and thence it 
would return through c to a again; and its motion would con- 
tinue to be oscillatory, and the time of the oscillation would be 
independent of ca, the eartVs radius. 

(2) In the undulatory or wave theory of light, all space is 
supposed to be pervaded in a greater or less degree by the par- 
ticles of a fluid excessively elastic and jelly-like ; in the motion 
of these particles light is supposed to consist, and when they 
are at rest, there is darkness. It is also supposed that these 
particles exercise mutual attractions on each other : that the 
possible relative displacements of them are very small, and that 
when displacements occur elastic forces are brought into action, 
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by virtue of wbich, in conjunction with their mutual attractions, | 

the motion of them continues : the lines of action, as well as 
the intensities of such elastic forces, of com’se vary from one 
medium to another; and in this variety consists the optical 
character of the medium. Doubtless the arrangement of the 
particles of a crystallised substance is different to that of one 
which is non-crystallised. The sun, the flame of a candle, and 
the electric spark, are, together with many others, exciting 
causes of the motion of the particles of ether; and the displace- 
ment of each particle is very small. It seems, too, that the force 
which acts on a particle in its displaced position varies directly f 

as the distance of it from its original position of rest; this force { 

being the resultant of the elastic forces which arise from the 
disturbance of the medium and of the attracting forces of the 
particles. Now a ray of light consists in the motion of a series 
of ethereal molecules which when at rest are in a straight line 
emanating from the source of motion. The mode of propaga- 
tion of the motion of the particles it is not my purpose now to 
inquire into : I shall consider the motion of only a single mole- 
cule of a single ray. The displacement of a molecule may be 
in any direction with reference to the line of propagation of the » 

ray : it might be along that line, or it might, after its first dis- 
placement, describe any curve with reference to that line ; it is, 
however, in the theory of light supposed, and not without evi- 
dence, that the motion of the molecule takes place in a plane 
which is perpendicular to the line of propagation of the ray : 
that is, the displacement of the particle is transversal to the 
line of propagation. Generally the force acting on the molecule, 
varying directly as the distance, will have its line of action in- 
clined to the line joining the displaced and the original position : 

of the molecule ; and, as we shall shew hereafter, the molecule 
will move in an ellipse, the centre of which is the original place | 

of rest of the molecule : but in particular constitutions of the 
ethereal medium, the line of action of the force may be that 
joining the original and the displaced positions of the molecule : 
in which case the molecule moves along that line, and is under 
the action of a force varying directly as the distance from its 
oiig^nal position of rest : we have then the case of a particle 
under the action of a force such as we have supposed that in 
Art. 279 to be, and the results of that Article are applicable. 

The particle therefore has an oscillatory motion, and the ampli- 


TAEYING ACCBLEEATING POECES, 


395 


281.] 


tudes of its vibrations are equal on both sides of its original 
position ; and the time of the oscillation is independent of the 
amplitude^ and depends only on the absolute force at the centre. 
Now the intensity of light is supposed to depend on the ampli- 
tude of the vibration^ and the colour of it on the time of vibra- 
tioUj that is^ on the value of /x : it follows therefore that, with 
such incidents of motion as we have imagined, the intensity and 
the colour may vary independently of each other : the former 
will depend on the original exciting cause of the motion; the 
latter on the nature of the medium : and this independence of 
these properties of light is amply verified by experiment. 

If the motion of all the molecules of a ray is in straight lines, 
and is such as that described above, and if all the lines of motion 
are parallel to each other, the ray is said to be ^lane-polarised ; 
and as a beam of light consists of an infinite number of rays, if 
the molecules of all the rays move in lines parallel to each 
other, the beam is said to be plane-polarised. And although 
there has not been uniformity on the subject, yet the plane, 
perpendicular to which the motion takes place, may be called 
the plane of polarisation. 

281.] If in Ajd;. 279 m, is projected from a with a velocity u 
along the line oa, and towards o, then (74) becomes 
dx'^ 

(77) 


—dx 






and taking the definite integrals with limits corresponding to 
t =: t and to j? = 0, we have 


COS’ 


(“’+7) . 


-COS’ 






X = aooBii^t—^siniJ^t; 
dx 

and «p.^sinp,^!{— ixcosp^A 


(»’+7) ' 


(78) 

(79) 

From (77) it appears that the greatest and least distances of 
m from o are _ , 

and — + — ) : 

and from (78) the time of an oscillation isj as before^ 
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283.] If the central force varies directly as the distance and 
is repulsive, the equation of motion is 

Let us suppose m to be projected from the centre of force 
with the velocity u ; then vve have 






I 


( 80 ) 


ixh. 




}■ 


( 81 ) 

Thus as increases s also increases, and the i')article recedes 
further and further from the centre of force ; and the velocity 
also increases and ultimately = 00 ^ when ;?? =; 00 . Thus in 

this case we have no oscillatory motion. 

283,] Fivm this and the preceding equation we have the 
following remarkable result, which is of large application and 
deserves careful consideration j we shall also frequently appeal 
to it in future parts of our treatise. 

The equations of motion (73) and (80) are of the same form; 


viz. replacing fj, by 


dt^ 


n^cc, but in the former is ne- 


gative, and in the latter it is positive. 

Now in the former case the motion is oscillatory, and the 
particle never recedes from the centre of force beyond points 
equally distant from the centre, the position of which is deter- 
mined by the initial distance of the particle at rest from the 
centre of force, or by the velocity with which it is projected 
from the centime of force or from any other given point. Also 

the time of an oscillation is ~ ; and the complete periodic time is 

— j during which the particle has passed through all its possible 

places, and has undergone all the different circumstances of its 
motion as to position and velocity, and at the end of which the 
particle is in precisely the same phase, as it is called, as it was 
at the beginning. This motion is called harmonic motion, and 
the equation 

( 82 ) 


is called the equation of harmomc motion. Its most general in- 
tegial is iu = cos {pt 4- a) or sin {nt — ^ a), where a and a are 

either arbitiwy constants introduced' in the course of integration," 
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or are constants determined by the limits of integration^ being 

the amplitude^ and ^ in the latter form the epoch at which the 

particle is at the centre of force. 

In the latter case^ where the equation of motion is 


d'^x 


(83) 


as the time increases^ the particle recedes further and further 
from the centre of force^ and never returns. If it is originally 
at rest at a distance a from the centre of force^ it never comes 
nearer to it; and if it is originally at rest at the centre of force, 
it never moves from that centre. 

284.] A particle m moves towards a centre of force which 
attracts inversely as the square of the distance; it is required 
to determine the circumstances of motion. 

Let the centre of force be the origin; and let p, fig. 91, be 
the position of m at the time t; let a be the position of m at 
rest, when ^ = 0, so that the particle is moving towards 0 : let 
OP = 07, oA = <aj; let /x = the absolute force: and let the limits 
of the definite integrals correspond to and to ;^ = 0. Then 
the equation of motion is 

d'^CG jbC ^ 

2dxd'^x _ 2 ^dx ^ 

“■ 07^ ’ 


dx'^ __ 2/x 2\x, 
dP 07 a 

__ 2\k{ax—x^)^ 


^xdx 

{ax—x'^'^ 



(84) 


the negative sign being taken, because x decreases as the time 
increases, according to the arrangement of our figure. Therefore 
integrating again, and taking the limits corresponding to t = t 
and to ^=0, we have 
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From (84) it appears that the velocity =0, when = and 
= 00 , when =; 0 : thus the velocity increases as the particle 
approaches the centre of force^ and ultimately^ when it arrives 
at the centre, becomes infinite; and from (85) it appears that 

the time of passing from a to 0 is -™ — 7 • 

(8M)i 

If m moves from an infinite distance towards o, then a = oo, 
and the velocity at a distance x from o = . 

If m is projected from A with a velocity w, then we have 


^ 

dt^ ~ X a' 

and the process of integration is the same as the preceding. 

This problem is that of a particle moving in vacuo from a 
given place above the surface of the earth towards the earth’s 
centrcj the distance through which it moves being so great that 
the variation of the earth’s attraction due to the distance must 
be taken account of. In this case if E is the radius of the earth, 
and g is the earth’s impressed velocity-increment at the surface, 
and is such as we have taken g to be in the preceding section, 
and X is the distance from the centre of the earth of the moving 
particle at the time t, then the equation of motion is 
d/^x E“ 

and if the particle is projected upwards from the surface of the 
earth with the velocity we have 



aud, the particle corner to rest, when. 


X = 

2yii— 


(87) 


If however the particle falls towards the earth, and also passes 
from above to below its surface, as, for instance, down a mine, 
the law of force changes at the surface : and having varied in- 
versely as the sq[uare of the distance, then varies (approximately) 
directly as the distance. 

Again, let the force vary inversely as the square root 
of the distance and be attractive ; and suppose the particle to 
be at rest at a distance a from the centre of force ; it is required 
to determine the circumstances of motion. 
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"T r;T = 

|(a:^+2ai) {a^—xV)^ = 

.*. t = -^(®^+2a^) 

3 /x^ 

and thus the velocity at any point of the path and the time occu- 
pied in arriving* at that point are known : and when the particle 
arrives at the centre, i?? = 0, and the velocity = and the 

time = — 7 • 

3m^ 

286.] Let us briefly consider the case in which the force 
varies inversely as the »th power of the distance, and investigate 
the laws under which the time of moving over a finite distance 
can be found. 

cPx _ ^ _ 

^ _ 2m i 1 1 ) 

dp ~ n-ii^ 

if the particle is at rest at a distance a from the centre of force. 
This equation, which is that of vis viva, assigns the velocity in 
terms of the distance. To find the timej from (88), if t is the 
time from a? = to ^ = a?, 

T = j dx. ( 89 ) 

As the element-function under the sign of integration is of 
the form (86), Art. 43 (Integral Calculus), the expression is in- 

tegrahle by rationalization, (1) when ^ = (2) when 

^ ^ ^ both cases being an integer. The series of 

values of n in the two cases are 

5 3 1 3 5 . 

(1) ..._, I . • 

. , 3 2 1 3 4 j 

( 2 ) 0 , 2,-, .j 


400 RECTILINEAR MOTION OE PARTICLES* [ 287 * 

387*3 If the force varies inversely as the distance^ and the 
particle moves to the centre from a given finite distance, the 
time will be expressed by means of the gamma-function. Thus 


dx"^ 

df^ 


= 2Mlogj> 


if the particle is at rest, when ^ If t is the time of passage 
from ^ = < 3 ^ to = 0, 

1 n dx 


T : 




r 




(91) 


Let (logy= 


: y ; then 

^ TT v-i . 


Hy 


(92) 


that is, the time varies directly as the distance. 

288.] Let us now take the case of a particle moving along the 
straight line joining two centres of force of equal absolute in- 
tensity which vary directly as the distance. 

Let A and a', fig. 92, he the centres of the forces, at a distance 
2 a apart : let 0, the middle point of aa', he the origin : let p. he 
the absolute force of each centre : let b he the position of w at 
rest, B its position at the time t\ OA = o a' = a : OB = ^ : op = <». 
Then the equation of motion is 

* d^x / 

= mf*AP— WfxAP; 

=jr(ffl-ii?)-/x(«+«) 

= — 2jua;j 

sc = b COB (2 fj-)^ i. 

Thus it appears that the velocity of the particle is zero when 
a,— the particle therefore moves from rest at b, and comes 
tp rest again at a point b' on the opposite side of o, and at a 
distance from it equal to that of B : also the velocity is a maxi- 
mum at 0 : and the particle returns from b' to o, and again to b, 


IS THE COMPOSITION AND SOLUTION OF FOIH'E.S. [ 1 6 . 

Let Oj fig. 1, be the particle, and let o.v be the litie of judion of 
all the forces, and let them act from o toward.'* a. Let iht'm 
be represented by the symbols P„ Pj, ... P„; then, Hineo statical 
forces acting at a point along the samo line and in t la* .sanie 
direction are continuously additive, the n'Hultaut is tsjual to the 
sum of all. So that if b represents the resultant, 

R = Pi + Pa + . . . +Pn (1) 

= 2.p, (2) 

where p is the type-symbol of a force, and a is the Hummation- 
symbol. 

Again, suppose o to be acted on by two forces, along the same 
line, and in opposite directions: let them bo t> and q, of which 

p is the greater : let p bo resolved into two parts, q and p q; 

then at the point o three forces act, viz. P— Q, q, aiul q, of 
which the last two act in opposite directions ; therefort; they 
neutralize each other; and, if a is the resultant, wo have 

E = p-q. 

And as a similar result is true for any number of forces acting 
in either direction, and along the samo aetion-line, the equation 
(2) may be extended so as to include the algebmkal sum of the 
forces acting on a point and along the sumo lino. 

Hence we infer that a particle is in equilibrium under the 
action of may forces acting along the samo line, if the sum of 
those acting in one direction is equal to the sum of those acting 
in the opposite direction; and the condition of e<iuilihrium is 

a'» = 0. (4) 

Let ns also take another simple case : tlmt of three eciuid 
iorces p, q ^ see fig. 2, acting at o, all of which am in (he same 
planj and (to fines of action of which are inclinod to ««.h other 
at 120 . Let the forces ho represented, hath in direetion ami 

oLOq,OK: then tl,e 

re^u it r Principle of H.dlieient 

eason It cannot move out of the plane of the forces, neither can 

there he any resdtant pressure in the plane; the particle llu're- 
fore IS m equilibrium; and either of the forces may be eon- 
s^ered to be equal in magnitude to the resultant of the otiu'r 

Hen^^we^^hlve'the f ‘•‘"•cli.tn. 

resriLr geometrical construction of the 

the eflects of p and q on o; produce ao to so H.st oa' is 
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and ttus oscillates continually: and from (93) it appears that 

TT 

the time of an oscillation is • 

(2m)^ 

289.] A particle m is placed at rest at a certain point in the 
line joining the centres of two forces^ which vary inversely as 
the square of the distance : it is required to determine the cir- 
cumstances of motion of m. 

Let A and a' he the centres of force^ fig, 94^ of which let the 
absolute forces be ii and : let the point which is the neutral 
point of attraction between them^ be the origin; OA = 
oa'=: Or'} let aa'= c : then 




whereby a and a' are known. Let b and p be respectively the 
places of m when if=o^ and when t:=zt\ let ob = op = a? : 
then the equation of motion is 

clp-‘{a--xY ^ ^ 

therefore multiplying by 2 dx and integratingj and taking the 
limits corresponding to ^ and to = 0, 

dx’^ 2ja ^ 2)ut' 2/x 2/x' ^ 

dP a^x ^ a* X a — 6 d* 

which equation involves an elliptic transcendentj and does not 
generally admit of further integration. 

Suppose however the circumstances to be such that the par- 
ticle is projected from b with a velocity and comes to rest at 
0 : then from (94) by integration we have generally 

2 — 4. 2 jU>^ 

dP a? a' X a^h d ^ 

and since ^ = 0^ when x = 0, 
dt 

/qc'i 

aiob—V) »'(«'+ ^) 

If the velocity of projection is less than that thus determined, 
m will not reach o, but will come to rest at some point short of 
it^ and will, as the force at A is greater than that at a', return 
to A : similarly if the velocity of projection is greater^ the par- 
ticle will pass beyond and will eventually fall into a'. 

PRICE^ VOL. ui. 3 ^ 





kectilikeae motion of PARTIOLBS. [ 5,8, 

sin# I 11. ... 


_ N,.W if A mui A' ,»r« the eeutrea of two ^ 

to ttunujHwiHl ‘'‘‘iK't'ntwt! liomogeneouB^aSr^^' of which. 

whH-h lUtradH with u &«« vaf^ing diree^ 

Hiveruoly rh the square of the tUBtaneo +i,f 
attrset ati extorual particle with a force' whic? 

lb m„., „„| i„v,^ij, „ n, ^ » 

tifle from it« wntro i «» Ex. 4, Art. 198 XToJ^ ^ 

A to Ih, tluH5entn.a of the «rth Mdthemion 

to l«i apherea, and to he at rest j and aunnJ'JTf T 

at tin. time t of a partielo in the line ilLnJ+1 

iH'totl on hy their attmotiona; then we havf 

oi the proofdtng problem • and elnoo +l “>^cumstanoes 

«>.«,. r» ,i,.„. „r ;r. niTaowS T? ” 
v«l»„ mul I,J. 11,. ,,ha..,om™„., „r nutatta, « hi 

M * /i I 

mil al«<. aimn? fht« mt?ati diatauco of the moon^a «««+ a. 
that of the earth m about 00 (acstually 69 , 9643 ) of the^'lSr 

ZTil .»lii, » .bout 237000 m,-|»f W« hav.m 387000 
ml™ , tl,„r,.f„r. «•_ 212 - 10,1 rail.., « = 2403 , "" 

the diatanm fnnn the wntres of the earth and the moou t'+T 
point of altracdicm of the two hodil 
S«.ippt«- now a partinln to be projected from the surface of 
the moon towiirda the earth, and with snoh a velocity as I’ust to 
flrnvc at the ncntraj point, and to remmn at rest there. ^ Thl 
Mmw tho m<«in radiu* of the moon is 1080 miles, 

h m (24634-1080) miles * 23464 miles : and therefore ' 
^ » 1080 milM, «'+ t = 286920 mUes. 




Al«o if IT i« gmvity at the earth's surface, g « miles; 

and if r w ttie earth's mean radius, r aa 4000 miles, ^ ^ ' 


£ 

r» 


m'» (4000)»~iH_».; 
' '' 1760x3’ 


1760x3 

thewfore substituting in (96), and reducing, we have ultimately, 
a =» 7852 feet in 1"; 

wd thwefore if the moon were not moving, and if there is no 
atm^phere, so that the projectile does not meet with a resisting 
medium, a particle thrown from its surface with a velocity 
gmtor than 7682 feet in 1" towards the earth, wiU pass 
leyoni . le neuti-al point of attraction, and will move towards 


290.] 


VARYING ACCELERATING FORCES. 


290.] Suppose two particles m and whicli attract each 
other directly as their massesj and as the distance between 
them^ to be placed at rest at two given points^ and then to 
be left to their mutual action : it is required to determine their 
positions at a given time^ and the other circumstances of their 
motion. 

Let a and a' be the distances of m and m' from a certain point 
fig. 93^ in the line joining them^ when they are at restj and 
when = 0 : and let x and x' be the distances of them from the 
same point 0 ^ when t \ let oa = ay oa '= a'\ op = Xy op'=: x'\ 
then the equations of motion of m and m' respectively are 


TIfl! (of —x) ) 


■ = m{x--x ') ; 


, d'^x , d^x' 
dx , dx' 
dx dx^ 

the initial values of and of being simultaneously zero ; 

and taking the definite integral^ with limits corresponding to 
and to t Oy we have 

m{X'-'a)-{’mf {x'--a') = 0, (98) 

If X refers to the centre of gravity of m and m'y then 
{m + m')x = mx-\-m'x' 

= ma-\-wfa ' ; (99) 

and therefore the centre of gravity remains at rest. Again 
from (96), ‘‘ 

d'^x' d’^x , \ / V N 

let ii?'— X z; and let mf + m:= fx; 


=z—ixz; and 


■ = fx{{a'--ay--z^}y 


, ^ ^ dz dx dx 

because when 5 = 0 , ^ = n 

^ dt dt dt 


0 : therefore 


{(a'—ay--z^y^ 




because when t = 0^ z = a' a. Therefore substituting 
0 ?' — 0 ? = (/— d) cos (^' + t j 



402 





bbctu^inbar motion of PARMOLES. r'al 

_ Ni'W if A atul a' are the ceutreB of two soharpo i. 
m mnnumHl uf rnnwmtm Iwmoj^eneoM slillir? 
whieU atteu-te with a foroo varying direc% 

mmmly m the square of the distfinoe, thL ea^ T'’ 

fUrmt m external partieb with a force wS w t""' 

Jte w», aud inversely a* the square of the distanr 
tide mm ite centre ; son Ex. 4, Art. 193. No^srplf!.^ 7 
A to be he centres of the earth and the moon wS^ 
to be spheres, and to be at rest s and Bunnosa'p tl f T 
at the time ( of n particle in the lino ioimnfi> the’ ^ 
acted on by their attractions,, then wl havf torcSmJ 
«f the pm^ding problem : and sinee the mass of 
about 75 tunes that of the moon, as daterminTd bvSai f “ 
vatmn and l,y the phaenomenon of nutation, we htC^^ 

M ^ jx y 

will iilnii iwiiico ilit*!' tliM'fji 4i 1 

that of tlm earth is about (to (aotually of tot' 

SreMll have 2 T 7000 

the distmuH^ from the centres of the earth and toe Lon ll 
noutml point of attreotion of the two bodies, 
auppose now a particle to he projected from the sm-face of 
the moon towards the earth, and with sueh a velocity as iust te 
arrive at tho neutral point, and to remain at rest ie.^ Then 
smoe the mean radius of toe moon is 1080 milos, 

i m (24534 — 1080) miles SUB 23484 miles : and therefore ? 
» 1080 miles, «'q. i *= 236920 miles. 

Alto if ^ is gravity at the oarthb surface, y « miles; 

and if r is the e^hb mean ra^us, r » 4000 miles, ^ ^ 

;i'*(4000)«-^^; 


1760x3 


and tliTOfore if toe moon were not moving, and if there is no 
^mosp lere, ®o^at toe prqjeotile does not meet with a resisting 
ccium, a particle thrown from its surface with a velocity 
^rc^tor than 7682 feet in 1- towai-ds toe earth, wiU pass 

ayotu It noutml point of attmotioni and will move towards 
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290.] Suppose two particles m and whicli attract each 
other directly as their masses^ and as the distance between 
thenij to be placed at rest at two given points^ and then to 
be left to their mutual action : it is required to determine their 
positions at a given time^ and the other circumstances of their 
motion. 

Let a and o! be the distances of m and w! from a certain point 
Oj fig. 93, in the line joining them, when they are at rest, and 
when ^ = 0 : and let x and a?' be the distances of them from the 
same point 0 , when let oa = oa'=: a!\ op = op'= 

then the equations of motion of m and m' respectively are 


^ ((xf ^co) j 


m{x--x')\ 


, d^x , d^x 
... + = 0 : 
dP dP " 

dx ,dx^ 

the initial values of ^ and of ^ being simultaneously zero ; 

and taking the definite integral, with limits corresponding to 
t = t and to = 0, we have 

{x' —-a') ^ ^98) 

If X refers to the centre of gravity of m and then 
+ = mx + m'x' 

= ma-^Tnfa ' ; (99) 

and therefore the centre of gravity remains at rest. Again 
from (96), ' 

d'^x' d^x . . . 

let x' ^ X ’=^ z\ and let mf -j- [x; 

1 r/ / 


because when = 0, ^ 

dt dt 




0: therefore 


dt\ 


because when t = Q, z ~ of a. Therefore substituting 
X* --x = {a'^ a) cos {m' + t ; 




I 


I' > 

, ' tl 


. 1 
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_ m'ia'—a) , , . 


Thus the motion of the particles is oscillatory, the periodic 


time being — ; this result may be inferred from the pre- 


ceding equation in terms of which is the equation of harmonic 
motion. 


291.] A centre of force, which varies as the distance, moves 
with an uniform velocity along a straight line, and attracts a 
particle, which is projected with a given velocity from a given 
point in the line of motion of the centre of the force and along 
that line : it is required to determine the circumstances of 
motion of the particle.' 

Let 0 , fig. 96, the position of the centre of force when i = o, 
be taken as the origin ; let a = the constant velocity with which 
the centre of force moves along oa, and let o be its position at 
the time if, so that oo = aif: let a and p be respectively the 
positions of m when if = 0, and when if = i! : oa = «, op = .v : 
and let » be projected from a along the line, and in the direc- 
tion AP, with a velocity u. The equation of motion is 

-^ = -MOP 

= ~ix{x-ai); ( 100 ) 


-I- nx = jaalf ; 


whence by integratidn we have 

X == a^4-0isinp,4^-f-Ca cos /x* if; 

where c, and o, are arbitrary constants introduced in integra. 
tion, and which are determined by the following conditions 

when if = 0, x=sa, therefore o, = a j also when t = o, ^ « 

therefore c, = ; and thus * 




j i ^ a .1 

0? — a? H ^ sin t + a QQ& fjfi t •, 


whence it appears, that the i value of x varies directly, as 
the time : that the particle is sometimes befpre and sometimes 
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behind the centre of force ; and that while it has on the whole 
a progressive motion, it oscillates from one side to the other of 

the centre of force ; and that the period of an oscillation is — • 


293.] Thus far we have referred the place and the velocity of 
a moving particle to a fixed origin and to a particle at rest 
respectively. It is however frequently convenient to refer to an 
origin moving either uniformly or with a varying velocity. In 
the former case the motion is called absolute^ and in the latter 
it is said to be relative. The problem of the preceding Article 
affords so good and so simple an instance of rectilineal relative 
motion that it is worth while to consider it from that point of 
view, although we shall somewhat anticipate the complete dis- 
cussion which will be made in the following Chapter. 

Let the moving centre of force be the point relative to which 
the motion of the particle is to be estimated; and let the distance 
of the particle from it at the time ^ be ^ ; then employing the 
notation of the preceding Article, z = ic—at. Consequently 
dz ^ d’^z __ d^x ^ 

dt “ dt dt'^ ” df^ * 


and the equation of motion is 

( 102 ) 

which is the equation of harmonic motion ; and thus the motion 
is oscillatory about the centre of force, the particle being some- 
times in advance and at other times in the rear of the moving 

centre, and the periodic time being — • If the particle is pro- 

jected from the moving centre with a relative velocity /3, that is, 

with an absolute velocity jS-fa, the integral of (102) is 

^ * 1 , 
sin t. 


Sbctiok 5. — Bectilinear motion of particles in resisting media, 

293.] A particle is projected from a given point with a given 
velocity, in a medium of which the density is constant, and, ?of 
which the resistance varies as the square of the velociiy, and 
where no other foi’ce. acts on the particle: it is required to 
determine the circumstances of motion. 



406 EEC'JILINBAB MOTIor^ ["jp^ 

Let the point from which the particle is projected be taken 
as the origin : and the line in which it is projected as the axis 
of it): let w be the velocity of projection, and let « he the dis- 
tance of the particle from the origin at the time t : let the par- 
ticle be of the mass m, and be of such a form as to present a 
plane surface co to the medium in the direction in which it 
moves : then by (21), Art. 267, the equation of motion is 

and as p is constant^ let pw = mk ; 

d'^co 

dP (1^3) 

Jc is commonly called the coefficient of reButance, Now putting* 

(103) in the following fom^ 

, dx 

dt kdx 

dx ^ 

dt 

and taking the definite integral at limits corresponding to 
and to t=sO • we have 

log J-log« =-foj 

dx , 
e’^dx = zidt, 

e^—l=zkui. (106) 

(104) .gives the relation between the velocity and the distance 
through which the particle has passed: and (106) gives the 

relation between the distance and the time. From (104) it 
If ■ dx 

appears that = 0, or that the particle comes to rest^ when 
a? = 00 : in which case also = oo^ as appears by (106). 

294,] A heavy particle m acted on by gravity (a constant 
accelerating force) moves in the air, which is supposed to be a 
resisting medium/ whose density is uniform, and the resistance 
of which (accordipg to Art. 267) varies as the s(juare of the 
velocity: it is required to determine the circumstances of 
motion. 

Firstly, let ns suppose the particle to descend towards the 
earth and to stai't from I'est : then if p is the constant density 
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of the air, and if o) is the area of the face, which m presents to 
the medium, transversal to the direction of its line of motion, 

= ' ( 106 ) 

affecting the resistance with a negative sign^ because it tends to 
diminish the velocity : 

^ ~ coefficient of resistance : so that we have 

d^D! j fdx^^ 

( 107 ) 


( 108 ) 

h ^ dt^ 

whence integrating, and taking the definite integrals corre- 
spending to and to i=0, we have 


g^^Tc^'- 




= Tct) 


dx 

dt /j2 ^ -|r 1 


Also again firom (1 Of), 

£ _ 

Jt ^di' 


= 2hdx‘, 


therefore integrating, and taking the limits as before, 

j (dx^ 

log 

9 

don* 9 r 

dP ~ (^1°) 

(109) gives the velocity in terms of the time, and (110) in 'tejSfis 
of the distance through which m has passed. Also from (1 d'9), 

Jcdx ^ {hcf ]^ — dt* ^ N ; 




•Wu„ i„u*^,i„K. .„,, uki,,^ th. ^ '** 

i-J- a bn* + 

wWfh uwm tlw rvbtion Imiwmn th« diataLa 

whMi It i, 4tw. Tl,w «|«atba ■*« 

dmnmtmg tlm mimity ImLmn ( 109 ) wd 

llini i m ♦r sa 90 I |W u . » ,, ,, ''J-4'. 

r..- .» M,,i.. .,™ , L,„ , r.;T? - 

••«)•- (', ) . tlml i., I„, „,.i|.„„ , ^ 

''■■■" * " Oi .»d iUU,„„gh ti,i. .i.te j, 

f “ ~r Tr ' 

•■f *« l»rti..|,. i., .„.l ,h. L ?£: 

Li.k . . • ,T rooMwn. resulte are in accordance '’^ 

tif* a 

(112) 

hm^um i« flat oaw ^ « 0 . thb therefore ie a 8oluii(m:i 

lb. i*|mt««i, mul k a «i«#rtiler om, beoame it does not arise , 
-J putietilar valoM to the arbitrarv constants, to , '' 

whith ti» limto of tb« ia%rali a» eqmvdeat, and which iue 
thi»r« 4^ad«t 00 the initittl eimimstanees of motion. It ' 
upp^s th^foM that th-fi general Integral represents the oir<' . 

nntol the wlodtj attains its constant valne; and 
ttot mm th# iingnlar •olation represents the motion. Other 

and «mtlw peenlhr properties of singular solutions will be 
oibibitrf hsiMiyft^r, 

J88.J Seeoailj, let a» suppose «t to be projected upwards, 
that li, m a dipwtion ooatnuy to that of the action of gravity, 
with a giwn velocity « s it is wquired to determine the circum- 
•tanrw of motion* 

Let ii» moreover mippMe » to be of such a form, that it 
pri^ati to the aaedium an equal area transversal to the line of 


17 .] the PAlALLELoaiiAM OF FOHCEa 111 

equal to OR; thou tho t’oreo of which oa' iu tW CT<.it»-lri*-al 
representative noutralizc(s R ; hut the resultant of i‘ nit.I q »lm> 
neutralizes a: therefore the force tt' is the resulfftJit ot i* iiinl q 
and by the I'cometry or' is the diagonal of the p«ndtch»gra«n *»l 
which ()i> atul oq are the adjacent oontaining «id<». 

17 .] The more general problem however is the t!eterini«tati»»i» 
as to action-line, dircotion, and magnitude, of the rcauHant ol 
two forces acting on a particle. This proposition is commonly 
called f.h pamlMot/rtm qf/m‘c0» by reason of the giHunetrical 

form of it. ^ , 

Let the meaning of the problem Im tikmrly umlewtootl j il w 
required to determine the line oi actieni the clireettotii iiint tlie 
magnitude of a force which acting at a gifeii jioiiit uliiil! |irialiii.*it 
the same effect in all respecte iw two foreti acting iiiniiltiiiie* 
ously at the same point. 

It is evident by the principle of sufEeient reiwmi tluit the line 
of action of the resultant is in tlie itme plane with llic liiiw 
action of the componentH, 

"^Let us Erst take the ease <if two 0 qmi jtireci c tiiid i* iietiiiff 
at Oy and with tluur lines of indion incUiictl tit iiii angle 
It is manifest that the line of action of the rcinltiiiit ltisi*cla tlio 
angle contained between the lines of actioit of the ; 

because every reason which ciiii be iillcpat why it iliotild Imi «ti 
one side of this line is equally valid to prove that it sliiitsld lai 
on the other ; and an integral part of the 0 Oiioe|itiiiit of ft a*- 
sultant is that it should be unique lioth m U line of wlitni 
and as to magnitude ; hence by the prineipk of siifihuttiil 
we conclude that the line of action of the rtwiiltiint bisect* the 
angle between the lines of action of tlio compoiicnts. 

To determine the magnitude of the resultant. l#t or, «i% 
represent^ see fig. 3 , the two equiti forces wtiiig iii«| lei lii« 
angle eoiq = 2 ^; let on he thii Itiic of miion of the reiiiilant 
so that iH)ii = iqoii 5 = (h Ntnv ihii iwagiiitiidc of li ran diqmiitt 
on only e and 0 ^ so that i( / dctioto i ftmctioii which w to i«* 
determined, . ’ |i) 

in this equation a and c are iiuitilie» depmding on tin? arliilriirily 
chosen unit of force, and varying of mufm m the iinil viirtc^ I 

* 111 © Mliwiiig imtef ef iliii ^ fmmi k 4tti to 11, ftft-l 

ooamoaly Wimw lilti A or Im m 0 

proofi win Si fmml lu * Pipii*el|tiiiifttiii i»i® n Mm^m 

virfum deiweiwimiwli, Aiwliiw Clw^ #i»Mi i tii .* 
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motion^ whether it falls, or whether it moves upwards : then if 
a: is measured upwards, gravity and the resistance of the medium 
both tend to diminish the velocity as t increases : so that the 
equation of motion is 

cPas ,dx^ 


m-zr— ='■ 
clP 




and if pw = mh, we have- 

_ ; 

cloo 


( 113 ) 


d. 


dt 


I JL. 


= 


therefore integrating^ and taking the limits which correspond 
to and to t=:^j 


Tt ^Ic) 


-ht'. 


^Tc' tan {Jcg^ t 

which gives the velocity in terms of the time. 

Again^ from (11 3)^ if we multiply both sides by 2dxj 


( 114 ) 

( 115 ) 


7 fdW'^ 


1 1 

therefore integrating^ and taking limits the same as before^ 

, /dx\^ 

log rr— =~2Ai?; 


^—2kdx; 


g-\-hib^ 

(1-)'= 


9 


(l_g-2to). 


( 116 ) 


~dtJ 

which gives the velocity in terms of the distance. 

Also, from (115), 

dx = ^ * dt j 

«A^sin(/iy)^i!+y^ eos(%)^i{ 

and therefore integrating, and taking the limits the same as 

before, uk^ wi{kg)^t-\-g^ cos {kffft 

X - ^log - ; 


( 117 ) 


nmoE, von. iii. 


3 G 
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which gives the space described by the particle in terms of the 
time to which it is due. 

( 1 ^* 

Pi’om (116) and (116), when = 0, that is, when m has 
reached the highest point, 

(„ 8 , 


.= Jjl<,g(l + ?«■), 


( 119 ) 

which give the disteiice of the highest point, and the time of 
reaching it. After which the particle begins to fall, and the 
investigations of the preoeding Article are applicable. 

Since k is the same in this and the preceding Art iolo, that is, 
since m presents an equal area # in the aseont and the descent, 
hy (110) the velocity acquired by m in descending to the |)oint 
whence it was projeeted with u is 

b+fa-)'' <'”> 

which « less than « : hence the velocity aequiratl in the descsent 
is less th^ that lost in the asoeut, the reason lanhig that mo« 
mentum is withdrawn from m both in the aBcent and in the 
descent, and is transferred to the moleonlea of the medium. 

Again, substituting (119) in (ni), the time oueupml in the 
descent is 

1 1 (.? + 4 - »ki 

winch is different to that wjuired for the ascent, as given in 
(118)* 

396.3 Let tw also ooniader the motion of a jwrtiele under tlie 
action of a oonstimt force in the line of its motion, and moving 
in a medium, the resistance of which vartw aa the velocity j and 
let us suppose the parMele to b® projected with a velocity n, 
when ){= 0 and « =B o. The equation of motion is, in terms of 
volocity-morement, 

(122) 

xdierein/ expresses the constant force, and k i* the ooiffldent 
0 resistance. Therefore int^etiiig, and taking the limlf* which 
correspond to ^ a jf and to / =s o. 
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ckr 

(U 

, (h j 

» * kx tz:: U ; 

. . .r = ^ _ (MH-/i!) 


g-ki f e'‘Hu+/i)di 
Jo 



f—uk 

"~jr 




(123) 


(124) 


Thus from (123) wo have the velocity in terms of® and t ; and 
in (124) the relation is given between a and t \ hence also 


dx 

d/d 


f 

I 


f—uk 


e-K 


(126) 


and ^ that is, the velocity has 


di 


And if i! = 00, ® =s 00, 
this finite limiting value, which it attains only when ^ = 00 . This 

0 is 


result also follows from the equation of motion : ^ — ‘-7 

ao k 


a singular solution of it : and tlius the particular integrals 
(123) and (124) express the circumstances of the motion^ so 
long as the time is finite ; hut when i s oo^ the singular solu- 
tion expresses them. 


297*] Lastly^ let us consider the case of a particle moving in a 
resisting medium, where the density of the medium varies ; and 
let us suppose the resistance to vary as the square of the velo- 
city, and the density to vary inversely as the square of the dis- 
tance from a given point ; and the particle also to move under 
the action of an attracting force which varies inversely as the 
cuhe of the distance from the same point. 

Let a and x be the distances of m from the given point when 
sj = 0 and when Let = the velocity of m when = 0, 

smd let [x he the absolute force of the central force ; then the 
equation of motion is 


Let Hfm mk\ 


d^x ^ mfx 
^ dP ^ ' X 

so that we have 


d^x a 

di^ ®» ^ 


/c /dX'J^ 

/dx^ 

w ■ 


®“ 


( 126 ) 


4l'i 


S:l;* ti! l'. I ■,« U'-f!*.'. i^ (;» HritH 


[ 397 . 


.^i Ini 1 | 4 | ^■ 

'J A ^ 

li' - 

I#. . 

di~ 


Lr 


» 3 . vf,vf 

" " ^ , J ■ J 


! i . 1 ^ ^ 




« litiBur *l«lrfriit«l «'.j»iati..n, «f «|iirh Hut Jli 

»»; lliwforw imr|»r4«»«4f. «m4 it,,- Ihjhi* wlik-Jt w*r». 

tjWtMl l« f'»t mill !»• t r'- »*, }il»ir 


S.$ i 


■ ¥ * « * 


** ** 

■ T .¥ ,« 4 I ^ 

‘ I 4 4 I ' 

»!»« ill® trl.w-ily III !rf«i« ..I l},.. ihsian,.,, ^ l«it d«a 0©! 
ailtwii »4 furlin’! iiil«’:||r«ii*»t> 


CHAPTER IX, 


Tim THEOEY OF OUltVlIJNEAE MOTlOl^. 

Skotiok L— KimmaHci! i)/* a pariick moving in a eumilinear 

paik, 

29B,]| The iriotion, whose ineidents wa have thus far eon- 
iidered, has beau that of a particle describing a rectilineal path \ 
but tliero is a much more general ease^ viz. that in which the 
path is curvilinear j and I propose to consider the kioematice 
of Bucdi motion with the obj‘eet of applying the results dyna- 
mically. Hera as elsewhere some system of reference is needed, 
to which the path of the particle may lj(^ referred, and wherel)y 
its position at any time may be dctermiutMl; the systems usually 
^ taken are the Carteiian, whether of’ plane geometry or of geo- 
metry in ipaeai the two corresponding systems of polar co- 
ordiniites j and sometimes poeuliar facilities for the solution of 
a problem are offered by the intrinaic equation of a curve. We 
shall hereafter have examples of all these. .■*. 

The conoeption and the definition of vcdocity and of velooity- 
inerament aeeelemtion which are given in Arts. 246, 247 arc 
avidantly juit as applicable to a particle describing a curvilinear 
path as to one moving along a stnught line ,* and consequently 
what has been said on these subjects need not be repeated. In 
rafiwenec however to a curvilinear path> if b is the length of an 
arc mtaium! along the curve from any fixed point in it, and 
M is the time during which an infinitesimal are-element ch is 

dmeribed, then ? and are respectively the velocity and 

the velocity-increment of a particle moving along the curve. 

299.] liCit UH first sup])ORe the path of the particle to be a 
plane curve, and xvSv.y ii.s pbice to a system of rectangular axes 
in tlnit and hd. ns fain* (.r, ?/) to l>c its place at the time 

so that and g are fimctions of i; and consequently if t is 

eliminatad by means of these two equations, the resulting equa- 
tion in terms of w and y is that to the path described. This 
path is technically called lAe tryectorg of the particle. 
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Let (<r, ,y) be the place of the particle at the time i, mul 
{w+dx, .?' + %) at the time {i + cU), so that ih, which in tMpml to 
{dx’‘ + df)^, is the path descrihod in the time df; and dx and di/ 
are the increments of.r and .5/ in that time; and .-.onHcquontly, 

according to the definition of velooity, and are the velo- 


cities of the particle relatively to tho axes of and y respec- 
tively; these velocities being estimated positively or negatively 
according as tho coordinates are increased or diminished as tho 
time increases. 

Also since d^i* = dx^ + djf* j (1) 

■ • di- *" d(^ ^ d(- ’ ^ ‘ 

and accordingly the square of the expressed yolodty is equal to 
the sum of the squares of the expressed velocities relative to tho 


coordinate axes of » and y. 

Also if T is the angle at which the tangent to tho path at 
{x, y) is inclined to the axis of x, 

dx ss (hoouri djf s= f/« sin r ; 


™ — * 
di ~ M 


COST, 



d« 

di 


Bin r, 


( 3 ) 


that is, the velocities relative to, or along, the ooonlinate axes 
are severally the product of tho oxprosHod velocity and the 
cosine of the angle contained hoLwoon tho two lines of esti- 
mation. Consequently ae the linos of tho axes are arbitrary, 
this law holds universally; and the cosine i« tho projective 
factor of velocities, as it is also of lines, areas, and gtatioal 
pressures. 

TMs Mneamiacal to.eor©m is of the greatest importance in 
the treatment of complicated problems of MeehaniM. It is 
called the jorn-atteloffram (f vebdim, and yields rwulte of com- 
position and resolution of veloeities which enablo us to analyse 
and solve questions otherwise beyond our powewi. Thus if ih 
is tbe diagonal of a rectangle whose fid« are dx and %, all 
these three lines meeting in one point, the velooity along 

which is expressed hy ^ may he molved into two valooities 

™ and ^ which are effective along the «id« & and % respee- 

tively; and as one velocity may he resolved into two, so may 
also two or more be compounded into a single otm. We shall 
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have illustrations of this theorem from a dynamical point of 
view in the following section, 

300.] In the most general case of the motion of a particle, 
the velocity of it will vary so that will not he constant] and 
the resolved velocities along the coordinate axes will also vary ; 
and thus ~ as also ^ will not he constant. Hence during 

equal and successive dt% the ds’s, dx‘B, dfs will not all he 
equal, and we shall have increments of them expressed hy d^s, 
d^nCf d^y. And consequently, there will he velocity-increments 
or accelerations along the curve, and along the axes of as and y 

respectively j these will he represented hy re- 

spectively if t is equicrescent ] and if t is not equiorescent 
severally by 

d^adl—(Ptds d^mdl—d'^tch d'^y di—dHdy 

’ '• i-i 

Before I apply those expressions to the solution of particular 
problems I would observe that as they express velocity-incre- 
ments, they are subject to the same laws of composition and 
I’esolution as velocities] that is, to the law given in the pre- 
ceding Article] and consequently the velocity or velocity-in- 
crement of the particle along any line is the sum of the resolved 
parts of the axial velocities or velocity-increments along that 
line, The following are examples in which the preceding ex- 
prossions are applied to oases in which the laws of velocity and 
of acceleration are given 1 

SOL] Ex. 1. A particle moves so that the axial-components 
of its velocity vary as the corresponding coordinates ] it is re- 
quired to find the equation of its path. 

di~ ’ dt 

• _ % 

ot, y 


h', 


hdt j 


log: 


log| = U, 


if (ffl, U) is the initial place of the particle] 


ae 


u 




and this last is the equation to the path. 


i , 


1302 . 
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III this east! the usial vel*»rifv-iiH'n‘nn‘iits are 

1 ., . 

lip ■“ ' 

Ex 'i If =s ~ 1'“*^' '*• 

tii *' dt 

hyporhnla, anil the axial iireelerHtiuiw are 


7/T * d(> 

Ek. A wheel m\h fht* utriHiilit line iii ii ettwtant 

velocity I coinjwc the vchmty oi n n'ivtni |«4iil in thci wheel 
witli tlmt of the ocnirc of tlic wtircl 

Let the line ft!oii|*“ wliirh w\u%i rolL he Ihe lixifi mwl 
lc4 w he th{M*eioi4ty Ilf itii ciMiiri* then ii in the cimim* 

ferenc‘o of the* wheel tleMcrihcK n eyelohh ol which, the iiri|fin 
hoiug cmivmiieiilly tnkeu, the eijiiiition if* 


> « II vewtir 

ik 


m 

if 




fi ' (art-#)* 


#/« 


Now fl « 


il 


if 


tl * f 

-I- • rt velour * '' » -- -- 
di (2iiy« 

. fit fig\^ 

_ « {—) 

and this gives the velocity of the {'w>iiit in the circuniierene© of 

the wheel Thus the highest |w4id f»f ih« wlwl iiiovoi with t 

« 

twico a# great aw that t>f the at whinh 3 ^ «* g ■ 

TOi« ii ft pwbkm in which a carve t« given, ami nn» ftxial- 
of tih# vekdlty is giwn. Fwm.thtwt' ikta the «thor 
Wid tb« vobasity can «f ccarw he ftamcl, 

SOSt,^ lift m now take aonw i*mm in which two out of the 
threo qmnMSw, via. the path anti the two axial acaHilumtimMi, 
being given, the third t* ai^iiirwl. 

Ex. 1. A paitMe dwterik*# an cllipMC with a conatant vebwity 
SB a parallel to the «!» of r t find the velocity and vcloeity- 
increment pawlkl to the »« of and the time of dwribing 
the ellipse. 

Lot the (Kpiation to the ollijrte he 




* I I 


rise 


smd let (#, y) be the place of w at the time t ; »o that * » aj 
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di/ 

M 


dx 

di 

a¥ X 


which gives the velooity parallel to the axis of y. 




dw dy 

b>a 


a* 


r 


thus the acceleration parallel to the axis of y varies inversely as 
the cube of the ordinate of the ellipse, and acts towards the axis 
of (T, as is shewn hy the negative sign. 

Since ~ so a, w so a t, if we assume the position of the par- 

m 

tide to he at the extremity of the minor axis when i{ = 0. 
Hence the time of passing from the extremity of the minor 

axis to that of the major axis is -■ > and the time of describing 

ia * 

the whole ellipse is — . 

If the orbit is a circle 5 = ffl, and the acceleration parallel to 
the axis perpendicular to that along which the velocity is con- 
«»a» 


stant is 


f 


If the velocity parallel to the y-axis is constant and is equal 
to then dw 


d^0 


a‘j8“ 


and the periodic time : 




Ex. 2. A particle describing a parabola moves with a constant 

velocity a in a direction perpendicular to the axis. Find the 

velocity and the velocity-incremen.t parallel to the axis. 

,, aiy 

Let the equation to the parabola be f = 4 u«; then 

dso _ ay , ^ , and is constant 5 and as it has a 

it 2fl (U^ 2a 

positive sign, it shews that the particle moves away from the 
tangent to the curve at the vertex with a constant acceleration. 
riucE, VOL, III. 3 ^ 
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Hence as tlve earth act* an partirfw near to itii surface with a 
oonstairt acceleration in vertical lines, if a particle m is projected 
with a velocity a in a horijsttntal line, and ia attnudiHl towards 
the earth in a vortical line, m wilt move in a pamladie jmth. 

By a similar procesa, if v K?pr»»ents the aecoleratioit parallel 
to the axis of f, when the velocity pamllel to the axis of iP is 
constant; and if x represents the awderaticm pamllel to the 
axis of*, when the velocity parallel to the axis of / is c>onstant| 
and if o and /3 are the oonstant vsloeitiui pmllel to the ax®8 of 
ir and / respectively in each ease j then, if a particle m dtucrihes 


A Hyporhola, » i’* 


2^* , 
X ,r‘, 


A Parahola, as 4 a,r, 


A Hyperbola, 




f 


Tlie Logarithmio Curve, / 


The Cycloid, starting point being origin, x m 


i?-" 


The Catfetwy, / as | +<?"» [ 


Y -Ml ^ 

% ,IS . ■ ■ I 

I* a* 

t * ««« ■ ■■ :» 

litg’iri K 

V « tt’llogep/. 
^ 

a*a 

'T' 

” C/» -»««)! 

«'* 


¥ m * 


t m ■ 




Hx. 3, To determine the laws of acceleration parallel to the 
axes of « and /, so that a pwrUele m may d««ril»B the pamlwla 
with a constant velodty. 

Let the equation to the paw^la he 
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but the law of relation between a, P, and 0 cannot depend on 
this unit; in other words, the equation must bo h<un«f«'ene()us 
in terms of p and a ; therefore (6) must be suidi that the unit 
may be divided out, whatever be its magnitude ; and this can 
only be the case when the equation is of the form 


It remains for us to determine the form of/'. 

Suppose p to be the resultant of two equal forces q and q, 
acting at equal angles on the opposite sides of P’s lino of action ; 
and let qop = QiOp = i therefore by (6), 


similarly let p, be the resultant of two forces Q and Q,, tHiual (.0 
each other and to the former qs, acting at equal angles </> on 
the opposite sides of Pi's line of action ; so that 

= <i/(4>) : (8) 

consequently from (6), 

B=Q/W/(# (9) 

Now E is, the resultant of p and Pi ; and therefore, m p and p, 
are the resultants of Q, q, q„ and q„ E is the resultant of these 
also j let them be taken in pairs, so that E is the resultant of 
q, q, and of q., q, ; but by (6), 

the resultant of q, q = q/(& +(/>),) , 

... - qi, qi = 0/ (d — ^) )/ 

therefore substituting in (9j, 

q/(d +<#.) + q/(0- 0) = 

and f{0 + <p)+f{d- 4 ^)=/{e)/{<l>)i (U) 

that is, the form off is, such as to satisfy the functional equa- 
tion (11),. 

Expanding the left-hand member of (11) by Taylor’s series, 
we have 
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And let the constant velocity along the ourvo = c ; so that 

(h = c(U-, 

__ e“af (h/' __ e’_// 

dt^ ~ dp ~ 

and differentiating, 

d^fj __ 

IF ~ 2 (.«?+yj“’ IF ~ 

As very many examples of a similar kind will arise hereafter 
when we treat the subject from a dynamical point of view, it 
is unnecessary to insert others in this place. 

808.] And we will now consider the motion of a particle in 
a plane curve from another point of view and in relation to 
another system of reference. The method of resolving velocities 
and velocity-increments along two rectangular axes chosen arbi- 
trarily is artificial, and has not been deduced from considerations 
of the actual motion of the particle ; but it is convenient, aird 
adapts itself to the Cartesian system of algebraical geometry, 
and to the ordinary equations of curves. Let us however consider 
whether the actual motion of m does not lead us to another and 
more natural method, 

is the velooity-inorement in the line of motion of m at any 

time t ; and therefor© if there is velocity-increment only in this 
line, the path will be reoiaUnear i generally however the particle 
moves in a curvilinear path, and there is therefore a deflexion 
from the rectilinear path, and a corresponding velocity-incre- 
ment ) the question is, "What is the mathematical representative 
of this volocify-inorement ? In fig. 98, let nq (= ds) be the 
element of the curvilinear path described in the time dt ; let 
be equicresoent j then if the particle is not deflected from its 
rectilinear path, it will in the next dt describe qa j but suppose 
qT {;=ids-\-d"^d) to be the element of the curve succeeding pq, 
and to be the path taken by the particle in the second dt-,^ then 
at the point q and along the line qs the particle has received a 
velocity with which it moves over qs, in the time dt, so that at 
the end ofd^if, m is at the point tj our object is to determine ii,e 
value of the acceleration which acts along qs. 

p, q, and t being three consecutive points in the curve, the 
angle nqr is the angle of eontingence; see Art. 284, Vol. I. 
Let p be tlie radius of curvature of the path P 



THEOEY or li'EVUaNK.Ul M<»T!i»N. 


the radius of the oittdo {ijwsiiig lliruugh v, q, and r: and there, 
fore from the pometry* 

QT’ (•/» t ti’itV th* 

* (5) 

Now whatever is the law of mwlwwitioij with whieh the jmrtiole 
m deaoribes qb in the time we may coiwider it to las coMtant 
for that infinitwimal element tif titm* ; and therefore if/ is the 
velooity-inoreraent, by Es. 8, Art. ’itP, 

Qi * #//» J (0) 

therefore from (S) and Ct5|, 

I tk* 
p lit* 


‘ ' I'- " i;Si 

-li ' .t 

" 'P' '' S! 


if » ia the velocity of m at t»! and the line of aetiou of it ia 
along Idle radius of eurvatiirt*, that i«, along the normal. 

Hence at any iH»int t* of lh« trjycptory, if the vchK-ity-iHcre- 
ment is rmdved along the tangent to the nirvo at i* and along 
the normal, the veloeity4ncr»iwwut»» along thow two lines are 

rwpoetivoly and — • 

304.] Tliew ««nll8 may Iw dwluwd frfim tin* eximxwiona for 
the axial accclcrationa | for m amdomtioiw are vclt»iti« they 
may ho oompoundod and rewlv«l along any line awanling to 
the laws of compoaitiona and nwdution of velmdtiw. lienee if 
T and N are tlte velooity-inorBmonta along tho tangent to the 

mm af which the direction oodm* tm ^ and ^ » and along 
n#ad ri^^e^rrfy, wa hav« * ' 

tpg dt d*x df 

Since however is* m eb^+dg^, (kd*ii m d^d*r+dgd*gi and 
if p is the radioB of ciwrature at r, by (3), Art, 882, Diffcrontial 
Calculua, j., 

dxi^g.»^i*s m ~ ; 

. m w I *’* 

; if,« i« the velocity of the partido at th« point (*,y). 


( 10 ) 
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305 -] normal and tangential resolution. 


These results may also he found by the following short 
process. Let \\r he the angle between the normal to tlio path 
at (*,y) and the jr-axis. Then 




* 

lii 




dF 


d^s 

dt' 


sinx/f+cos \}f 


ds d\lf 
'M d t ' 




But when v// = 00®, the path is parallel to the ®-axia and 

is the tangential acceleration j and when -^ = 0, the path is per- 

d^w 

pendieular to the jr-axis, and is the normal acceleration. 


rk 


Also dfss'-^i consequently employing the same notation as 
heretofore, „ 

</(!’ p 

It will have been observed that is not the resultant of — 

and of > because it is not the resvdtaut acceleration, there 

dp 

being also the normal component. To shew this still further 
let a be the resultant accelorution, then 



since by (16), Art. 286, Vol. I. (Differential Calculus), 

~ = (^^>«)»H.(i?«j/)»-(i«tf)»I (12) 

P 

and the forto of (1 1) shews that the resultant may ho resolved 
into two components whose action-lines are at right angles to 

each other j and of which one, viz. ~jz > is evidently the tan- 

gontial component, and consequently the other, viz. — ) is the 
normal component. 

305.] This mode of resolution is convenient when the tan- 
gential velocity-increment is constant or is given as a function 
of ; and also generally when a condition is given in terms 
of the quantities of which these components of the velocity- 
increments are functions. Tlius if a particle describes a curve 
with a constant velocity, the velocity-increment along the curve 
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and the diffbreiitial of the radius-vector of the hodograph is 
proportional to the tangential acceleration, 

8O7.3 Before we consider velocities and velocity-increments 
in reference to the system of polar* ooordinates, it is ireces- 
sary to inquire into a mode of estimating the rate or velocity 
with which a radius-vector revolves in one plane about a fixed 
point and generates angular quantity at that point. 

Let 0 be the angle between a fixed straight line passing 
through the fixed point, and the position of the revolving radius- 
vector at the time and let us suppose the line to revolve 
uniformly, that is, to pass through, or to generate, equal angles 
in equal times ; let u be the angle generated in an unit of time; 
then if the generating line ooinoided with the fixed originating 
line when isaQ, and 0 is the angle generated in i units of time, 

0=mti (16) 

« = ?. ( 16 ) 


w is called angular mloeii^ ; for as the linear velocity of a par- 
ticle moving uniformly is the linear space described by it in an 
unit of time, so the angle generated in an unit of time by an 
uniformly revolving straight lino is called iAe angulav mlooiiy ^/‘ 
LM line, and l/ie veloeily o/rolalim, The line passing through 
the fixed point and perpendioular to the plane of the rotating 
lino is called l//e axis qfrolaiion,. If however the radius-vector 
does not revolve uniformly, and consequently does not generate 
equal angles in equal times, then the angular velocity is a func- 
tion of the time. Let the time he resolved into infinitesimal 
elements, and let us suppose the angular velocity at the time I 
to he ®, and at the time i + di to ho w-t-rZ®, and dOho the angle 
generated in the time di. Then since w is the angular velocity 
at the time iiand a + dm at the time t+dl, the mean uniform 
angular velocity with which dO is generated is w + cj) dm, where (p 
is a proper fraction, and is positive or negative according as 
the velocity is increasing or decreasing j consequently by reason 
of (IS), d0 = (m + p dm) dl ^ m di, (17) 

omitting the infinitesimal of the second order. Thus d 0 is the 
angle generated in dl units of time by the radius-vector re- 
volving with the angulai' velocity m at the beginning otS} and 
consequently dividing both sides by 

d0_ ' - 
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and w or 


de 


is the angle generated in an unit of time, and is 

the angular velocity of the revolving radius-vector. 

Tims in both cases, of uniform and of contumously v^mg 
angular velocity, angular velocity is the angle 

radius-vector in m unit of time; and « the ratm of the ang e 
described in a given time to the time in winch rt >e desonbed ; 
in the case of vai'yiug velocity this ratio is the ratio of two 

'^The unit angular velocity is that with which the radius vector 
rotates through an unit angle in an unit of time j and if the 
angular velocity is < 0 , « is a number designating the number of 
unit-angles through which the radius rotates in an unit of time. 

808.1 Hence is derived the principle on which angular velo- 
cities L measured; if two radii rotate with 
such that each generates equal angles m equal rimes, the angular 
veloditiM hoing uniform during that time, these angiilar velo- 
cities are said to he equal. And this mode of determining equal 
angular velocities bring adopted, it is evident that one an^ik 
velocity may he double, or treble, or « rimes another. If the 
equal angles are described by both radii in the same direotioii, 
the angular velocities are equal and in the same df®«tionj 
hut if the eimal angles are described in opposite dmeorions, the 
angular velocities arc equal and opposite. Angular vriomrias 
may tliorofore he aircctcd with signs. Thus it « represents the 
aniilar velocity with which a line rotates hi a given direerimi, 
-» win represent the oquri angular velocity of a lino rotatmg 
in m opposite direction. As angular volocititm have ratarion- 
axes, ktenrities, and directions, it is evidently desirable to havt 
Le geometrical representative of them, as of hncar veloeirim 
This is suppHed by a straight line on a principle similar to 
that hy whieh the line-representativM of couples have hera 
determined in Art. 40, Along the rotation-axis lot a 
taken containing the same number of hwu-umts as “ 
angle-unitei then this lino by its position and ite length re- 
pr^ente Hie axis of rotation and the intensity of the an^w 
velocity. Let a point on this rotatlon-axis be taken as a fixed 
pole; as the body may rotate about this axis m either of two 
directions, so may the line-ropTOsoutative of the angular velocity 
be measured in either of two opposite directions, and therefore 
we must uhooso a principle by which direction of rotation may 
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bo deterrainod. Let it be this ; if, as wo look along tbe axis 
from tbe pole, the body rotates from left to right, like the hands 
of a watch when wo face it, let that rotation be callod poslibe, 
and let its line-reprwentative be measured from the polo in the 
direction in which we look} but if the body rotates from right 
to left, that is, in the direction opposite to that of the motion of 
the hands of a watch, let that rotation be negative, and let the 
line-repr«ntativ0 bo measured from the pole in a direction 
opposite to that along whioh we look. Hereafter, however, it 
will be convenient to affect angular velocities with signs in 
reference to certain systems of coordinate axes in the manner 
explained in Art. 69 . 

809 .] If the angular velocity varies, this vaiiation may take 
place either uniformly or at a variable rate. In this case wo 
have angular velotaty-inorements, or, as they are often called, 
anffukr aeeekraiims. Those changes also may take place when 
the angular velocity either inoreasea or decreases: wo will at 
present at least assume the angular velocity to increase, as such 
an assumption will give solidity to our ideas. 

lastly, let us suppose this increase to take place at an uniform 
pace} and let ♦ be the angular velocity added in an unit of 
time ; so that if the angular velocity is zero at the beginning of 
i, and w is the angular vdlodty at the end of t, 

a 9s *ti ( 15 ) 

and if is the angtdar velodty at the oommenoement of i, and 
m the angular velooiiy at the end of 

( 50 ) 

so that tiio inorement of angular velocity varies as t, and also 

as :• ; ' 

1: K atiguki? velooity deoreases umformly^ and <i» is tlie an** 
Tolooity taken from it in an nnit of tim©^ thon if <» and a)o 
ar© rospoctivoly tli© angular velocities at t and when 0^ 

CO =s ci>o— (^’^) 

and the generating lino will oomo to rest^ when ^ ~ • 

Secondly, let us suppose the increase of angular velooity to 
take place at a varying rata, so that the increments of angular 
velooity are not equal in equal times i and accordingly the in- 
ereata of angtilar velocity is a function either explicit or implicit 
of the time* 
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Let tlie time be resolved into equal elements j that is, let t bo 
equiereseent; let us suppose the radius which generates the 
angles to be revolving at the time ^ with an angular veloeity a. 
and at the time i^dt with an angular velocity then if 

$ is the angular acceleration at the time and ^ at the 
time + where <l> is a proper fraction, is the mean 

angulai- velocity-increment during the time di} and conse- 
quently, by reason of (19), 

da = (* + ^d^)/M 

=: ^dkj ( 22 ) 

if we omit the iniinitesimal of the second order; that is, da 
units of angular velocity are added in the time di ; and dividing 
through by di, da d dQ 


= (23) 

dt^ 

if t is equicreseent. And thus whether the increase of angular 
velocity is uniform or is variable, in each case the angular velo- 
oity-inorement is the increase of angular velocity in an unit of 

^^Thus we have the unit of angular velooity-inercmont or of 
angular acceleration, when the ineiuase of angular velocity is an 
unit in an unit of time. 

810.] The following examples are illustrations of the preceding 
mode of estimating velocity and valocity-inerementa ; 

Sisu 1. If a particle is placed on the revolving line which 
generates angle at a distance r from the origin, and the line 
revolves with an uniform angular velocity «, tho relation be- 
tween the Unetu; vdooity of the particle and the angular velocity 

may thus he found. . , 

Let do bo the angle through which the radius revolves m di, 
and let ds he the path described by the particle, »o that tb«srd$ j 

(24) 

so that the linear velodty vanes m tte angular velocity and as 
the length of the radius conjointly. 

Hence if a particle revolvw in t circaliu? orbit with an uniform 
velocity «, the normal oomponent of the velooity-inoremcnt is 
equal to <o*f. 
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Ex. 2. If tlie angular acceleration is constant, and equal to «>, 
say j then from (23), ^ 2 ^ 

do . 

P 

0=do+<O(|i! + * — > 

where 0^ and coj are the initial values of 6 and of w, 

Hence, if a lino revolves from rest with a constant angular 
acceleration, wo have 

0 = —; 


and the angle described by it varies as the square of the time. 

Ex. 3. If the angular velocity-increment varies as the angle 
generated from a given fixed line, then the equation which ex- 
presses the motion is of the form 


and is a harmonic equation or not according as is negative or 
positive. If is negative, and a is the initial value of 0, 


dO^ 

dP 




0=:acos^^. 

Ex. 4. If a particle revolves in a circle with uniform velocity, 
its angular velocity about any point in the oiroumference is also 
uniform ,* and is one-half of what it is about the centre. 

Ex, 6. If a particle revolves uniformly in a circle, and its 
place is continually projected on a given diameter, the linear 
acceleration along that diameter varies directly as the distance 
of the projected place from the centra. 

Let a be the constant angular velocity, 6 the angle between 
tihe fixed diameter and the radius drawn from the centre to 
its place at the time t, x the distance of this projected place from 
the centre, so that a cos 0, a being the radius of the circle ; 
dos . ^dO . ^ 

dt dt 

d'^x ^ AO a 
dt^ dt / 

wMoli proves tbe theorem, ' ' 

Let this snffioe at present for the general explanation of 
angnlar velocity and angxilar velocity-inorement ; we shall 

3 ^ ^ 
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teeafter retou to tlio subject when we treat of the motion of 
rigid bodies; we have now to consider these exiu-essions m 

another relation. 

311 T As the curvilinear paths of particles are fr0C|Uontly 

expressed conveniently in terms of polar coordinates, it is neoes- 
aarv to investigate the mathematical values of the components 
of velocity and of velooity-inorement along and perpendicular to 
the radius-vector of the particle at any iwint of its path. Tlie 
former are termed th f<dml w the pmamttk mlodiy md 
vdoMncrmeni, the latter ih iranmmd vdoeU^ md w&c%- 
incremeni respectively. T\m required values are thus ound : 

Let (r 0) ho the place of the moving particle at the time t, 
h V) being its place referred to a system of reetengiilar axes 
having the same origin, and the a^-axis coincident with the 
primorrfiu.. Then 




dl‘ 


d*r 

if 


die 
it 

-28ind 


dr 
it 
dr do 

M Si 


. d^O 
ftfi * 


(97) 


f 008 d(^^) — rsind 

In all these expressions if 0 « 0, ««» respectively 

the radial velocity and radial valocity-inoremcnt} and if 0« -flO®, 
we have the transversal velooity and velocity-increment. Ilonoe 

dr 


the radial velocity 


it' 

do 

' ^ dt » 
d^r 
' di* 


,di.^ 

\dt> 


the radial veWity-merement 

dr do d*d 

the tcansversal relocity-incwment » 2 + r 

1 d 


(28) 

( 29 ) 

(80) 


The values given in (It) and (89) aw evidently from first 
prinoiples the radial and twasvwaal cowiwnanla of the velocity 
of the particle. The exprowdona for tho radial and transversal 
velocity-increments may also be dedtieed from aimilar printaplta. 
All these expressions may also he deduced hy differentiation 
V txr sin 0. 
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/(«=2{1-",X + fsll- I 

= 2 wm ; 
f{0) = 2i-ma0i 
and K=2P008ttd; 
a is still muletomined; it must however be mme uneven nwni- 
ber, because It = 0, when 0 = 90°, that i«, when the two rtjiiMl 
forces act in the same lino and in opptwite diiwtioiw : iiiut thi* 
uneven number can bo none other than unity, be<»Ui« if it 

were 3 or 5, or ... or 2 «+ 1 » » would vaniali when d * g , « 


(i:n 

(M) 


w 


, -s — 1 — and this would l )0 absurd j therefor® the foiie- 
' 4» + 2' 

tional relation between E, p, md S is 

a SB apooi®*. («ft) 

The form of function given in (13) evidently wiitisfo** (II), 
because 

2 cos « (d + ^) + 2 cos « (d — ^) SB 4 eos tiO vm »tp. 

If I had assumed in the procodiiig/" (d) ss «•/(<>), then 


SB + 

so that /(d) S3 «*» + r***, 

and thus /(d) would inerwao withont limit aa 0 inoremseil 
without limit ; and consequently B would inmwiio indefinitely 
with d. This of coura© ciamot be the eaae, and the awiutMin it 
aooordingly excluded, and (IS) is the only solution ndtniii«ihle 
by the conditions of the problem. 

18.] The following is the geometrical interpn'tation of this 
theorem; Let op and op,, fig. 4, reprewnt the eom}K»neiit« in 
line of action, direction, and magnitmlo, so that pop, m 2«; let 
OE bisect the angle p, op; from p draw pii {naqieiulieular t«> <*», 
and produce on to a, ho that »EsbOI»} then o» » 
and therefore or by it« length and dilution reprewuifo the re» 
sultant of p and p, ; join pe, ep, t then p, ope is inMnifo*tly a 
rhombus, of which OP, op, are two adyawnt sides, and o» k the 
diagonal. 

If thoroforo two adjacent sidtss of a rhombus rcprewtni Iwm 
forces acting at o, the «Hagonal of the rhombus sbtgting m h 

“O'!® »*Wng ml i« gi»#» in Ss. 7, Art. 40 , V»t. II. 
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312.] RADIAL AND TRANSVERSAL RESOLUTION. 


312.] Two particular forms of (30) and (31) deserve notice. 
If the acceleration is only radial, so that the transversal accelera- 


tion is zero, then 


dQ 

= a constant = h, say 

dd 

h 

dr k dr 

= 

- * 

It ^ 7^ Td 

. d^r 

h'‘ d'‘r 

2/i» . 


~ Ir* flJd* 

r‘ ’ 


and the radial acceleration 

' 7 »’ 


(32) 


and thus is expressed independently of L 

This expression however may be put into a more convenient 
1 

form. Lot r = » ; then 

dr _ 1 d% 

Jq~~ M* 

substituting which in (32) wo have 

the radial acceleration s=: — m’ | ■+• « j • (83) 

From these formulae Wie law of radial acceleration may he 
deduced when the curve is given; and the curve may be deduced 
when the law of radial acceleration is given. But as very many 
examples of these processes will be given in a subseq^uent 
cliapter, it is unnecessary to insert them in tWs^lace. 

If the angular velocity is constant, so that = a constant, 
=s A) (say)^ 'tihatt 

„ ’ ' ' the radial acceleration = —««)“?•, (34) 

the transversal acceleration = 2<o ; (36) 

and those are independent of 6. 

In illustration of these formulae let us take the following 
example : 

A particle describes a path with a constant angular velocity, 
and without radial acceleration ; find the equation to the path, 
and the transversal acceleration, 

Let Q be the required transversal acceleration so that the 
required equations are 
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thboby op cueyHjInbab motion. 


dP 

„ dr 

if <■ = « *■ ='>.» = »-“'>' = »- »» 

by integration = 0 ; 

=a)f?^} log-— —— 


(ya__a5)i 


(of; 




AlsOj as ^ = Wj therefore (? ss wif, becanao 0 — 0 when ^ — 0 j 
I {,» + ,-«} j 

and this is the equation to the path described l)y m ; also 


dr 

di 


aa 


& 


Q ss aco’ {a“<— a""'J 
as ffl«* {g® — r *} 
sa «*)^5 


which is the transversal acceleration. ^ . . j. 

318.1 It remains for us still to investigate the kmematjoa ot 
a particle describing a curvilinear path in space j and we will at 
first refer its motion to a system of reotangukr axes, and suppose 
f® V, 0) to be its place at the time t. If three relations can be 
found between y, ss and i, the position of the particle at the 
time ^ wUl be completely determined j and if t is oliminated, 
two emmtione in terms of will result, which will repr«cnt 
two sur&oes, the line of intersection of which will he the tr^ee- 

tory of the particle. ^ , 1 

Now if {wy i) is tiba pkoe of pirtioli the time aM 

y 4'^y> at the tusae 14*^4 

4^^ + 4 * ^ 

then ds is the space described in di, and the volooity of the 
particle in its path is ^ > and the eompanente of this along the 

three axes are respectively ^ ^ » •^5 theae rowlte tollowing 
feom the law of resolution of vdorities whidh has Just now been 
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In tlao most general case tlie velocity of tlie moving particle 
will bo variable along its path, that isj ij will be variable j more- 
over the velocity-increment along the path, viz. if is eqni- 

crescent, will be also variable j and conseciuontly, generally, dx, 
dy, dz will vary, and d'^x, d^y, d^z will have values ; and thus the 
velocity-increments or accelerations along the coordinate axes 

"W- TF' 

If t is not an eqnicrescent variable^ these quantities ^severally 

tPscU'-^clHds ^ 

> 


.„ , d^x 
will be - 37 r ) 
dt^ 


d^xdt—dHdx 


dP 

d'^ydt—dHdy 


dHdt—dHdz 


(37) 

dP ' dP ' dP ^ 

814.] This process of axial resolution of velocity and of velo- 
city-increment is, as we have before observed, artificial j whereas 
the motion itself suggests tangential and normal resolution ; the 
tangential acceleration being the velocity-increment along the 
tangent at the point {x,y,z), and the normal acceleration being 
that with which the particle is deflected from its rectilineal 
tangential path. 

The tangential velocity -increment is evidently ^ ; the normal 
velooity-inci'ement is thus found. 

Let T, q, T, fig. 98, be three consecutive points in the curve, 
when ’sq, sa ds and is the element of the path described in di; 
lot iJbe equicresoent, so that qt, which is equd to ds + d% is 
the path described in the next dt. Consequently the particle 
describes QT with two effective accelerations j one, viz. along qb, 

s 

of whieh the mathematical expression is and another along 

QB,. the mathematical expression for whieh is to be determined. 
As P, Q, T are three consecutive points in the curve, the plane 
PQT is the osculating plane of the curve at p, and the angle eqt 
is the angle of eontingencej and QS is the action-line of the 
normal aeeoleration, and is the distance through which the 
particle is displaced. Since however, whatever is the law of 
acceleration, the acceleration may in the beginning of the mo^ 
tion be taken to be constant, the relation between it tb» dis- 
tance and the time is given in Ex. 2, Art. 249 ; and we have 

. 2.QS 
the normal acceleration sa • 


[ 
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Bat if D is the radius of absolute curvatui’e at P ; that is, is the 
^ _ QT’ _ _ 

radius of the circle passing through V, Q, T, QS — 2 '' > 

the normal acceleration == - > (3^^) 

if V is the velocity at the point P. 

Hence if the velocity-'inci’cnient at any point of tlio trajec- 
tory is resolved along and perpendicular to the tangent^ these 

components ai’e severally expressed by and -- > the action-lino 

of the latter being in the osculating plane. Ihus those quan- 
titles do not express toi'sion j torsion is due to their variations 
only. 

316.] These values may also bo deduced from the expressions 
for the axial accelerations : for resolving these latter along the 
tangent to the path, 

^ ^ fPx dx , (p!/ dy d'z dz 

the tangential component - + + 

= S. m 


because from (36), ds Ps =a Px->rdyd^y-\-dz dH', 

and tlio normal acceleration, by (22) Art. 877, DiEerential Cal* 

ds [ (fp * ds dP ' ds ^ dP da ) 


.816.] If the path of the particle is referred to tho system of 
polar coordinates in space, which is explained in Art. 165, Inte- 
gral Calculus, ^ ^ ^ ™ ^ ^ componenta of the re- 

sultant velodty along tho radius-vootor, perpendioular to r, 
in the plane containing r and the polo and perpendicular to 
this latter plane respectively; the line of the last being also 
tangential to the parallel of latitude which passes through the 
place of the particle at the time t ; and thus these velocities 
are along lines perpendicular to each othw. These values are 
evident from the explanation given in Art. 185, Integral Cal- 
culus. Consequently 

dr* . ..,de* ^ 4 * tAO\ 


I’ . 


.r*^+r*idiner^. 
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IL 

clt 


ds 
cU ■ 
cPx 
1¥ 


(If’ 

(It] 

7F "■ 

ih/ 

"tlf ~~ ~df 

lpi\y . 

epy] __ 

d'W 

dV/« 

If’ 

■ "diF 

(IP 

(IP 


[318. 

(•17) 

( 48 ) 


and these equations assign tne renu.vu 4. 

to«te in tem. of tt.e vo oct™ and valoaly-m- 

oreramt. ottlie moving particle and “I , 

These expressions may also he found hy the fallowing prooess . 

In the eaae'oE velocity as given ly {«). >e‘ ™ ““n™” “ 

of which the aaial-eomponent. are ''J and , to he eommuni- 

eatcd to heft the moving pavli.le and to the :>;»vinR jigm 
in aimetions toeva* tta ovigm 1 limn >t ■" evident llml the 
„Wi» positions and volocilie. of tho i’"' 

herohr changed ; hut tho effbet is to hnng to lest tin. moving 
origin, and to leave the moving particle with a ^ 
to it, of which the axial-oomponents am J ' 

which are the same as those given in (47). The system may be 
subjected to a similar process with roforonee to volotnty-mcm- 
ments, and we shall prooiire the results given in (48). 

Similar results are also true for the relative motion of a 
particle in space referred to three reetangular axes. 

318.1 Let us now tal<e a more genoml cmo in which the 
origin describes a ourvo in tho plan© of (*, $), and the moving 
axes rotate in that plane through an angle 6 in tho time ^ : let 
ns suppose the fixed and the moving axes to have oomoided at 
. fenft t » 0. Then we have 

» as ffij + ^COS 0— »j sin 0» 

' sBf»+|sin0+^co8 0i ('*®) 

therefore 






co80-^Bm0-(|«in0+«jeo«0)'^^> 1 

‘ . dm . . ^ ^ ^10 I 


^ 0 + -^mu6+ii mm iin 0) 


( 50 ) 


tPU Wlf 

Let V( and he tho oompononts of the absolute velocity pwalW 
to the axes of f and n i then 
<fei 


V( 


•COS0 + 


nni 


di 

^cos04- .^Mnd- 


"V J/ "T 


( 61 ) 
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tlx . „ in n 

,^=:_.™SXU0 + -^COS0 

iXi - „ , #« c, , 1 . (K^\ 

= sm 0+-^ cos ^) + + ^ , (52) 

in which values of ■»{ and all the terms except the last of each 
are dixo to the motion of the coordinate system of reference, 
and the last expresses the axial-component of the velocity of m 
relatively to the moving axes. 

Let us next take the iJ-differentials of (60) : then 

+ (foo8«-n»m«)^| + + 

Lot and v\ he the axial-components of the absolute velocity- 
increment parallel to the axes of f and 1 ] : then 


V'f. 






« “ y 0 • A 

cosd- 1 --^ em0- 


^ — -r 

008 5 + -^ 


dr) d6 __ 

‘^HTb ^ w ■ 




v\ 


d^tOi 

dl* 




(63) 


^sind-t-^coBd-i-2^^- 




/dids” , d'‘r] 

<10 + + 




(54) 


'= df^ ' 

“IF Ydi 

of which expressions for v'^ and v\ all the terms except the last 
in each are due to the motion of the moving coordinate system 
of reference j and the last expresses the axial-component oi the 

cxprcBBod rcltxtivc vclocity-incrGniGnt, 

819. On examining equations (53) and (54), it appears that 
the first two terms in the right-hand member _ of each express 

those parts of the 7 ' 

tion of translation of the moving ongin, and that the last three 

3Ka 
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in each arise from the angular motion ol 

of reference and from the relative motion ol m m ii tcunoo to 
LrLving system. Noiv these lust are ui umirclanco with 

T I Ai4 'll! The axial-eomiKments of the velocity-in- 

»tt ;• ato'u .0 ...mo of U.« ooml«...o..t« of Iho volooily- 
tomoote of ociu.a partiota at .. a..d K, .A.cl. «™ «>« 1>»J«C- 


tions of I oa tho axoa of f ami a; for aa ia U.o .uigolar 


velocity of these axes about the moving ougn , 

. „ »■'« frh* . 

tho radial component ot i. - J 


the transversal component of i. 
the radial oomponont of N 
tho transversal component of n 




I ,U 

ilf ^ v/^ 

I 

1} (ll 

and conseq.u 0 niJy of the velocity-increment, 

tho f component = ”” n M ^ It* 




(IIJ tj 

d^t) fd§s^ 1 ( it 

tho ?j-componont = | dO' 

Thus tho axial-components along tho moving axeK «t ^ and ^ 


rospcctivoly of the velcK^ty-iriciraiiiiifit tt im lime i iirci 

g ^ .m8+-^l o» S-lCj')’ + i ^ ( V jI)' 

If the ori^n of the moving ax« does not nmve, and the axes 
revolve with an nnifomi atigtdiw velocity «, th«n (53) and (54) 
become 

dr*f .* « dti 

S’ ,U*' 

Tliese eqnationi however isfer to a very sjuieial eaaa of the 

general motion. , • 

Kinematics of other and more wmplicatwtl cases of relative 
motion will ho diseuiwwl bew»ftor: tlm pmwUng is iuffiii'ient 


and w*»f + 3« ' 


320.] DYNAMICS OP CUEVILINEAE MOTION. 4:37 

Section 2 . — The d^narnies of a partieU moving in a 
curvilinear gmth. 

320.] The incidents of motion of a particle moving in a curvi- 
linear path having been considered in the preceding section, we 
have to investigate the equations connecting these results with 
the forces of which tliey are the effects. 

When two or more forces act simultaneously on a material 
particle in motion, the effects are different, and require separate 
consideration, according as their lines of action are in the line of 
motion of the particle or make angles with that linej in the 
former case the effect is an acceleration or retardation of the 
particle in the line along which it is moving: and the total 
effect of many such forces is the sum of their several effects j 
in the latter case, the effect of a force acting along a line which 
is inclined at a given angle to the line of motion of a particle is 
partly to produce a deflexion from the rectilinear path in which 
by the law of inertia the particle would move, and partly to 
produce an acceleration or a retardation along that line. Such 
forces therefore will generally cause a particle to describe a 
curvilinear path : for it is to be observed that although a par- 
ticle may have a certain velocity, yet that velocity is not an 
impediment to the independent action of another force on the 
particle : the material particle, whether in motion or at rest, has 
the same property of inertia. And another force will produce 
its own effect on it, and precisely in the same manner as if the 
particle was not moving. Thus the expressed velocity of the 
particle will be the resultant of these two several velocities, and 
its line of motion will depend on the lines of actioii and the in- 
tensities of the two component velocities, and according to a law 
which has already been investigated. The law of inertia how- 
ever becomes extended, and we have the following proposition : 

When two or more forces impress velocity on a particle, the 
change in velocity and line of motion of the particle due to each 
is the same as if the others did not act. 

This proposition arises partly from the inertia of matter, and 
partly from the fact that an adequate and intelligible concep- 
tion of force requires that it acts on matter and causes it to 
move along a definite line, and impresses a definite velocity j 
and consequently the laws of couiposition and resolution of 
velocities, which have been investigated in the preceding section. 
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the lesultaht velocity will 1« teFC«..>te.l by, the ■li«l!™nl of tbo 
the iGsiiit adjacent huIus meeting' at the 

l»rticle «« the rcinveeutativce of «» «l»mtely 
*8|l *?l,tofhooL mey bo wotkc.1 out by Ibe rollowlng 


"“tTo fiv 7 bo the pl»oe ot tl .0 purtielo m at root at tbo be- 
vinutaot the time : lot two im,.ul.iv. fotcoa v au.l <t act o„ it, 
!f liob tbe liuo. of »tion *o oe ami o,i , ami lot .up,,o.o 

to fotee , to im,.™. a volorfty ;m » « «-! > 
tlip snaeo oi> uniltn'mly lu t vnnt« of time. himtlaUy lit the 
'<» impto.. ou » a velocity aueb tUal ,t ™ 

formly the spaco oq in / nmte of lime. Let the h«nu. l.o to i- 
struotod as in the diagram; where ou w the diagonal oi tlio 
parallelogram of which or and OQ tiro two contammg and ndj^ 
cent sides; where q"or" i« iierpimdundar to me, and oq - 
M"=oo'--rp', and where thcHO four hues are all parallel to 
each otherr Now the veboity of whieh_ <; .* is the line-represent- 
ative may ho resolved into two vehantum, mw «l which \vill 
I ropresLted by or' and the other I.y or'' ; a.inikrly may thc 
velocity of which oq is the lincrepreseiitative he n«lved into 
two, of which oq' and oq" are the line-reprewntativea. Ihen 
00 ^'' and Wtig equal and in iqqHiMitn diwtnjy 

each other; and or' and oq' acting along the Hatiic line and m 
the same direction must ho aiUletl, ami of thmr resultant th® 
liue-repr^entative is the sum of or' ami oq', that is, is or; 
oatherrfore is the linf.reprewmtotive of the velocity which the 
has, and, thes^afore of the resiillaut «l the two coiiijioniut 
yolodties of wMoh o f and oq are tlm Hne-repifsieiitative*!. 

Thus if on a pasrdolo » two impulsive forces act, th« Itw* ot 
action of which are inclined at an angle y, ami if tlu« acting 
sinffly would impresi on m veboiliw h ami e ahmg their liiics 
of action, then, if «* i* tho yehwity which one force nef mg would 
impreBS on m and produce the samo clfm-t iw the other two 
acting in combination, 


«*» a* »* + 2 tiv cos y 4* t" » 

«... 4 4 1 


If#” m m ^ If ’ , 

and if a and are the angles kstwiwn the Um» of action of * 
and », and of le ami » «w;»eti¥«ly, then 
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represents the resultant both as to line of aetion and intensity; 
hence also^ since 

011 “ = OPHOPi8 + 20P,OPiCOBPiOP, 

= 2p^4*2p^co8 2^. (10) 

Hence also conversely we infer that a Ibrco on a 

particle may he equivalently replaced by two e([ual lbr<;es lu^ting 
at equal angles on either side of its line of action if, ii being* the 
force to be replaced^ p being one of the equal eoinpoinmts of 
itj and 6 being the angle between the lines of action of ii and p 


p therefore cannot be less than and increases as $ increases, 

4 

and lastly becomes infinite when 0 = DO"" : hence we inier that 
the effect of n on 0 cannot be produced by any forcso whose lino 
of action is perpendicular to that ofn; and therefore that two 
forces whose lines of action are perpendicular to each otlier do 
not affect each other^s effects. As the theorem admits of the 
preceding geometrical interpretation, it has received the name 
of the ipamllelogram offorcee. 

19.] Let us in the next place take the case of two unequal 
forces p and q acting at a point 0, fig. 5, and along lines of 
action perpendicular to each other. Let x> and (j l)e represented 
by the lines op and oq; complete the rectangle opeq, an<l draw 
the diagonal oe; let the angle eop = a; then the force P may 
by reason of the preceding Articles bo resolved into two forces 
p' and p acting at equal angles a on either side of O F, and by 


IS geometrically and eq^uivalently repnwmtocl l»y 
onal OB, Again, let q bo resolved into two (!<tual 
acting at equal angles 90°-a on each sido of 
reason of ( 17 ) 

Q=:~coseca, (lUj 

l' is geometrically and equivalently r(ii)re,st>nted 
di^onal of the rectangle. Hence wo have two 
which 18 represented hy half of oit, acting along 
same direction, and of which therefore on is the 
to Ime of aetion and as to magnitude,- and 
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322.] 

Similarly if three forces^ whose lines of action are mntnally 
inclix^ed at angles a, ft act on a materia! particlej and are 
such that each acting singly woxxld impress on it velocities 
Uj w along their lines of action^ then the one force which 
would impress on m the same velocity as these three acting 
simultaneously is that which would impress a velocity where 
=s 4 . 2 vw cos a + 2 mi cos /3 + 2 uv cos y ; (67) 

and its line of action would be parallel to the line whose equa- 
tions are i _ ^ . f 58 X 

If a=:^=:ys=s90^ these results are identical with these deter- 
mined kinematically in the preceding section. 

82^*] This result may be illustrated by the following experi- 
ment .• Lot ABOj fig. 9,6^ he the horizontal deck of a boat which 
is moving with a constant velocity in the direction indicated by 
the arrow^ so that in the time t the point a moves into the 
position and all the other points on the deck describe straight 
linos equal and parallel to aa'; and suppose at a a particle m to 
be placed^ and from a force to receive a velocity in the direction 
AQ^ so that if the boat is at reet^ in the time t it describes the 
line A Q, : now if the boat is moving,, this latter velocity will be 
combined with that of the boat; and the result is the effect of 
the two j but neither of them alters the effect of the other ; and 
thus at the end of the time t the particle is found at the point 
having described the diagonal Aft and which is therefore the 
line-representative of its velocity; because it is described uni- 
formly and in the time t, 

Experiments and observations such as the following shew the 
law to be true in the matter of the earth. 

A small heavy particle let fall from the top of a mast of a 
ship Sidling uniformly, falls at the foot of the mast, although 
the force under the action of which it falls acts vertically and 
is uniformly accelerating. Thus the particle retains the hori- 
zontal velocity which it had at the top of the mast, and this 
is combined with the vertical impressed velocity. 

If a carriage moves evenly along a railway, and if an impulse 
is given to a ball in it, the effect of the impulse is the same, 
whatever is the direction in which it is given : the motion oS 
the carriage does not alter the effect of the impulse, aftd the 
path and absolute velocity of the ball are of course compounded 
of the two velocities. 
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The revolves o» !(» Hor «2i« ton iv»t to east, .ml 

therefore .11 point, on ite .nrf«nn n'»vo noth . yoloe.ly duo to 
this r-otation. It therefore Iho I.iv ,s u<,t Irne a ho.ly «lmel >n 
“Lotion north or south, wouhl deyinto to tho lyes , .ml tins 
i, not found to ho the eme. And this hull .limits ol mimt 
mieurate ex.min«Hon 1 for supposo . pomUihiin to ho snspcmled 
La to os.ill.te, the time and the ertont ol o.e,ll.t,,m ivoii d ho 
diderent for tho dilloront direetions ol the plane »l oselll.tion : 
no ditferenee however is observed, ivh.lovor 1. the ammuth ol 
the idane • and tho ainallest dill'eronee, as Ijiipluee hns shewn in 
tJie MeeaniTie Odleste, ennm.l fail of hehw nppreemldo. 

Asaini of a !«% "■■■' ™'l«« tower the op .. ol eonrso 
farther fiom the centw of tlio earth than the liollom, and there- 
foro as tlio cnrtli rotates from west to oust, thn horiKontnl 
velocity of tho top is greater than that of the bottom. Lot a 
luiavy hall fall from tho top : it "’ill l«ive tlm hor./oatal jeloeity 
of the top, and this is greater than that of tho liotlom i if there- 
fore the ball falls on tho wtwt side of the tewer, it will strike 
the tower hoi'oro it roatshos tlio eartli : hut it it tails on the east 
iida of tho towor^ it will itrikii ih-o iniHli ui it ihiiiiiII ilttiiiiuio 
from the tower towards tho cast, 'rhoso rranlls have Iteen 
Mtually observed 5 and from them wo inter tho law of which they 

are the effoois. r i- t * in 

Also the phaenometift of the ateration of light, and the 

aeeordanoe with observation of tho results arrived at, yield 
another proof of the Irnlh of tho law of eomjHwiti.m of veloeitiei 
whioh we Imve hero invostigatod, Kupi«»se, »e llg. m, s to be 
the nlliee ef *•- and R to the place «l the earth in it« path 
at the same time i now light Irovds with a velocity of lKn,ooo 
milM in one eeeond of time, ami the mriU nmves in ito elhptw 
path throngh 10 miles in a Kccond : and h*l iw snpjioise that in 
the time during which the light of the rtar hm tmvcl!«l from 
8 to B, the earth l«« moved from R to a', where »ii' is l« sR m 
10 to 186,000 j then the etoi to us i* llm «anw ««• if the earth 
had been at rest, and light Imd a velocity rcpr.wciitot by a*' 
from b' to K along «»', in corahinatioii with its velocity along at, 
BO that the ray of light would wme in the ilin'ction »'», where 
b'r is the d«^^on8^ of paraltelogm”’ which at and i** are 
two adjammt cwitalning sid»* i the »tor thereforo apjww to as 
to he before its real place in the direction of the line oi motifitt 
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of the earth. See also Herschel's “ Outlines of Astronomy/’ 
Arts. 328-336. Ed. I. 1849. 

And, omitting other experiments and observations, I may 
remark that the most conclusive evidence of the truth of the 
law of composition of velocities is the a jposteriori proof arising 
out of the results of physical astronomy. The expressed velo- 
cities and velocity-increments of the planets are resolved and 
estimated according to it, and their places calculated at par- 
ticular times ; when these are compared with the observed places, 
no disorepanoies are discovered; and thus one of the severest 
tests of the truth of such a law is applied and is satisfied. 

833.] Thus much being all that is necessary to be said as to 
the effects of force on matter, when two or more forces act 
simultaneously on a particle along different lines of action and 
cause it to move in a definite curvilinear path, it remains for us 
to investigate equations by which that path may be determined 
when the forces are given. 

Let m be the mass of the moving particle; then is its 


expressed momentum in the line of its motion ; ^ j » 

m are its expressed momenta along the axes of co, y, z re- 


spectively if the path is referred to coordinate axes in space; 
and axial-components of : the resultant mo- 

mentum if the motion takes place in the plane of (», y) : mo- 
menta are resolved and compounded according to the law of 


geometrical projection. 

Hence also is the expressed momentum-increment 

of m m unit of time along tlie line of its motion; and 

are the several expressed momentum- 
ai* ' at^ dP _ 

increments of w in an unit of time along tlie coordinate axes 


of «i,y,z. 

Also the expressed momentum-increment in the line of motion 
of a particle at a given time is the sum of the resolved parts 
along that line of the several expressed momentum-increments 
along the coordinate axes, _ r - - 

Hence also impressed momenta and momentum-increments 
and their causes, accelerating forces and moving forces respec- 
uaioB, von. iii. 3 ^ 
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tivaly, arc rwtjived and aomjHmndw! aoeimling to the law of 
ffcometriad nrojootion. 

And as Htatiaal pnwun**, »wj Art. 2ni, are virtual dynamical 
momenta, it foltawu tliat atetiatl urtwwre* are resolved and 
Aomnoundod according to the «m© law : hoiiee wo have a proof 
of the pamlklagmm of .talical ftm«. 

824.1 If the motion of the jatrtjele m taU« plaw wholly m 
OM plalie, tlio equatioiw which dctonnino that motion arc thus 

Ijet the motion to wfcrwl to a ayttom of wwtangwkr asetj 
and let x', x' to the 8sial-«»mj«‘»wnt«i of the imprc»«ii momentum- 
jncTcment ««i m at tho iwinl Ij-.y} at the timi' ^ ; thou tHpmtinf 
thP imprtwawl anti the cxpr^ml nuimcntum-im rcmtinta hy reason 
of tho law esplaittptl itt Art. 35 S, we hiuo 

0 w X , » ■«- * . (58) 

»ad if x*# x' ftW proporlittnal to the nwM of »,♦ » that 

m%, t'w «t, 

^ «|ttiitwn* of motion ««*«» 

^mt, («0) 

in which mm t,i are the imprw#crl vch»tnl>‘.im’re»«imt* which 
m the pffwt* of the mvlmiling f«*W’«». _ 

If tho nwtdtimt veW'ity-inm’mcnt i* r»w«»lve 4 tangentially 
and norawUy, and t and » arc the «»rwi«»miing compnente 
of tha Imprwwwd volwity-inoromentj then l“y ( l*>| 

m% * » n. (61) 

mt* f> 

if tho motion is reforrod to a *y«t«m of jwlar ownlinatM, 
and f «»d %*w «ie »dial «wl tho l«n«er«l wro|»on»ttt« of 
tho liapwifrii voWty-inowwwnt, then hy I 3 n| and |S!| 

#r rftf* > 1 


82S,3 Tho thron foWwwing (J|»iipt»r» will wmtain m mny 
iilaidmtbna of Ihwe wintfitni#, thnt It k mtmmmry to Acw 

* Tl,i» *w» N »! to* 

li tf I 
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their application immediately ; but the attention of the reader 
must be at once called to the manner in which they are con- 
sistent with the principle of the conservation of work. 

Let the two equations (60) bo multiplied by mdix and ndy 
respeotively, where dx and % are the actual axial displacements 
of m in the time it : so that according to the definition of work 
given in Art. 259, mxix and mxiy are the elements of the 
work done by the accelerating forces x and v in the time it, 
and the integrals of these expressions are the works done by 
those forces through the assigned limits, whatever they are. 
Let the equations after multiplication by mix and miy respec- 
tively bo added j then we have 

dxi*x-\‘iyd'^y , , , , 

m — ■ Z — / - m{xix+t^)', 


m y 

m{xix+riy)’, •(63) 

2 ‘'* 0 , Vo 

the left-hand member of which is the vis viva of m acquired in 
its motion from («o, ^o) to (a;, y) under the action of the given 
forces } and the right-hand member is the work done by the 
forces through the spaces assigned by the limits. This equa- 
tion is called t/te eguation of pis vipa mi of work Also froip 
(61) and from (62) we have 

™(ti“— «(,“) sis /" miisi (64) 

=: f ’ m('Bir+ciri6)j ( 66 ) 

each of these being the equation of wotk in its own system 
of reference. The circumstances under which these equations 
are possible and are interpretable will be explained in a future 
Chapter. 

826.] As the normal component of the impressed momentum- 
increment does not appear in the equation of vis viva, viz. (64), 
the force, which by its action impresses it, does no workj the 
reason being that the path of m is always at right angles to the 
action-lino of this force. Since however m would, if left to 
itself or if loft to the action of a force which acted along the 
tangent, by the law of inertia, continue to move along th^ 

tangent, so — is the effect of the force which deflects W<fe6m 

its otherwise rectilinear path, and draws it towards the centre of 
absolute curvature, This force is called fh>e centripetal force ; 

3 ^ » 
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and tKo expressed normal momentum-increment is called Ue 
centrifugal foroe,* Hence 

the centrifugal force of m = ~ ■ (66) 

Centripetal and centrifugal forces are therefore the same quan- 
tity under different aspects. Centripetal force is the force which 
impresses the momentum^ and is spoken of in reference to that 
force : centrifugal force is spoken of with reference to the par- 
ticle m, and is that force of which is the expressed mo- 
mentum. P 


337.] As an exact knowledge of the nature of centrifugal 
force is necessary for a complete comprehension of the theory 

of curvilinear' motion, let us examine it in two or three appli- 
cations. ■* ^ 

Let m move in a circle with a constant velocity v ; let ass the 
radius of the circle, and T s= the time of a complete revolution s 
then 27r(» SK vTj 


the centrifugal force' of w as ^ 




thus the centrifugal force in a oircle varies directly as the radiui 
ot the circle, and inversely as the square of the periodio time. 

Again, ifm moves in tlie circle with a constant angular velo 
city «, then by (24), Art. 8 1 0, v =3 aw j 

. ■ . the centrifugal force of m = ,• (68 

and therefore varies directly as the radius of the circle. 

Thus if a particle of mass m is fastened by a string of lengtl 
a to a point m a horizontal piano, and describes a circle in tin 
pla^ about the given point as centre, the centrifugal force 
produces a tenmon of the string, and if « is the conXnt an- 
gular vdoaty, the tension as j»w»a. 

. ffiven weight and dimensions moves tl 

given velocity along a curved railway of which the radius ol 
curvatee is ^own. It is required to find the height to which 
the rail should be raised above the inner one so m tc 

oounteraot the effects of oenferiftigel force* 

1 , IrorizottW breadth of the railway, and k the 

height of the centre of gravity of the carriage above the rails 
when they are horiiontalj let a be the elevSon of the outer 


(67) 


• TWb term is inaccurate ; t i, expressed e&ct 
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« = 2« tan 0 != 2a- 


milj and 0 the angle of inclination to the horizon of the trans- 
verse section of the road when the outer rail is raised ; so that 
« = 2 « tan 0 ; let t)=the given velocity of the carriage^ p the radius 
of the curve j then as the outer rail is to he raised so that at the 
given maximum velocity there shall be no pressure on the inner- 
rail, we may take about the outer rail moments of the centri- 
fugal force and of the weight of the carriage and may equate 
them ! whereby if m is the mass of the carriage, we have 

fMP^ 

(i cos siu 0) =s (a m$+A sin 6 ) ; 

‘ v^a+phff* 

828*] Whan a solid body rotates about an axis^ all its par- 
ticles dcicriba in equal times circles; the planes of which are 
perpendicular to the fpds of rotation; the centres of which are 
in this axis; and the radii of which m^e the perpeiidiculars from 
each point on the axis : therefore from (68); as co is the same 
for all the points; the centrifugal forces vary as these perpen- 
diculars* Now as the earth revolves about its polar axis, the 
eenteifugal forces of particles on its surface vary as the perpen- 
dicular distances from the particle on the polar axis j and there- 
fore the centrifugal force of eaoh partide varies as the radius of 
the parallel of latitude which the particle describes : and the 
lino of action; being the mdius of the circular path in wjbieh the 
particle moveS; is perpendicular to the polar axis. As the radius 
of the cirde of the pm’ahel of latitude decreases from the equator 
to ^0 polC; so does the eentriftigal force which varies as this 
radius by reason of (6 8)") the centrifugal force therefore is great- 
est at the equator and least at the poles; where it vanishes. 

Ld ns consider the earth to be a perfect sphere; and to be 
revolving with an angular velocity such that the time of the re- 
tdlnmon is 84 hours; and let us consider a place on it of which 
the latitude is A. ; then, if r is the radius of the earth; the radius 
of the circle of the parallel of latitude is f cos X ; and therefore 
if 0 ) is the angular velocity; the centrifugal force of m in this 
HnO; which is perpendicular to the polar axis; is ^w^rcosX; 
and if this is resolved into two partS; one of which is horizontal, 
and the other is vertical, at the place, the vertical component of 
the centrifugal force is ^<k)V(cosX)%* by this quantity therefore 
will the attraction of the earth on a particle m on its surface at 
the latitude X be diminished : so that if mff is the weight of m 
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whea diminislied by the aentrifugal foreo, and mu wore its 
weight if the earth wore at rest, then 

f/jy =a (eOS X)* 5 (09) 

... ^ = Q— w^rCeoaX)*} (70) 

therefore (o»f(eo8X)» is the diminution of the (sarth’e giwity 

due to the oentrifligal force. , * i . n t! * • 

The diminution of g»^?ity i8 the f rentwt when A = 0, that la, 

at the equator ; in which ease 


since the difforenoo between y and n is very anudl. Lot 
T “ the time of rotation of tlio earth aixittt ila axw ; tiieroforo 
T ss 24 X 00 X 00 »eeond«, him 'itr « wt j and ff « 32.2 feet! 
wsa 3,14160 1 therefore r = 4000 x 1700 x 3 fwt, 
m*r 4WV 
S yf 



ff w 0 I I 



(72) 


that is, the diminution of gmvity at the earth** «|«ttl<ir «lufi 
to the centrifugal force w the SSOth i«rt of that which the 
eartldi attiiwtion at the winator would Ixt if the earth did not 

rotate. . , . 

^Dhoa idio the weight of a hotly i# at the lajuattw w diminished 
hy it* 889tih »d tho diminution of ita weight at tlw lati- 
tude Ain * iiy(ct«A)* 

2iB 

13ie preoeding adcuktioa w wade on the by|Hith««b tlmt the 
earth hi a perfect Hjiheroj whereas it ia an ohlate apheroid : and 
the attoraotion of the «rth on particle* at its atiriimc dwrcaaw 
ae we pwa from the i>ole« to the eqtmtur aminling to the law 
investtgattid in Art. 212, and given in (« l) of that Article. Tlw 
proBont Inquiry giv« the law of dimiouUcm of gravity on 
account of contrifupl forao} the ctimhinstton of thew two 
eifecta produces the rosmlt giwn in Art, 131, via, 

ys»o{l+.O06tM(rf«A)*} I (73) 

and tho whole diminution is nearly » 20Mh part of the origiwd 
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gravity. Hence also the weight of a body at the poles is one 
200th more that its weight at the equator. 

Since 289 is the square of 17, it follows that if the earth 
completed a revolution about its polar axis in the 17th part of 
a day, the centrifugal force at the equator would be equal to, 
and would neutralize, the earth’s attraction; in which case 
matter at the equator would have no weight. 

839.] If the path of the moving particle is a curvilinear 
path in space and is referred to three fixed rectangular axes, 
then if x, v, z are the axial-components of the impressed velocity- 
increment, the equations of motion are 

d^y dH 

air = ^' W = ''' 

and these are applicable to the solution of every problem in- 
volving such a motion and such forces. 

Thus, if the laws of the impressed velocity-increments are 
given, and if the problem is the deduction from them of the 
equations of the trajectory, (74) must be integrated, whereby 
three relations will be given between x, y, z and t •, whence t 
may be eliminated, and two equations will result in terms of 
tg, z, which will represent two surfaces, the line of intersection 
of which will be the trajectory. In the course of integration, 
twelve limiting values will bo required, viz. the six components 
of the velocities corresponding to and to = 0 ; and the six 
coordinates of corresponding to the same values , of t \ of these, 
six, viz. those corresponding to i!=s!^, will, be left in the general 
equations in their general form : the other six, which corre^ond 
to fc 0, will enter into the final equations as arbitrary constants, 
beoause the beginning of the time t is arbitrary. 

880.] If the particle m is not acted on by any forces, so that 
.XsstlsZ saO, then 


d^y 


= 0 , 


d'^z 


= 0 . 


(75) 

and 


dP 

Let {a, b, o) be the place of the particle when t = d 
(®j V) when t ■=- t\ also let a, (8, y be the components of its 
velocity when ^ = 0 ; then integrating (76) between the limits 

corresponding to these values of t, 

/7r dv d/Z f. 


x-~a~a.t s= 0 ; 


z-o-yt'. 


(tlf 
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xvlmh. m the cqimtioiw to i» Btnugl.t line, whose direction- 

o..in« »o “■ «>“ «'» voWity wioa 

t-0 Mill wliklt l'«*« tlmuKli I”'"’- (“■ “ “'™ “ 

v.U.rilj , . = (i = )• = » : i» » 1 >W' '• 7 / “ 

2- e- thafcis, the i«»rtu.-lo renmtna nt nwt and m its onginid 
potion. The rw«lt m of couwe »» acoordanat with the law of 

Mill If the pl«« motion of the jwrtiele am mfermd to 
a aystem of rwlar emwlinatea in apaw, and i*. a am the 
impm«d veloaity-inommento along the mlina-v^tar, along a 
line in the pla.ie of f a»»d the l«.le tt«d j»er}«ndieukr to r. and 
along a line perpendieulaf to thi« plane, then the miuations of 

motion are , 

'' ,r ^-ri«n«>|* w n, \ 


dt* 


-riilitf « Qi 


(II) 


1, 


I 

f M M 

r»!Hd itW I *» * 

882 1 Tlie eottation# of relative nn*tion, of which the kine- 
matiea have lieon invwtigateil in Art*. StT-SIO, am formed on 
the Minn prinpiplo of inertia. TIni* a* to iHpiatioiw (to), let x, t 
ho the axial-fomponenta of the imprewisi veh»cily-iiu*rem#ut 
acting on ». and let x., v. Im the axiid.c«mj«»nettto of the im- 
pp0««l velotnfy-ineremenl acting mi a |*»rtiel« ol the maa* * at 
the origin or the axial.wiwi'onento of the aeceleration of th« 
origin } then the e»piatii»«« of ttn«ti«n are 


#f 

Mi 


m 


rf*f 


( 77 ) 


If the pat h dwicriW hy m m referred to three axe* in f|»«, a 

third Wtt^iott in torma of C l«w to W added, 

If the awion nfmk rofcread to » •yatom *»f nwvmf «* 
«ko to ft movinf origin, then ftom {»»! w»d (Si I the etinatenw of 

motion are 


#1 

W*' 




l 4 


f M 


(o*^) ■ » Cr-tririntf? (? 8 ) 


( 79 ) 


20.] the PARAELELOOHAM of F0RCR8. 

also two forces q' imd p' aetiuff at o in tho aamo lino md in 
opposite directions: and as tlu'se are equal, Iwth beuiif repn- 
sented by half of on, tiny ncutrali'/o each other} and lli«*rot..r« 
the resultant of tho two forces n and Q Jictin}? at o ia rf|.rew<ntr4 
by the diagonal of the rectangle of which the wntaining aidos 
are the representatives of the component*. Ilent'O if » is the 
resultant r’ = p* + Q,*} 

and from (18) and (19), 

It = p sec o = <i C 0800 a, (‘« t ) 

Hence also conversely, fig. 6 j if a force f acts at t>, ami i^* 
represented in line of action, direotion, and iimgnituile hy tin* 
line OP} it may ho resolvinl into two fortw acting along two 
lines originating at o and perpendicular to each other} *«» that 
if X and V are the resolved forces, and if tho angle between the 
lines of action of p and x is 6 , then hy (2 1 ) 

X = PCO8 0, Y as I’sintl; (22) 

p«= x* + Y». (23) 

Honco tho resolved part of a foK-o along any lino is «hp»mI to 
the product of tho force aud tho cosiuo of the angle hetwwn 
the given lino and tho aotion-Uno of the given forei*. 

This theorem is most important, and is very fn»tuently em- 
ployed in svxbsequent investigations. By virtue of it foreea may 
be resolved, or projected, aooording to the same law m Hnea am! 
areas are projected. It is for this, with many other reawms, 
that the cosine of an angle is called 0,0 pmjeetiw tmffltimt. 

20.] Lastly, lot us consider tho ease of two iiiiwpial fon’ca 
p and Q acting on a point o, alojig lines of action iuchiuHl to 
each other at an angle y ; see fig. 7 } let xu* luul Is* th«f geo. 
metrical representatives of the forces, and let qnr » y ; cton- 
pleto tho parallelogram qopii, aud draw tho diagonal na. Now 
resolve p into two force’s v' and p" along «R mid |a*rjH.*ndi«!Mliirly 
to OK, and suppose kop 0 ; then hy (22), 

p'sspcosd, i»"j«PBing} (24) 

so that hy the geometry of the figtm!, op' is the gixmodrioat 
representative of p', ami op" «d’ p", Aj^iii, rwwlve q into tw© 
forces q' and q", in lines along and at right angle* U» o» } tlmu, 
hy (22), 

<i'= Q COS (y-d), q"** q «a (y— fl) | (tS| 

and therefore oq' is the geonxelrk«l r^prawntetive of q*. iiud 


CHAPTER X. 


APPLICATION OP THE EQUATIONS OP THE PEEOEDINO 
CHAPTER TO PARTICLES MOVING PRBELY IN SPACE, 

Section 1. — Obligue imjaaot mi colUsion particles cmi of 
smooth spherical halls. 

888.] Tlie laws of resolution of velocities and momenta, and 
tlie principles of the theory of curvilinear motion have been 
investigated in the preceding Chapter j our object now is fur- 
ther to elucidate these, and to apply them to the special case of 
particles moving freely in space, reserving to subsequent Chap- 
ters the cases of particles moving on curves or on surfaces or 
in tubes j oases, that is, of constrained motion. 

The most simple case of resolution of momenta is that of a 
material particle or of a smooth homogeneous spherical ball, 
which is supposed to have motion of translation only, which 
moves in a rectilinear path with a constant velocity, and im- 
pinges at an oblique angle on a given plane. As the velocity of 
the ball is constant before impact,' so will the velocity be also 
constant after impact : and thus the inquiry is limited to the cir- 
cumstances of change during the collision, and to the determina- 
tion of the line of motion and of the velocity of the ball after 
impact. The elasticity of the ball is supposed to be the same 
as that which was explained in Art. 262 ; that is, the momentum 
acquired during the restitution of the figure of the ball is sup- 
posed to bear a constant ratio to that lost during the compres- 
sion of the figure : the limiting values of the ratio being 1 and 
0, according as the ball and plane arc perfectly elastic or are 
perfectly inelastic. 

One observation however is to bo made on the circumstances 
of oblique impact, whicl)< was not applicable in that, of, direct 
impact. In oblique impact we assume that the mutual aotioh of 
the balls during collision is along the line joining ftieir centres 
at the instant when compression is a maximum,- and along that 
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. 1 AT A Ja ?n fttlmr words, wo ttsaumo tlio liiills to be 

plottr-MoU'- ’ “W"*" » •;[ “r ” “f;, 

Cm.™ .mifomly «tait ‘h' I'™ ';?! 

of mas. -hioh i. mavinij »t - 

litre bB'. and euppose the hno o.ut to ht that im 

through their eantrai a, b at the instant at whud. oonHtrtm.on m 
1 maLumt we assume the aetimt of two halk on oaoh 
other for the time during whieh tho oolhsion takes pkoo to be 
wholly along this lino; alo«K this hne ha* mmmmlnm been 
Lt during the oompretsion. along tins line will tnmnen turn 
be acquired during tho restitution : the moinenla in a Ima 
oemondioular to ah have not been altered by the eolhiioii! 
Sus by virtue of the atakinents made in Art. '.ir.U d r repre 
sents tho momentum along the line a., lost during he eompres. 
sion, et represents that aequittHl during the re«litnti«u_ along 
the same Hue. Thus although for tho time diinng wlneh the 
halls are in collision, they, by reason .d tiunr veloeily wliieh 
is perpendioular to as, slidfi on eaeb ‘dber, and Uietebj llie 
momentum in that line would be ebanged if the balk are not 
perfectly smooth, yet for tlie sake of *impheity vvo iwnme the 
roughnws of tho halls to lie so far dimtnti*hed, that it w not 
mmmtj to take awunt of the chango of momentum along 

the line perpendioular to A ». 

Henoo if a smooth ball impinges oblnptoly «>» » »mn<»lb pl«w, 
the line of motion of the plane will lat iHwpndieidar to its 
surface, and tho momentum of tho impmgmg ball will be 
Rflfeoted dong that line only, and not »hmg the piano. 

W4kl The retulte of the diswd impaet of a bull on a piano 
fge giten in sKinatioiw (is), (l®), snt, »«* that if v \» the 
vebdfey of impaet, » is the wUwity «f r«d«»imd. 

But suppose a perfooUy smooth and spherieal ball, whtwe miw 
is «, and whoso elaslidty Is e, to move with an tmtfomi velmty 
V, and to impinge at f on a nawoth plane in the line *» K making 
an angle a with the normal to the plane at tin' pniit r, lig. 103, 
BO that «Air as a I kt a b© tho vobmity nf » when tb« «*«mpm- 
sion is a maximum j at wbioh instant tlm m«»ti»»n «d ibo bwl w 
wholly dtmg the plane; and topiitiw*’ v to b’ *hw vnhanty of 
rehound, and /3 » HAS to b« tike 8«fl« wbirh tlw him of «i«twn 
of the hall after rebound at r makw with the normid : b?t t* ba 
the momentum in tho lino ah whbh w Itwt t»y the t»»H during 
I oomprossion, and lot er bo that recovnrpd during the r«U- 
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tution, the line of action of both these momenta being the normal 
AN. Let us resolve the momenta along and perpendicular to 
tho plane : then at the instant when the compression is a maxi- 
mum, wo have (1) along the plane, 

mv sin a = tho impressed momentum of m, 
mu = the expressed momentum of m ; 

(2) porjiendicular to the plane, 

mv cos a = the impressed momentum of m, 
p = momentum lost by m during compression ; 

mv sin a = mu } (l) 

cos a 1 = P : (2) 

by a similar process when restitution ends, we have (1) along 
tho plane, 

mu = the impressed momentum of m, 
mr sin = the expressed momentum of m; 

(2) porpondioular to the plane, 

0 P = tho impressed momentum of m, 


»v cos j8 = the expressed momentum of m-, 


mu = wvsiUjS, 

(3) 

ep = «jvcoS|8; ■ 

(4) 

, V sin a 5= V sin /3, s tan /3 = tan a j 


, tan tt 

tanjS = — ; 

& 

(6) 

sin a 

Y ;= r V j 

sin jS 

(6) 


whereby /3 and v are known in terms of given (Quantities ; a and 
/3 are called respectively the angles of ineidence and rejlexpou. 
Generally as (? is less than unity, /3 is greater than a. If the 
ball is perfectly clastic, e = 1 : in which case a = ^, that is, the 
angles of incidence and reflexion are equal j and v = v, that is, 
the velocities of incidence and reflexion are equal to each 

other, . o 

If the ball is perfectly inelastic, (? = 0 j in which case, ^=90 , 
and V = ® sin a ; the ball, that is, after impact moves along the 
plane with the component in that line of its velocity (if impf&t, ■ 
Tliese results are equally true, when the ball impinges on a 
curved surface, the plane of impact being in this caae the tan- 
fi'ent plane to the surface at the point of impaot. fii 
® * 3 M a 
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835.] Examples in illustration of tlie preceding principles : 

Ex 1 To find the line along wliioh a ball of given elasticity e 
must be' projected from a given point a, so that after reflexion 
at a given plane it may strike anotber given ball at B. _ 

Let OB, fig. 104, be tbe given plane, a and » tbe given posi- 
tions of tbe balls. From a and b draw^AC and bd at ngbt 
angles to tbe plane on; produce ao to A , making (ja = e.cA. 
Join BA' cutting on in r. and join ab j abb is the mimreil im*. 
At B draw tbo line bk normal to the plane! tben apn is the 
angle of inoidoneo, and npb is tbe angle of reflexion ; and since 

tan ABN « cot A Pt; 


A C* 


and 


tanBFN = -edtann = cmtA fv 


UP 
A C 


VP 

e,AV 


tanBFH 


1 


tan ABM; 


and tlierafbre ilia pidli ai*b latiiilai tlia cnnditbn js), and m 
snot that a hall pr^aated Item a filmig Af will itrika inothar 

MlatB* 

Ex 2. To datirmin® th® patli wltioli a l»idl of idailicnty ® 

must take with reference to two given irndinml lda«««. » tl»at 
when projected from a given point a it may after reflosion sue 
ccssively ’at tbo two planes strike iimitber ball at », a and 8 
being in the piano wbicb is jwrpondwnlar tw the line of inter- 
section of the two planes of rcflosiwii. _ , 

Let the plane of tbo papier, fig. lOS, bo that in whioh the 
two pointe A and n nri», and thiw tlio plan* of reflosbn are pr- 

pmdicular to the plana of th« pai«p. 

Erom A dmw a»a' perpendienlar to the piano no, and mak® 
al»o from » dmw bcb' periiendieiilar to 00 , and 
snob that B0wtf.B'0J dmw a'»' cutting no in r and «c in Q, 
join AB and 8(1 j Af^B *b»U b« the path reipiiwl. 

It is evident 1^ the eoti«tnifitieo in tlie fornmr example that 
the lines Afand b^ mlwfy »t f the oonditton wjwtmi in ( 8)5 
and also that bq and QB satiafy the wmo condition at q : them- 
fore APqs i« the reqmred |«th. 

Also by a inmilar pwww may the path l*e determinetl, by 
whioh a ball of given elairtldfcy may after pn>Jtwli«n fmm a 
pven point and reflexion at given p1w*« *trike a hall plwxtd at 
anotber given point, 

lx. 3 , A hall of given ctolioity « ia projeeted from a given 
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point in tlie circumference of a circle, and after two reflexions 
from the circle returns to the same point : determine the angle 
at which it was projected. 

Let A, fig. 106, he the point in the circle whence the ball is 
projected, and let Ai», I’Q, QA he the paths which it successively 
describes: let cat = 0 = opa, opci = </) = oqi?, oqa = i/^ = caq. 


Tlren by (6), 
tan ^ = 


- i 
■ 6 

also 


tan B, tan 

0 + (|) + ^ = 90 
tan 6 = oot(<j!)+\|f) = 

“ (e’ + e) tan & * 


- tan (i = -4 tan 0 j 
e ^ 


1 —tan ^ tan 
tan (/> + tan 


tand 


Nl + e + s"'' 


886.] Two smooth spheres of given elasticity and of masses 
m and ?»', moving in given linos, and with given velocities, and 
with their centres in the same plane, impinge on each other •, it 
is rectuired to determine their velocities and lines of motion 
after impact. 

Let us suppose the two spheres to be moving in the directions 
indicated by the arrows, fig. 102, and along the lines ha and 2 b, 
and let oab® be the line passing through their centres at the 
instant when the compression is a maximum : and let m, whose 
centre is A, impinge on whose centre is b. Now by Art. S33, 
the elastic action of the two spheres takes place along the line 
OAB only i let e » the elasticity, and b = the momentum lost 
during compression) so that CB is that aci^uired during the resti- 
tution of the %ure of the balls. The momenta will be resolved 
along, and at right angles to, the line oab. 
t(et V, bo the velocities of m, m' before collision begins, 

when compression is a maximum, 

- when collision ends; 

a, a be the angles between oab, and the lines of motion of m, m' 

when collision begins, 

when compression is a maximum, 

when collision ends. 

Then at the instant when the compression is a maximum, the 
equations of resolved momenta are, 


L337. 
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COS a 


f ‘tn.v cof 
I fflo sin a 


mu cos 6 + I’j 
mu sin 0, 

I J«'«'C08 S' — P 

; rn'i/mi S ' ", 

and at the instant wlion collision ends, 


r jtt'/cos a : 


(7) 

( 8 ) 

(a) 

( 10 ) 


t ?»«co8S * »vcoB^ + ei‘, 
f^’^^'^lMJj BinS « fiiV Bln 


f»'#'008S'« »Vcos^'~«i’» 


( 11 ) 

( 12 ) 

( 13 ) 

(14) 


'""i «'«' sins' 3SS \ ' 

But wta.t tta uompr— « » -““7 ““ 

* Ih tl.o «»m» vulucity uIonB oMi . tliMuluu 

H ^ 


U (*UB SI \VOM §■ * 

j • .. . f v' fl B' art* to Ik 5 tltttormijuHl, 
'rom these nine otiuaiwns, v, > , P ^ 

From (7), (a) and (1 S), ^ ^ ^ a 

u cos S =a a'ctts ^ m + uf' 

to«MoU.udtrom(r)»naU>),w«tav. 

mv cos ft + w'c*^*8 ft ^ 


(16) 


^ 


M + 


p'oMtt'). (17) 


«»co«a + w'»'eo®“' 5*. 

■ * + 


( 18 ) 


(18) 

(SO) 


cos ^ 

Similarly, 

. m 

'oosp — •■ i# + »(' 

Also from (8) and (12), and ftam (10) and (H), 

V iiin 0 ^ 
v'«n ^ « i^'sin ft' j 

to that V, ^ arc cwmpktely determinwl. 

Al« from the pmmUng Imm 

©Of ^ +«^v'eo8 ^ ®;j 

tot i., a. «« of a« — •* “'""f ^ 

te oAB k the same hafow and after titnj*act. . 

887 1 IM th. talk 1 » perf»ily •’t-Uo, lh.l u. lot ... . tk.» 

«woo«ft+»Veo*«' „ 


(21) 


rCOS^ 


«+**' 


y 


/'eos/S'i 


mPoma+Myma' mj 


m + /0 


fmnfimvmu, 


m + 

f mm m — , 

® '4* ^ 


(82) 


v'sm^sa F’iinft' 


(S3: 

(24 

(II 


« X m^\/^ m Mf * 4^ *V 
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^ 38 .] — — ^ — 

that is, tho sum of the vires viv® is the same before and after 

impact, and no work is lost by the collision. 

Again, let tho balls be perfectly inelastic, that is, let e = 0 : then 

, macosa+wVcosa' 

VCOB^ = v'oos^ = > (27) 

V sin ^ « sin o, (28) 

v'sin ^ = v'sin a ' ; (29) 

that is, the btdls after impact have tho same velocity along the 
lino 0 AB, but unequal velocities at right angles to that line ; also 
tan i9 1 ; sin a 


tan^' 


Tsinc? 


(30) 


888.] The velocity and the line of motion of the centre of 
gravity of two smooth balls which impinge on each other is the 
same before and after impact. 

Let <3 be the elasticity of the balls : and let us take a hue 
parallel to that which joins the centres of the balls at the in- 
stant when the compression is a maximum to be the axis of 
and a line perpendicular to it to be that of y : let (a?,y), , y ) 

be the places of tho centres of the balls at the time t, either 
before or after impact : and let (», bo the place of the centre 
of gravity at the same time : then 

5 = mat -]r ) ) 
n'/i 1 


.d§ 




(h 
^Tt 


'''a I . 


(Sl) 


At 


At 


(32) 


but 


t/cosa'j and are after impact respectively v cos ,3 and v'cos^': 

and and % are before impact respectively sin a and 

®'8ina', and arc after impact respectively vsin/3 and v sin ^ : 
therefore by virtue of equations (21), the nght-hand “emb®rs 
of (32) are tho same before and after impact; therefore also the 

l6ft-h»a memteB a«'. «>»*• § “”'1 1 “ 

lefo.. ».a after inpaet: »id tteretore the velpoily &• 
line of motion of the centre of gravity of m and are the same 
before and after impact. 


and — are before impact respectively v cos a and 


466 obi,W6B 

339,1 Example ill«.totivB otft» p-ectoR ■. 

T7 1 A smooth and hoinoKi'iH'oits spliero ol mass M and 
^ .a witli a velm-ity t> ami imjnngcs tlirectly on 

olasMty « is moving »ilh a v.l«ity in a 

anotlier of tlio rotiniretl to 

line of motion a g 4.1,1 , i;«m of motion of laith Imlk after 
find the velocities and the lines m mow 

the collision. theroforo from (17), &o.. 

In this case o a o* « " » , 

ibsit MfM. 


r cosj 


V sin a I’t 


M 4 


v' 
v'sin 
j9 * 0# 

^—em' 

^ m + m 




tan^' 


mp 

- -.t..-. ^ i. 

m + m 

f/ m I 
r (I I ^ 


^'**' + i «+«' 1 


fm "Y* 

TTanoft the hall m will eontimia to move in tin* «»« ^mt of 
irn hut StCa wWty dimi«Wi«l in ilm «li« of 
to f»+»' to its formir Vilofiity » tho vulmnty w .* 5**" 

creased, and its line of motion will make an anglo ^ with that 

of w’s motion. 2 

Ex. 2. Two halls m and 2w, whose oMmity ia mow with 

a. „a a, aad impinip.. » ll»» ‘l>' rl r““" f 

STl me- » m.Kl» -1 »»■ -‘1 t 'lir ti: 

oentrea at the iastot when P«mi»r«»^«n » » masimum, 
retired to detwmiM thilr motion after willwwn. 

® ‘ ^ l ihiwfore fbm 


# ^ # 

Hero «»|* »** 


(17), &C., 


IF am ^ 


V gin ^ a® * 


; Ef , » 


■/«» 0 m 


f f 

la' 

at» 

T' 


m 

whence v, v', §, and 0 aw easily 4slen«i.ti®d. 

840.*I In Article 2i7 w« wtimatiti tin* h»* nf momenittW 
of a body in its iiaiwage tbwugh * iwrieling tm^dinm. when tto 
hodv presented ti> the medium a (dawi aiirfaw^ of awa », which 
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is perpendioular to the lino of motion of the body. The imres- 
tigiition can now ho extended to the case in which the surface 
on which the medium aots is inclined at any angle to the line 
of motion. The velocity of the body will be resolved into two 
components, of which one is perpendieular to the plane of the 
surface, and the otlier is along the surface: the former alone 
causes the resistance by reason of momentum being transferred 
to the elements of the resisting medium; the latter produces 
only a friction dong the surface, the calculation of which does 
not belong to the present part of our work. 

Let there then bo a plane surface, of which the area is <a, 
perpendicular to the plane of the paper, and of which the sec- 
tion by the plane of the paper is the line or, fig. 107 ; and sup- 
pose it to be moving in the bine mo, and its normal to be in- 
clined to MO at the angle let v bo the velocity of the body 
along the lino of motion ; thOn v cos i is the velocity of or in 
the line of its normal; and therefore by a process similar to 
that of Art. 267 it follows, that the momentum which is im- 
pressed by a on the particles of the resisting medium drxring 
the time di, and which has therefore been withdrawn from the 




moving body, is poiv^iooeiydii 

but the line of action of this resistance is hi the normal to m ^ 
therefore its component in the line of motion of the mow 

and therefore if m is the mass of the moving body, and dv its 
loss of veloeitr to thtf line of its motion during the time cU 
of the medium, 


-mdv = p<»v^{GOBiydti 

fi:,! ■ ^ = —pOiV^ (cos iy. (34:) 

Hence it appears that the resistance of a plane rudder passing- 
through the water varies as the cube of the sure of the angle at 
which it is inclined to the keel of the vessel. 

A few examples illustrative of (33) are subjoined. 

Hx. 1. An isosceles triangular wedge, of which the^ vertical ^ 
angle is 2o, the depth ki, and the altitude 
resisting medium, firstly with its edge forward, secondly with 
it^ top forwai’dt compare the resistances in the two oases, 
lEioiy VOL, m, 3 ^ 
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Let a, and a, be tbe resistances in the first and second cases 
respectively, then 

B, s= 2 /) (sin a)* ab sec a, a, = 2 tan o ; 

SS5 (sin a)*, 
a. 

Ex. 2, A semioircnlar lamina of pvon thickness r moves in a 
fluid, firstly with its convex edge forwards, secondly with its 
base forwards ; compare the resistances in the two msce. 

Let the resistances be a, and a, ! let a = the radfius of the 
semicircle : then, fig. 108, if toa. =a 0, (jcp » rfS, rq saa u<i$, 

a, sslarpv* P(coBd)’# 

‘'O 

4«rpt»* . 
a, as 2arpv*i 

“ a, s 

841.] 1% meana of (83) also Iw dleterminod the rwiataaoe 
which a solid of revolution meets with in its immp (0 through a 
resisting medium, such as water or air. 

Let ovB, fig, 109, l>o tho generating etjrve of the h«md% 
surface of the solid, and let its equation be y »/(rf')5 OUm», 
MP aa y j and let po be the nonmd to the oarve at the pohat f, 

^ eos POO ** ^ • 

Let m elwaent of the curve at p » «o that of a wuMfcee- 
dlement at p, k the section by the plane of the pper s alM 
let the sm^u^ement subtend at an angle M at u | and thus, 
if tt m the surfooe-^ement, 


and therefore the Ims of momentum corrcapondinf to » in the 
line AO and in the tone di is 


p9*f[^dtd0aii 

and as the loss of mwneotum rnwrospondiag to «f eiy «}m 1 ito- 
ment of the ring g«»«aM % &• revolution of A about ao w 
toe same, therefore Itoe Iwi of mommtuin due to toe ring Is 
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oq of Q . JNow T aaa q are mannestiy equal, and act in 
the same Kne hut in opposite directions ; they therefore neutralize 
each other; and there remain p' and q' ludiu*,^ oit in the 
same direction, and therefore the resultant is equal to the sum 
of them, and is geometrioiJly represented hy op'+{>q', that is, 
by OE, which is the diagonal of the pmlWogmm of which or 
and OQ are the containing rides ; and sin« 

OE“ = OP* + P&’ — 2,op.peoosopr 

= op*+oq» + 2.op.oqeosPoq; (26) 

therefore replacing the geometrical lines hy their statical pro. 
portionals, E* ss P* + Q* + 2 P Q cos y. (27) 

Evidently the former two casM are particular insfiuu’ca of this : 
for if y ~ 90% go p* + q* j 

if P = q, a aa 2P008 

m 

Hence in all cases we may enuntiate the theorem in the fol- 
lowing form ; 

If two forces acting at a point are repreaonted hy two liiu* 
meeting at the point, the resultant is represented m to line of 
action, direction, and magnitude by the diagonal of the pandlel- 
ogram of which the two lines are adjacent sides. 

This theorem is, as above mentioned, called /,h pamthh^mm 
of forces, on account of the geometrical interpretation of it. 

Hence, conversely, if any force a acts at a point <>, it may he 
resolved into any two forces p and q, whose lines of notion are 
inclined at an angle y, if p, q, and y satisfy the condition (27). 
And 'from (24) and (25), if 0 is the angle laitwoen the jiel ion- 
lines of E and p, if we resolve p and q along, and at right-angles 
to, the action-line of a, 

E = poos0-|.qco8(y-#),) 

Psin«— qsin(y-d) as 0 . J 

Hence, fig. 8, if a force e, equal to a', say, the reHtdlanf of e 
and q, acts on a particle at o in the line oa', hut in an ojtptmite 
dnection to e', the three forces P, q, a are in equilihrium : ami 
mther force is equal to the resultant of the oth(‘r two ; oml t here- 
fore if qoE = o, Eop s= j3, poq = y, 

p" = qa 4- 2 qE cos a 4 a*, 1 

q“ = E’ 4 2 EP cos ^ 4 p«, i ^20) 

E’ s= P*4'2pqco8y + q*. J 
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and the loss of momentum of the whole surface in the time dt is 

( 35 ) 

and the loss of momentum to the moving body in an unit of 
time^ or the resistance of the medium, as it is called, is 

(86) 

the limits of the integral being quantities assigned by the con- 
ditions of the problem. 

Ex, 1. Let the surfece OOB be a hemisphere; it is required 
to compare the resistance of the hemisphere with the resistance 
of the base. 

Let a bo the radius ; then if the line of motion is the axis of 
», and 0 is the origin, 

!= ; 

, % _ ^ ^ . 

r° ,T.. 


the resistance 


1 27rpe* / 
irpv’a* , 


and the resistance of the hemisphere moving with the base for- 
wards = , ;; '';,5|p8' 

Therefore the resistance of a hemisphere moving with its convex 
surface forwards is one-half of its resistance when it moves with 
its base forwards. 

Ex. 2. A right cone passes through a resisting medium, firstly 
with, its vertex forwards, secondly with its base forwards : it is 
required to compare the resistances in the two cases. 

Let the resistances be e, and e, : let a = the altitude of the 
cone, i = the radius of its base; so that in the first case 

y _ « , . % _ __ ^ 

ha’ i <*(»!> + 5a)i ’ 


E, 


/“ 


_ 2'7rp®“i‘ 

"" ft* (ft* + S’) 

_ irpv^h* 

” 'a» + 5* ’ 

E, = tSpV^h*', 

e, _ h* 
i7 “ ft* +i* ’ 


xdas 


, A v.'^' 

. 8) / n 




also 


j 
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In these investigations no aceount has been tiikon of the 
action of the particles of the fluid on each other, nor of the 
friction of the particles against the surface of the moving body : 
dso as the body moves forward it leaves a space behind it, which 
the particles of the resisting medium rush into and occupy ;! 
doubtless some momentum is imparted by thoao to the moving 
body ! it is not therefore to be expected that the preceding 
results will be entirely aeeordant with experiment} and they, 
are not ; and in fact it appears that the law of the rosistaneo is. 
not, oaeteris paribus, that of the square of the velocity, . It is 
however worth while even to approximate to a solution of a 
problem of some difficulty, and therefore I have inserted the 
preceding tlioory of roBiKtenee, springing ivs it does out of that 
of impact and colliHion, We shall (li«cu«s it hereafter from a 
hydrodynamieal point of view, and it will apiwar that on that 
theory the eooflicient of rosiatonco is only one-lmlf of what it is 
on the present aspect of the ewe. Tiiero i« also one other 
problem in the subject which dcwwves insertion, r«piiring as 
it does the Ctdoulus of Variations, and of which the solution was 
first given by Sir Isaac Newton, 

342.] To determine the form of a surfsaj of revolution cob, 
so that the resistance of a fluid, through which it mova in the 
lino of its axis, may be the least. 

Lot « represent the rosistence : then 

n 4f 

and taking the variation, and cxiuating it to wsro, wo have 

8 .t/» I _ 

ds* I * 

but riuoe + «6''» 






n 




4# 






• 8,^4. - J - 8,1^ j 




A* </#• 


To determine the function which reprownte tlto curve, wo l«ve, 
by tbo Calculus of Variations, the two following oquatiou*, via. 
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di* 


da^ 


j 3^%* , 


0 , 


0: 


(38) 


either of which gives the equation to the curve j from the former, 
-a a constant b= o (say) ,• 

+ as tydfdas, 
or, + *= ^^^5 

and replacing y in (38) by its value from (89), tve have 

' d»'^ 

^dy ^ 0 dx'^ 3 0 dx^ 

where d is also an arbitrary constant. And thus (40) becomes 
, iy dx^ Scdx* , 

and either (39) or (40) is the equation to the required curve. 
The properties of the curve at the limits would be given by the 
integrated part of (8 7). ’ 


2dx-cdS^(^ + ^,)- 


. 30^(1 + 


= 0 , 

dx” 

dy 




0 , 


8 c 


2x 2 dt/‘ 4 dy* 


= di 


(40) 


Section 3. — Motion ofpxriieles on smooth inolined ylanes, under 
the action of the constant accelerating force of gravity. 


843.] As the problem of particles moving on smooth inclined 
pianos under the action of a constant force, and which, to fix. 
our thoughts, I will take to be the resolved part of gravity, is 
the most simple in which a constant force is resolved, it is con^ . 
venient to treat of it in this part of our work ; yet as it properly 
belongs to the theory of constrained motion, we are unable to 
give a complete solution of it, until the principles of such 
motion have been explained ‘in a future Chapter. 

ILiet the smooth plane be inclined to the horizon at ihe angle, 
a : and let OA, ab, %. 1 10, bo the seotiqns of tjip, wdineid and; 
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horizontal pianos made by the plane of the paper, which is sup- 
posed to be vertical and perpendicular to the line of intersection 

of the two planes. , ,, . , 

Let p be the place of the partido m at the time t, and suppose 
m to be under the action of gravity: let as in Section 8, 
Chapter Vin, represent the velooity-inorement impressed by the 
earth in one second of time, so that mff represents the earth's 
impressed momentum on »» due to a second of time in its own 
vertical line of action : therefore the component of it idong the 
plane oa is sin a j let op » and suppose «* to be moving 
down the plane, then the expressed momentum-increment of m 

along the plane in an unit of time is m ; and as the plane 

and m are smooth, there is no friction, and the imprc*Bed mo- 
mentum-incremont along the plane is equal to the mcproMod 
momentum-inmrement : therefore 

«^!ss«yBina, (42) 

^aaysina; (43) 

^sin a being positive, because botli » and the velocity of m m- 
crease as i increase. Let the velocity of* be » whM 1*0, 

therefore *.-««y^*ina} 

at 

gj a» n sin a { (44) 

wh«*eby the vdodty due to the time i k known, 
ilso let » «x % wh«n 4*0, therefore 

#— fl } (48) 

+ (46) 

whwsby tibe distaaoe due to tibe time t is gi’s^en. 

M m moves irtaa rest* wh« 4 » 0, and from o, whero a? * 0, 
then (44) and <46) bew»e 

^ *»y4dn'a, 1 
y4*»n« i 

0 ■st.-.-p— .» J 

Again, muHaplying both of (4S) wd 

fcr the Ihmto oor«»ponding to 4 ** 4 and to 4 ** O, we have 
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sin a; 


M* =a 2^(a>— a) sino; 

and tlrns the volodty is given in terms of the space described. 

If »» is at rest when =s 0, and also at o, which is the origiia 
of distance, then 

t= 2ga sm o. (49) 

Thus if OA, the length of the plane, is equal to I, and on, the 
vertical projection of I, ss h, then 

(the velocity due to the plane)* = 2 sin a 

■ , #'2:yii ■ _ 

but 2yA, see Art. 274, equation (49), is equal to the square of 
the velocity acquired by »» in falling down the altitude op ) 
therefore the velodty acquired by in falling down the plane 
depends only on the vertical projection of the length of the plane, 
and not Bq)a«itely on its length or its angle of inclination ; that 
k, d^nds only on the distance through which the force has 
acted in its own line of action. Therefore the velocity acquired 
by in felling down a plane is the same for all planes, the ver- 
tical heights of which are equal. 

This is a particular instance of the law of work, see Art. 25ff ; 
gravity acts through the same ^stanee in 
whether the particle fells freely' throng the verti* 

down the length of the plane, and the wtqrk 

If >» is projected up the planci and gr is measured from the 
bc^m of the plane, and thus m the direction contrary to that 
in which the resolved part of gravity acts, so that, in fig. 110, 
Ap =3 then 

d/v 

and if i{=0, when m is at A, and if the velocity of projection ==w« 





then 


dt 


sin a ; 


so that m ascends until 




sin a ; 

^®sina^ 

”9~ > 

=3 0, in which case, . 

' ' I:' ■ 


a! = ut 
dx 

Ti 
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S<U1 If a drolo i» plaocd in a vortical piano, tho tin.™ of 
tot aln all otardc Jra,™ tan tho lughct pomt arotho 

“Tot 0 11. Ill, ho tlio highcat point of tho cirolo o,A, wliid, 
io “p„;.a°to ho in avorticd pl.no i lot «=tt.o radu.., Aoq=», 
th«.arUo«=!l«oo.«; op = ri thon 


d^r 


ts gQO<a, O', 


dr 

dl 




2 « cos 




at* COS 5 . 

if r » * 

. . • - - " "2 

, , , 1 . ,, „„,i Ih thorororo tlic muno, wlmtoviw 

to of decent down all chord, drawn fern o,lho hiBliet point, 

"Bytoof thi. property tho oirolo » mltaWi. 

oTall .traight to in a vortical piano p.w..iw through o. 
Similarly it may bo .hewn that tho tune of diwoonl down all 
chS^ drawn te a, the loivet pint, are cH, llu,l la, tho 

down QiA li ©Olid to tliftt down ■ t t * i 

If the plane of the «wle ’» inchwea to the liomon at an 
ir i ft Himikr prowrty >« true ; lor the n*^.4v«l part of 

;Sty’.l«"K tho diamoUirna 

Bolvotl part along «ti is g mi nmO. I hert forit twmg lUt- «too 

notation aa in the proceding prr.hlem» 

m a iin < «* 0 ; 
dt* 

, f w 5I« Ptw 0 * ®i® < *** ® » 

s II ^4 ^ 

which i« 

chords drawn 'fifoa »» t-h« hi#***- *'‘** ”* 

“sSrTy it nay ^ ^ ‘^‘**'*' "‘“’f 

from any pint Q on the cirob to «»e l«w*»t l*««l * »w : 
tho cisrolo thewfoTO i« the gyiichfoBon# pwr^w^for a p#»«ai of 
hues drawn, (1) from a giton ja.i«t «, m to * pv.m pmt a, on 
an inclinoti plane. 

S« 1 Ky help of the prewding pro|»n| of the einde, whe- 

thar in a vortical, « an an iorhi«..l plaiM.. m.y many |*.hlom. 
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be solved, which involve the determination of planes drawn from 
given points and linos to other points and lines, and which are 
such that the times of descent down them may be Tnavim f) or 
minima. Some examples are subjoined, and the principle con- 
tained in them is equally applicable to all similar problems. 

Ex. L To determine the plane of quickest descent from (1) a 
given point to a given straight lino, (2) a given straight line to 
a given point. 

(1) Let A, fig. 112, bo the given point, and bo the given 
straight line : the solution of the problem depends on the eon- 
struotion of a circle which passes through a, the highest point of 
the vortical diameter, and which touches the given straight line. 

Through a draw the horizoirtal line ab : bisect the angle abo 
by no, which intcrsocts in 0 the vertical line drawn through a : 
from 0 draw oi» perpendicular to bo: then or is manifestly 
equal to oa, and therefore the circle described from the centre 
0 and with the radius 0 a or of will touch the line bo at p j join 
AP : AP is the required lino of quickest descent. 

For since the time is the same down all chords of the circle 
drawn from a, it is manifest that the time down any line other 
than AP IVora a to the line bo is longer than that down ap. 

(2) Let A bo the given point, flg. 118, and bo the given 
straight line : through a draw the vertical lino ao, and the 
horizontal line ab j bisect the angle abo by bo, meeting ao in 
0 ; from 0 draw op at right angles to bo, and describe a circle 
from 0 as a centre with the radius equal to either oa or op, 
which are evidently equal to eaoh other : join pa : ap is mani- 
festly the lino of quickest descent from any point in bo to the 
point A. 

Ex. 2. To determine the line of quickest deacoirt (1) from a 
point within a eirole to the oirolo : (2) from a circle to a point 
without it. 

(1) Lot bpd, fig. 114, he the given circle, 0 its centre, and a 
the given point within it,* through a draw the vertical line aO, 
and dmw the vortical diameter bob: join ba, and produce it to 
meet the circle in p: join cp, which intersects ao in 0 ; then 
OA is manifestly et|uaJ to op, and thoroibro the circle described 
from o as a centre with the radius 0 a or op wiU touch the gi^ 
circle at p s and ap is manifestly the lino of quickest desCBbti 

(2) Let BP 0 , fig. lie, be the given circle, 0 its oen^, wd a 
the point without it; draw the vortical diameter Ja OB of tie 
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ioi» -,.-7 " 

draw the vertior __ tuvd tlu ri-fnvu the dn-lo ile- 

Sw tom VlTmdr., «Tu. Urn - wjll to,* 

the pv® eWe in «»• l»i»‘ - 

aWshl lino "f nr I.»,Ke.t .le».e,,l Com a 

oirclo'to a point without it, anti whvoli lu.'« hehnv U« eirolo. 

M n.“.1.o Mm *'' 0 , n if oonlre, liR. .10, » M.» low- po.nt 
„f ta voetical aiomoto .u o, «ml tlio K,vc„ Jo.n Ann, 

pn • and imHluco ft: »n n« to intew'ot a voftu-ul Imo Ihi-uugh a 

"C!i,.l o , limn i"-!,. ,l™-ril„,l Inou ll„. w,tl, 

the m<lin« oa or of intioiffitly the Rivou mrlo nt f, and 

the Hue A V it* ovidt-ntly that td' the Umix^nt . 

848 .] lllustrutivo e«unple« of the luot.uu oi u <>» an 

mchnod pto „,„l vertex down- 

wards, to find that fo«d rnditw-veelor ll.e lime »t diweut down 
whioh is a minimum. 

Let 4« « the latus mdnm t ami let 0 he the a»sl« l»tw«n r 
and tho shortest Iheal distimee : so that 


fl# 

^ I rim 0 

f » ■ I- 

I 

4 i$ l*«rt ll 1 1 I ^^1 

mti (I f ^ y . 

thmfm M 0 » 0 , »d thfl •ign «r ebmK« from - to + J 
therefore i k a minimum i » that the line from the foeui to 

III 


Now hy { J“), 


ll 


tU 


the vertex is tliat of <iMiekt*«t il»-«fe«i ; »1»«» 
cos 0 


II wbett 


that k, when J2"*: the roiliim-veetur eorre- 

siwndinK to whioh k the line t»f ilmTeiit (mm the i«im- 

hola to the vertex. , 

With Kjforeneo to these and iimilsr t»P»hleii» rt. may mow* 
served, that wo have here determinetl tin* |Mw»li*>n of tlmt pkni 
down which, of all drawn from a tfiven tmint or line to another 
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given line or pointy the time of descent is the least or greatest. 
It mnst not however be hence inferred that a Btraigli line is 
that for which of all lineSj straight or curved^ joining two given 
points or two given curved lines^ the time of descent is the 
least : we shall hereafter shew that the cycloid is the curve 
which j in vacuo and under the action of gravity^ possesses this 
property of Brachxstochronism^ as it is called; and that the 
cycloid required cuts each of the given curves at right angles. 

Ex. 2. To determine the inclination to the horizon of a 
smooth inclined plane^ so that the time of descent of a particle 
m down the length may be % times that down the height of the 
plane. 

Lot d 5= the inclination of the plane to the horizon^ 
c = the length of the plane^ 
h s=: the height of the upper end of the plane. 

Therefore h ^ 0 sin 0. Now from ( 47 ), 


the time down the length of the plane = 

o 7, 1 

and the time down the height 


a . 


vy ) V ~g ) ’ 


y 2 ^ V i 

^^sind'' 


/2f?sindvl 

«(-T— ) ' 


sm 6 ) = ”• 
n 

Ex. 3. It is requii’ed to sliew tliat the times of descent down 
all the radii of curvature of the cycloid, (fig. lOS, Differential 
Calculus,) are equal; that is, the time down pn is equal to that 
down BC. 

Employing our usual notation. 


X ■=. a versin~' — (2<ry— 

(lx (ly _ (h 

( 2 fl— ( 2 a) 4 ’ 

p = pn = 2(2a#; 

tlx ( y \ i 
smi-ao = = (2-) , 

= l(? 5 rf( 2 «)» 

g{yY - Y 

— _ =s (the time down bo)*, 
30a 



(the time down Pn)“ 
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Ex. 4. To determine the form of a surface so that the times 
of descent to any point in it from two given points in the sumo 

vertical line may be equal. _ i j, 1,1 

It is evident that the surface is one of revolution about tho 
given vertical line; we may therefore determine the curve by 
the revolution of which the surface is generated : and let us 
suppose the curve to be in the plane of (.r, z) ■. let the given vor- 
tical line be the axis of and let tho two given points a and 
a', fig. 117, on it bo at a distance 2a apart: let a, tho middle 
point of aa', be tho origin, and v be any point so that the time 
down AP is equal to that down a'p : then 

OA = oa'= a-, OM = «, MP s= x, 


(time down ap)“ = 

(time down a'p)’ : 
therefore by the conditions 


2.ai‘ _ 2.ap» 

- — “ "" ■^.'am 

2.a'’i' _2.aV 

” ^^sin a'pm “ ~gJZn 

of tho problem, 






AT* a'p« , 
AM * a'M ’ 


{a!“ + («-|ia)“}(4!— a) = {»“ + («-•»)*}(« + «)» 
a!’ = a") 


which is the equation to the equilateral hyperbola, And there- 
fore tho surface required is that which is generated by the 
revolution of an equilateral hyperbola about its transverso axis. 
The lower sheet is that to any point in which all straight lines 
drawn feom a and a' are lines down which the times of descent 
are equal : and the upper sheet is that from any point in which 
the lines drawn to a and a' are those down which the times of 
descent are equal. 

847.] Two smooth indined planes, tho inolinataons of wMoh 
to the horizon are respectively a and a', have a common vertex : 
on these are placed two smooth particles m and , connected 
by a perfectly flexible and inextensible string which passes 
over a small pulley placed at the common vertex of the planes ; 
it is required to determine the motion of m and m\ 

Lot the section of the two planes hy the plane of the paper, 
which is supposed to be vertical and to pass through tho pulley 
and to bo perpendicular to the line of intersection of the two 
planes, be represented in fig. 118 : lot us suppose the pulley at 


!>R !•: ¥M' K. 
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Chapter I is iutr<«lu<1nrv tn fh.‘ ultuh- t-r thi^ [ 
of the Treatise on Infliiitosiiiia! <’:ilriilu>. if .sfoi 
desirable to explain as an-nraf. !} le. p.. .ibh* 
relation between “applied Maflirmaii'-i. a. sn 
parts of the suiyeet are ealled. and fie* -ri.'iufH 
number and geonietriral spare; and ‘.u I luue i 

tercd on a diseussion of one or tuu ^illienf pt.i 
of the siibjeet with the objeet of ‘.lieHiie,: flait 
exact knowledge td’ Matheniati. H in ner,.Hsuw 
the complete imptirv into siirh iem eH. ! ' . 
also ventured to Huinnit to tin* eoHunon jtidgiui 
of Mathenmtieians tlie ^tafelnl'l}t that .Meehani 
enlarged in its itlea and prmeifdt H, an } tui\e 
tempted to enlarge it. is nothing else ihiui \ 
science of motion, and otigfit. m t»» 1*.. rail 

by tlmt name, Thns there are flsrie print i|.nl n 
thcmatical seieiiees, those vi)!, of numln'r, spaci , 
motion: the Inst td’uhith it Ims liren mv pfirjs 
to developt* in tin* following pages 

A couwe «>f impiiry wimewhnt irregular Inis la 
followed, becaiise it has Iweii foiuiil luost ei»n 
uicnt for a didactie treat iw* ; an*t < htipfers ! i .. 
contain Stathm, wherein the laws tif pie*eiu»e h.h tl 
produce eqnilihrinni, or neiitrah/e • ai !i (<il« i s • 5f» ( 
are considered. In Hiapter U i hjoe Mon.!. i 
the theory of Attraelions at smne l< ngih, and h; 
also employed the imliriTt mode of uh* 
which th© poteiitiiibfniuiion supjde . hi < L 
VII th© prindplea, itu-idenK l.aw*. and .Mi.dda 
of the science of motion ar** fiiinia!];. dm, r. n u 
The Chapter is tims inlrtwlunori iiui:*; "£ 
mode of investigation a»s«l thr mI' .fill 
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22.] THE MOMENTS OF FORCES. 

Hence also it is plain that a force acting at a given point »nay 
be resolved into two forces whose lines of iwdiou pass etwli 
through a given point, if the three points and the aetiou-iino ..f 

the given force are in one plane- 

21 ] Also since the three equilibrating forces F, q, tt are pro- 
portional to the three lines op, oq, or, or to or, !•»', tt'oj anil 
since the three sides of a triangle are proiKjrtionid to tho stnen 
of the opposite angles, therefore 

SToiifp “ mn r'op smoPR' ’ 

^ 'i *. • (10) 

Hina sm/J muy 

that is, if three forces acting at a point wre in cquilibriuitn, eaoU 
is proportional to tlio sine of tho angle eontiundi Iwtwiwn the 

lines of action of the other two. 

Prom (80) we infer that throe forces noting at a point are 
in equilibrium, if they are proportional to tho throe sides of any 
triangle whoso sides are parallel to the lines ul aetiiia of the 
forces, and if their directions are those of a point traversing the 
perimeter of the triangle. This theorem is known by the tuimo 
of the triangle of forces, 

22.] Also from tho second etpmtion in (28) it appear* that if 
p and j are tho lengths of the periwmdieulara dmwH froni any 
point in tho line of action of R to the Uno« of notion of i* and ij, 
then p gin0 

(2 sm (y^ F 

Bp m qq, (It) 

And thus if P, and P, are fomw acting at a given point ahmg 
lines of aetion, the equations to which are 

»eoBai4-y«inai— 6i * t*f| 

*('o«n, +ysiu«,— 8, mb 0,) 

which we may represestt hy the ahridgi*«l notation o, a» o, and 
a, = 0 ; then attaching 1 1»> pro|H*r sign# to a, and o,, the inpia* 
tion to the line of actiitn of tlio resultant hi 

l>,«, + p.a. « 0. (Si) 

Tho product of a force and the iierpendbiilar from a given 
point on tho action-lino of the force ii odlod iA« 
force ■with reference to tho given point, and tlcnoti)* a I'criain 
property of the fowe wliieh will \m oxpklttoii at length ht re- 
after ; consequently (3.1) wntains the fnUowifig thi»n*iH j 
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c to bo so small tliat wo may consider it to be (approximatelvl 
a point, and so that the strings cp and cp' are parallel to the 
respective idanes. Lot caa'= «, ca'a = a', op = op'= 
p and p being the places ot in, and m' at the time t ; and to fix 
our thoiigdits lot us suppose m to bo descending. Because the 
string is inoxtensiblo, 

*+*'= a constant; 


that is 




(b fb' 

It + Hi 

d*x 


0 , 


d'‘x 

~ctF IF 


0 ; 


'' S* ” ~di* ' result is also manifest by gene- 
ral reasoningt Now is the whole mass moved: and 

£!* * 

W 


is the vnlocity-inoremont expressed in the motion of each : 

the momentum-increment expressed. 




And mg mi a, and »<V8ina' are the respective impressed mo- 
mentum-iiioromcnts along the planes : but as these act in 
opposite diroctioiiB, 

mg sin a—m*g tin a' » the momentum-increment impressed ; 


« 

(r« + w')~j|r *“ (»8mo~j»''sina'’)y; 

Hi* 


m sin (i—m sin a 




Similarly for the equation of motion of we have 
d*af wt'sin a'— »sina 
dt* « 


■ 9 ’ 


If when ^ s* 0, » and m' are at rest, 

dx wsin a“M'’8ina' 


9b, 


( 51 ) 

( 52 ) 

( 63 ) 

( 64 ) 


dt *“ ffl-j-ffl' 
whereby tho velocity acquired during the time t is known. 

Alia multiplying both sides of (62) by 2dx, and supposing 
the limitt of tho integsml to be such that the velocity = 0, when 

* dx* »«ma--»*'sina'„ , , 

And integrating (54) s^in, and taking the Emits of integration 
such that » SB when iS w 0, wo have 
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If the veloeity) witli which m and mf hegin to movtL ii than 
if when t =; 0, 


wsma— Mmna , 
ffl “f" 'Ul 

m mn a ^ m* ^in a' 


(50) 

(U* m + m ' ' 

As to tho initial velocity « j suppose m tmdl m' rospeetivoly to 
have tlio velouitioe v and v' down the corresponding pliincs ; then 
if u is the common velocity with which the two inirtit^les hy 
reason of their connexion hy means of the string Imgin lo move, 
we have from the oepudity of the expressed and the impressed 
momenta, (,« 4 . -- ^*11 - nm', 

mv—m'v' 

% ss&t (LRj 

m fw ^ ^ 

The preceding fomulae are alto applicahle, whatever are the 
inclinations of the planes, Tims suppose the piano oa' to bo 
horizontal, then a'sss 0 , and 

cpx mg sin a 

HF ?»+»'' 

that is, m' has no impressed momontum-ineromont } and if 
a = 90®, m is them moving vertically downwards : this is 
that of m hanging hy a string over the edge of a horizontal 
table, and drawing another body which it on the table at the 
oibittf iftcl of the string, 

TP am Ok m 90®, we have tho eamo formuko as those which 
were inves^ated in Art, 276, 

848.] Examples in illustration t 

Ex. t. A sroall ban m dwoonding t^orfly draw* an oq^ml 
ball 26 feet in 2.6 seconds np a plane in Aed aA M® -to the 
horizon, by means of a string paasiag ov®f a pnllegr at Iho top ; 
it is required to determma the lofoo of gra'^ty. 

Here a = 90®, 0 **!= 80®, m esm'} 


d^ie g 




y = 32 foot. 
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2. Two smooth inclined pianos ato placed as in fig. 119 : 
nc is inclined at 30 , and ca at G0° to the horizontal line oa : it 
is royuii'ed to doterinine the distance ci* through which tu moves 
in r, 111 ' being ecpuil to m. 

Tho ecpjation of motion becomes 

2 m ^1^ j = mff (sin 3 0° + sin 6 0”) ■, 


3i+ 1 




Section 8. — J'Ae determination of the eiirvilinear paths described 
bj! particles moving in vacuo under the action of given accele- 
rating forces. 


849.] In tho preceding section the effects of resolved forces 
have been considered, when tho path taken by the particle in 
consequence of them is straight j wo liavo now to investigate 
the effects of resolved forces in a more general way : and I shall 
take first the simple case of a particle moving in vacuo under the 
action of gravity which is a constant accelerating force, and the 
lino of action of which is always vertical. The projected body 
or particle is called a projectile, and tho problem is in this case 
that of the motion of a projectile in vacuo. 

Let m be the mass of tho projectile ; atr4 let us prove, in the 
first place, that the particle during tho motion is always in one 
and the same plane. 

Let the horizontal plane passing through the point, wheneo 
tho particle is projected, be the plane of {x,g), so that the axis of 
s is parallel to tho line of action of gravity : also let the velocity 
of projection of tho particle be u ; and let it bo projected in a 
line which makes an angle /3 with tho axis of a, and of which 
tho projection on tho piano of (ai, y) makes an angle a with the 
axis of .r j so that tho three components of & along the three 
rectangular axes arc 

lisin/Scosa, « sin /3 sin a, «cos/3. 

Now tho components of the 
the following equations : 

d<‘x d^y 

0, 


dt^ 


0* 

i 


d\ 
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themforo integrating the first two, and taking for t!ie limits of 
integration the values which cornupoml to ^ s= 4 and ta ^ssO 
we have from (61), * 

~M ^ cos a = 0 j —is sju ^ Bin « — 0 • {{ 32 ) 

a* =s fiif sin ^ cos «, sin ^ sin a ; (03) 

... 

cos a — sin a * 

which is the equation to a plane perjiondieMlar to th« plane of 
(x,y), and containing the axis of #| thoreforo the moving particle 
is always in the vortiail plane, which is iaolitied at the anirlo a 
to the piano of (.r, s). 

860.]] Lot ua take the plane in vvhieh the particle moves to 
bo that of (»,j^): let the point of projection, fig. 121, bo the 
origin .' lot the axis of x he horijsoatal, that of y vortical s lot 
the velocity of projeotion « n, «id let the lino of projection ho 
molmed at an angle a to the axis of *, so tliat n&ma and 
w sm a are the resolved parts of the velocity of projection along 
the coordinate axes of » and j. 

Let p he the position of m at the time i, ou a, m, kp « 

* the aooelerating force of gravity which aote parallel to the 
axis ofy ; therefore my is the impressed momentam-incremonti 

SO that the eqoatioM of motioii w 

^ (Pw 

&6 lattCT being affected with a negative sign, be«n»e the ten- 
^ ‘ the velooity inet^ue, and y de- 

(64) 

Now k^attng these, and taking Idio limits eowesponding to 

TOO, to ^ tts 0 ^ W© hs»V 0 

^-®°os«s=0| ^-«sin«=-^^. (6S) 

(Basuicema} . y m utsma—^-. ( 00 ) 

whence eliminating t, wo have ^ 

=5 « tan a— ffl™.. . /g -3 

And this equation is that of a parabola^ whence it followa that 
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a parabola is the trajectory of the particle. And (67) may be 
put into the form 




cos ( 


1 a sin 0'^“ 2 ti'‘ (cos a) “ ( (sin a)“ ) 

^ )- ^ j— 2^ y\-, 

so that we have 

(1) the abscissa to the vertex =: ^ ? - 

9 

(sina)“ _ 


( 68 ) 


(2) the ordinate to the vertex 

(3) the latus rectum 


(69) 

(70) 

(71) 


2g ’ 

2it°(cosa)° 

9 

Also the form of the equation (68) shews that the parabola is 
placed with its axis vertical^ as in the figure^ and that the vertex 
is the highest point of the eurve. 

The distance ob between the point of projection and the 
point where the projectile strikes the horizontal plane is called 
the Range on the horizontal plane^ and is the value of ac when 
0 ; that isj putting y = 0 in (6 7), 

the range = ob == — ; (72) 


also^ as is geometrically manifest^ ob = 2oo; that is, the range 
is equal to twice the abscissa to the vertex. 

From (72) it appears that for a given velocity of projection, 
the range is the greatest when a =: 46®, in which case the range 

and the focus of the parabola in this case lies in the 


T 


horizontal line drawn through the point of projection. 

Also from the value of the range (72) it appears, that if n is 
the same, the range is unaltered when a is replaced by its com- 
plementary angle : so that the range is the same for two dif- 
ferent angles which are complementary of each other, if the 
velocity of projection is the same : hence if a = 46®, these two 
angles become identical, and the range is a maximum. 

CA is called the altitude or the greatest height of the projectile, 

and is the value oiy when ^ = 0 ; therefore from (67), 

the greatest height = . (73;) 

Also from (66), ^i^Cosa; ,, ; , (74) 

that is, the abscissa uniformly increases along om. Hence if we 
substitute the range for we shall have an expression for the 
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time which a particle takes in passing from 0 to B, and which 
is called the time of flight : and thus 

the time of flight = — ^ — > (76) 

861.] Again multiplying (64) respeotivoly by %d«t and 
and integiating, and taking the limits oorresponditig to 
and to = 0, we have 

velocity)* «= «»— 20. 

Now this result deserves notice. Let tlio directrix of the 
parabolic trajectory bo drawn as in the figure : then 


«*(8ina)*— 20J 


(76) 

(77) 


AD 


rth of the latus rectum sa 


2y 

and since by (70), oa I , therefore on aa ® j that is, 

see equation (49), Art. 274, on is the vertical height through 
which a particle falling in vaouo will acquire the velocity with 
which the particle m moves at its projection from 0 . 

Let on =s therefore u* ^igk‘, and substituting in (77), 

%^2g{h-g)i (78) 

that is, the velocity at any point p on the curve is that which 
would be acquired by a heavy particle falling freely in vaeuo 
down a vertical height equal to i— y, that is, to bp. Hence it 
follows that the velocity of m at any point p in ite path is that 
which wntdd be acqmred by a particle felling freely from the 
ho the curve. The direotrix of the parabola is there- 
tho velodty of projeotion, and is at a vertical 
point of projection equal to tlmt down which 
a paptiole feling would have the vdoeity of prelection. Hence 
also the vis viya of the projectile is at eveiy ptiftt of the path 
the s^e « that of an' equal pa*ti<de acquired in faUing from 
the direotrix to the point of the curve. 

862,] The equation to the path of the projectile may also bo 
found by the following process : and as the result of simulta- 
neous velocities taking place in combination is well exemplified 
by it, I do not hesitate to insert it. 

^ Let the particle m be projected from 0 , fig, 121, with a velo« 
w, in the line oq making an angle a with the liorizonW 
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line ; then if no force acted to impress velocity on m, it wonld 
in the time t describe a space and its coordinates at 

the time t would ho 

a?' = Mii cos a, y = ^^;^sina. (79) 

But as gravity is a constant force, and acts in a line parallel to 
the axis of y, and tends to diminish y according to the arrange- 
ment which we have assumed in the figure, y will by it he 

diminished in the time i! by a quantity equal to ; see equa- 
tion (49), Art. 274 ; so that at the end of the time i we have 

ce zs ut cos a, y =■ ut sin a— ^ ; (80) 

a 

which values are the same as (66) ; and therefore it appears^ 
that if 3 ? is the place of m in the parabolic path at the time 

868.] A particle m is projected from a given point on an in- 
clined plane in a given line; it is required to determine the 
point at which it will strike the plane. 

Let the angle of inclination of the plane to the horizon he i : 
let a=:the angle between the line of projection and the hori- 
zontal line : t= the velocity of projection ; then the equations 
to the inclined plane and to the path of the projectile respec- 
tively are 

y ss a? tan i ^ =5 ^ tana 


whence eliminating y, we have 


(cosa)“* ^ 


(cos a)** (tan a— tan i) 

i/ 

— cos g sin {a--i) ^ 

^ ^ cos i ' 

2 cos a tan i sin (a — i) 

7 / ; — 

g cos % 

which give the point on the plane at which the projectile strikes 
it : and the range on the plane is equal to os aecij that is, 

... 2u^co3asm(a--i) 

i iOOBi)- • 

Also the range is the greatest when 

a = and a-i = -i j ; ( 82 ) 

which latter value gives the angle between the plane and the 

3Pa 
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line of projection for which the range is the greatest: and in 

this case . , «* 

the greatest range = - -- .j ■ (83) 

Hence it follows that if from a given point a system of straight 
lines is drawn in the same vertical plane^ and particles arc pro** 
jected with a given velocity % and in such lines that the rangtw 
on the planes are the greatwt, the loons of the extreme points 
of these ranges is given hy the equation (88) j and therefore if 
u is the velooity of projection, r « the range, d a the angle 
between the plane and the verticml lino through the point of 
projection, then from (83), 

<**> 

and if A is the vertical distant* to which u m duo 

which is the equation to a parabola, the focus of which ia at the 
origjin of coordinates, whose axis is vertical, and of which 44 is 
the latus xeotum. 

854.] It is required to determine the aiigk of projootion for 
a given velooity so that a projt»0<ili may paw through a given 
point. 

Let the given point be (*„ y,) : then these eoordinatM satisfy 
the equation of the path of the projeotile, and we have 


y, tona-|^ 

«* I 
tana » — + — - 


{l+{t»na)»}{ 






th^efore two different values of a satisfy tiie condition, if 
u* is grwter timn 2 #*yy, } 

only one value of a satisfies it, if 
It* sat 

that is, if «,* M !~|~-.y, J; (87) 

and the projectile cannot reach the point, if 
u* is less tiwa !!»*yyi 

Now (87) is the equation to a parabola of whieh o, %. 121, 

2 n® 

* is the focus, — - is the latus rectum, imd x- oif Art. 351, 
y * 2 g ■ 
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is the distance to tlie highest point ; all points therefore on this 
parabola are the farthest which the projectile can reach; all 
points without it are beyond the reach ; and all points within it 
may bo reached by two different angles of projection. The 
same result may also evidently be proved by the following 
process : 

It is required to find the envelope of all parabolas described 
by particles projected with a given velooity v, from a given 
pomt in the same vertical plane. 

The equation to the path of one is 

^=: «)tana- |^^ {l + (tano)“}; (88) 

therefore differentiating by making tan a to vary, we have 
0 = tana) ^.tan a ; 


. • . tan a = — ; 

gx 

so that (88) becomes 

=2 < y > ; 

which result is of course the same as (87), 

855.] Problems in illustration of the preceding equations : 

Ex. L To determine the angle of projection so that the area 
contained between the path of the projectile and the horizontal 
line may be a maximum. 

Since the area of a parabola is two-thirds of that of the cir- 
cumscribed rectangle, if a represents the required area, 

2 

A s=: - the range x the greatest altitude 

u 

_ 2 

, dA. _ 
da~ 

if tan a = 3*, and changes sign from + to 
, u* 3^ 

area is a maximum and = 

Ex, 2. It is required to compare the areas of the two para- 
bolas described by projectiles, of which the horizon^ rtoges 
are the same, and the angles of projection are therefore comple- 
mentary to each other, ■ : 


■ (sin a)’ cos a ; 

• (sin a)“ {3 (cos a) 


(sin a)“} = 0, 

; therefore the 

if a = 60°. 
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Let A, and Aj b© tli© arcaa : then aa the raiigt-a are {Hjual, 
these are to each other aa the greatmt altitndM : thereforo 

— rss I***’ at (tan ay. 

Ex. 8. Prom the top of a tower two partielca are pr*ijwjted at 
angles a and /3 to the horissou witlj the mmB velocity u, and 
both strike the horistontal plane patwing through the Iwttom of 
the tower at the same point j it is retpured to find the height 
of the tower. 

Let A ss the height of the tower : « « the velooity of projec- 
tion ! then if the particles are projected from tl»o «lge of the 
top of the tower, and .r i« fho distanw frtuii the bottom of the 
tower to tho point wher** they strike the horizontal plane, 

tan a— 1~ { I f (tan a)*}, (8S) 

~4s»*t«i^~|~ {l +(tan^)'| ; (»0) 

therefore by snbtraotaon, 

2a* 2«*«)saccw^ 

"" ff (tan tt+ tan “ y arn (a+iJ) " * 

substituting which in either (89) or (90), wo have 
, 2«* 008 a 008 ^ 008 (a+0) 

y {mn{a4-^)}* 

Ex. 4. Particles are projected with a gfvan velocity in all 
hues in a vertical plane from the point o s it i» required to find 
the locos of them at a given time i. 

Prom (06) we have 

m 


in all 


at m i^ootou 


y M alirina- 


ui oos a 


atama *y + ^ 


ther#)M sqnaring and adding, vw have 

**+(y+^“)*»»*/*l (91) 

the equation to a card® of which the radios is and the 

centre is on tb.e axis of y M * dhteice ^ bdow the oi%in. 

Es. 0. Pa^<^.'^’l*^e6Wl from o with a given vdodty in 
ll» it k required to find the locos of 


■ * 


26 THB COMPOSITION OP MANY POHCEM. [a^ 

The moments of the components mti wnml with njftsnmee to 
any point in the action-line of the rcBulfant. 

28.] Let us nest consider the jif«‘nend of matiy fi^cos 
acting at a given point, the linos of action «*f all of %vlueh we in 
one plane. 

Let 0 be the point at which all the hnm mrt : and through 
it let two lines, as coordinate axes, he drawn iH>rjn>ndieular to 
each other, and in the pkne in which the forces act. 

Let the force be p„ p„ .. . of which let »> he tins lypc-foree : 
and let the angles between the «-axi« and their action-lines 
severally be o„ a„ ... a*, of which let a bo the tyjMs-anglo; and 
let the several forces be resolv^ along the axes of t ajid y; 
then by equations (22), Art. 18, the resolved parts along tlio 
»-axis severally are P,co8o„ p.eosa,, ... P.cosa,; and those 
along the y-axis are P,siaa„ p.srna,, ... p.sina,} and there- 
fore if X and y denote the forces along the axes of » and y 
respectively, 

X = PiCOSat*fp,oosft, + ..,+p.co8aJ , 

= 3.pec««. j v®'*' 

T = p, sin a, 4-P, sin + p^ gino, > 

= a.Pimo. J W 

Let a be the resultant of ^1 the forc« Mting at o, and 0 the 
angle which its line of action makes with the axis of#; then as 
K produces at o the same effijot as to magnitude, line of action, 
and direction as all the impimeed pressures taken in com- 
bination, so are the resolved parte of a along tho axes equal 
severally to x and y : consequently 

Bcos8 = X =t a. POOS 0 , > 

asin8 ss y as 3(.p«na;> 

®'* = X‘-|.y»} teal? m £} (37) 

sin0 eoH$ % 

“ ”” 




is at a*»f * tlMfii 




U» = x= + v> = 0; 
x = x.pco8aa! 0, yasa.pgiaa 


( 88 ) 

( 10 ) 
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Let X and y be the coordinates to the highest point : then 
from (69) and (70), 


X 


M’ sin a cos a 


(sin o) 


9 


(sin a)=* 

^ 27 ~ 

(cos a)’’ = 


therefore adding, 4^“+a,'“ = 


9«> . 
2u^y’ 


9 ' 

wlxich is the equation to an ellipse^ of which the maior axis 
-- — j and the minor axis = — ; and the origin is at the 
extremity of the minor axis. 


The preceding investigations into the motion of projectiles 
would explain the theory of gunnery^ if it were allowable to 
neglect the resistance of the air ; but as the velocity with which 
balls and shells traverse their paths is very greats much of their 
momentum is lost by the resistance of the medium; and the 
ratio of the vertical and horizontal velocities is so much altered^ 
that the form of the trajectory is very different from that of a 
parabolic path. In the last Section of the present Chapter we 
shall investigate, as far as it is possible, this path, and shall take 
account of the loss of momentum wliich is due to the resistance 
of the medium. 

We proceed now to other cases of curvilinear motion in 
vacuo j and I would observe, once for all, that if a pai'tiele is 
projected with a given velocity in a plane, and if the lines of 
action of the forces, which act on the particle, are in that 
plane, the particle is during its motion in that plane : this is 
evident by the principle of sufficient reason. 

866.] JFx'om the vertex of a parabola a particle m is projected 
with a velocity u at right angles to the principal axis, and is 
acted on by an attractive force which is perpendicular to that 
axis and varies directly as the distance of the particle from it* 
It is required to determine the law of force acting parallel to 
the axis of w so that the particle may move in the parabola, and 
the other circumstances of motion. 

Let the vertex be the origin, and the principal axis and the 
tangent at the vertex be the axes of w and ^ ; and let r, {ca, y\ 
fig. 120, be the position of m at the time ^5, so that the equation 
to the parabola is 


ch y \r-' 
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By the eonditions of the problem* 

— X whieh ia to l« detomintxl ; 

bhmfoto muWplytas: (93) by U), integmling. md taking the 

limits correspoadiug to ^ ^ aod to ^ w “♦ 


if* 

'df' 

:»« SB —py® » 



(04) 





a ~ ^ 1 

(96) 

•'* w * 



d*w 

*** ^ 

® ^ 2ri ^ 

(00) 


tiheroforo the required foroe whieh w parolld to tho^ m» of * 
partly is constant and wpnIsiTO, and partly varies m the alwi»a 
and is attractive towards the axis of «?. 

Also from (04) and (08) and J Imth vanish* when 

y= ± 

so that at this point, say a in the iiguro, m comes to iwt | and 
afterwards under tho action of the foroes roturos to the vertex m 
tib parabola, through which it passes with the ori|pnai velwity 
II, Wd oomes to rest again at which is cquidtont wito b 

I itei motio» ii otoiUato^* from i* ) 

taldbsg the positivo sign, a# we will oonsidw the origin^ motion 
from 0 to B, ' ISiafAre int^rating, and taking the limits wr- 
respondmg to i mi and to ^ 0, 

' , ■' r- « ■ -■ m 


IHliiii 


I : ’ ■ ■ (0S 

- 1»* 

therefore the time from o to B is and the time of ai 
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oscillation, viz. from B to b', = -- , wMch is independent of the 

velocity of projection from o, and depends on only the absolute 
force parallel to the axis of y. 

I have, for the sake of simplicity, taken the parabola for the 
example whereby the process may be illustrated, but the method 
is the same in all cases. Thus in the ellipse, if m is projected 
from the extremity of the major axis with the velocity u, 


(99) 


( 100 ) 


and the coordinates of the point b to which m passes are 

y=.-, = ; 

therefore m comes to rest at the extremity of the minor axis, 
if w = 

867.] From a given point in the axis of y a particle is pro- 
jected with a given velocity in a line parallel to the axis of r, 
and is acted on by an attractive force parallel to the axis of y 
and which varies as the distance from the axis of a; : it is re- 
(j[uircd to determine the circumstances of motion. 

Let 5 = the distance from the origin of the point of projection, 
u = the velocity of projection ; 
so that the equations of motion are 

d'‘w _ 

dP 

dP 
-^J 


dP 

d^ 


0} 


= WJ 


irs-ixy, 








COS" 


2 / 




y 


1) COS i> 


= 5 cos 




( 101 ) 


which is the equation to the companion to the cycloid. 
If the force is repulsive, we have x = vd, and 

3'i 
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Cl 02) 


^ 4 r 

2 t 


" S n. 


I 

C 


k ) 

» i 


# . 


(108) 

s 

Md tbi ptii if llif «totiiirf * 

858*3 Pkot a glwrt piiitii iii tJi« iiti^ «ii\f 11 juirlteh* m |tm« 
laetial with a pvt^ii vifenty # mkm^ « tiiit^ tu ilw luk of 

% and ii xmAm the artkia of iiii iilirfirtivif j^nnitlrl iu llit 
aiis 0 f\f wliioh vari« iii¥m#!j m$ llio nihr i*f tlw 
determine thu otlior t*irftiiiwiiiiir« id* iiuitinii* 


i'k 

M 


» fl : 


tfy’ 

iU> 


ill’ 


.)• 


«ii 


{&> 


-.f % 

-f’l* 

* T' 

J 


#*♦ 

i 


./I; 


* im** 

wMoh ii tht 6<|aftticiri of iiii tlH|»i, wh«i ©iiite i§ Itie origin* 
If tha forcia immibl la tin* atii of m n^imbifCi tlio |iiilli m » 


(icil) 


If tbi iaitiid oimimiftiittw ImA l’i«ii tlit fAtiiti Mint ilia faraii 

aiid wrkd ii tlit of ili© 

iqimtkii to thn |iitli wauM Imi 






i'inf 
"bn * 


(H»S) 


089,3 ® g’iwn point in the axi* of ^ a partiole i» pro* 

jeoW with E Yelooity at in a lino |«mlk4 to titi* {twtoHurttlarl 
axis of a>, and is attmeted by a fow tiie intonwly <>f witioh 
TErfw dir©c% m the diitomw, «id wbloh ha* ito wamm in tint 
origin of ooordmatw s it k to find the etjtwtimi of 

% path of to® parlicte, aai'to ’4«ia« to® dronaMtonott* of 
. »o^a. . „ . . ' ■■ ’ 

let b he toe dlato^. m %U «1* of y ftom to® oriifin of the 
point wh««ioe the jprtoi® i» projeoted wito to© ©elooity a s lot r, 
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fig. 122, be tlie place of m at the time % b its place when i! = 0 ; 
OM = ;i?, Mi’=y, op = »‘, OB = ^j and let ju, he the absolute force 
of the attraction at o. Then the equations of motion are 
(Px X 

d'hi 

- My- 


dp 


(106) 


Now multiplying these equations respectively by 2dx and ‘i.dy, 
and integrating, and taking the limits corresponding to i5 = i{ 
and to = 0, wo have 

dx"^ , , 


dP 


dP 




(107) 

(108) 


(109) 


therefore adding, 

’ dy^ ds^ „ . o 

*■- + a- = ss = 

which gives the velocity of m at any point of its path. Also 
from (107) and (108), 

dx 1 , „ —dy 




y^dt = 


' sin t j 


whanee we have 


y 




+ 




y = J cos t-, 
= 1 ; 


( 110 ) 

( 111 ) 

( 112 ) 


‘2,U 


which is the equation to an ellipse whose ®-aecis is —rj and 

whose y-axis is 2 h, and whose centre is at the origin, that is, 
at the source of the force. 

From the preceding values we have 

d^ _ (velocity)" = (cos iJ)’ + ju, (sin iQ" j (113) 


dP 

and from (111), the time from b to a 

2tt 


2ja* 


; therefore the 


whole periodic time = -y j and is independent of the velocity 
M* 

and distance of projection, and involves only the absolute force 
of the impressed force. 

If the force at o had been repulsive, then the sign of fi would 
bo changed, and the equations of motion would be 

$ = (i») 


dP 


dP 
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( 116 ) 

w gi«f/ ss 

(118) 


(117) 

... 1 

m 1 

^ + f » j 


(ns) 


whence squaring, and iuhtraeting the former iVom the latter, wo 
have m* K»* 

^ _ £1_ a j (110) 

m* ' ' ^ 

wWoh is the eciufttion to « hyporhuk with ite wnlre at the 
origin? and which might have l»(»n dwhuaxl fmin (112) hy 
affeoUng g with a negative »ign. 

If, in the we of the foret^ being attractive, tiro volooity and 
distance of projection are «noh that « w tiro path which m 
desoribos is a cirelo, and the velooity in it k ooiwtant and ©{ual 
to that of projootion. 

800.] A pnrtiole m i» projwtoil from » given pint with a 
given velocity, and ia actei on by a foroe which variw invewoly 
m tho square of the diatanee from a given point which i« ite 
source : it is required to determine tiro path of the j»arti«lo, and 
the other eireumstanow of motion. 

, M « he tibe vdooity of projtwtioa, a » the angle between the 
pi^eo&n and tibe aak of w that the rMm[>ononte of 
the v^^y of prq|i0tio& idong the axita are is m a and a sin a } 
let (#, 5) he “Sie pefat of pr^oetion, g so the ahirolute force, and 
let «• e* t let f he the dbtenoe of m at the time <f from 
the tontre d foroe, which we wiU take to Im the origin, and lot 
(«, y) he the phw of « at the time i ? then the ecinatloiM of 
motion are 

. ( 120 ) 

which are shanlteneoni lltemAd equations, laid from whieh 
the solution of the prohlem hi to he ohteined. Multiply (120) 
respectively by y and «, and snhteaot j riien 

^ <ir*y 


( 121 ) 
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and adding: and subtracting and integrating, and taking 

definite integrals with limits corresponding iot = t and to i=0, 

wo have dy dx , . , 

«-^-y-^ = v,{aw\.o.—hoo^a) ( 122 ) 

= (say). (123) 

Again, from (123) and the first of (120), we have 

j d^ p,® wdy—ydx 

^ dp ~ dt 

_. — \i.x^dy—xydx^ '■ 

~ H ’ 

but =: therefore wdx+ydy = rdr,-, ' 

7 , x^dy—y{Tdr—ydy) 

^\lP It 

_ fi r^dy—rydr 

~ r’ ~dt 


7 dx j ixy ah 

h - —m cos a = — + ~ : 

tin fp f * * 


- ^dt r’ 


dt 


if- 

dt 


(124) 


similarly, from the second of (120), 

■ ImBbxa = ^ — (126) 

Multiplying‘(126) by*, and (124) by y, and subtracting, we have 
k (w ~t ~y -lu (« sin a -5^ cos a) = \t.r- ^ (ax + hy) j 

therefore by (128), 


/i’— ^M(i»sina— ycosa) = \>.r— -(ax-\hy), (126) 

c 

which is of the form 7* = Aa+B^-foj (127) 

and as 7 * is a rational function of the coordinates x and y, the 
equation is that of a conic of which the focus is the origiir. 
A conic therefore is the trajectory, with the source of the im- 
pressed force in the focus ; and the constants a, b, 0 are given 
in terms of the velocity, the direction of the line of action, and 
the coordinates of the point, of projection. 

Also from (120), multiplying respectively by ’Idx and by Idy, 
and adding and integrating with the limits assigned above, 
dP . 2/* 2ft 

dp r e ’ 

whereby the velocity is given at any point of the curve. 


(128) 
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811 III »niii wi’t e«»riliiKilrg iiiitv hr mvil wilU 

Thti^ iw in Art* :iMh 1* i^iiiiirli* m to \m 

pmjrrird with » g^ivrii vrlmnly « sii 11 niirii litir frinii i% ifivrii 
uml to hr iiltriieh^l hr « forro t!ir tiilrii^ 4 il| of wliirh varit^ 
difiHily m ihr diMtiiiirr* iiiitl mdiirli Ini# tU mnirrr iti 11 giveti 
Ijoiiit i it ill Wjiiimi to ilrtoritiisir llir piitli wdiirti it, iliwritow* 
Ijit ihi ghmt wiiiiT# iff tlir film? hr tlir t,it%iii 1 iiinl iti tlm 
lint lliroiigti it iiiwl liiii pwiiil of fm^pvium Im Ihr mia 

ofjs ami hit ilwi iww of # hr climirii pumllrl to Ihr liitr of pro* 
jiMkitu tliiMliiliiimii frorii tlir oriifiit to ilio {Miinl «f priyoe* 
titiu ba : ilirit tiir orpmlioiw of iiiplion iiro 

ami l>y a jircaw aijiiilar to that t»f’ Art, 3Sl», wo »hal! Ihivo 

tfl 4 mi 

wWoh w tlie equatJim to i»« i'llijw, rofoirrotl t«> oliHiitio wwrtli. 
nattm, whwe mitw is at tho iwig'in, aiul of whioh tlwt hhuIo of 
osdtnafeian w («ay) u, wtoro « i» th« attglo I«<Iww,h i 1 «< Uuo of 
projeflfcian and the !«»« joining th« jiwitit of jiriyw tion awl the 
eentro of fon». If « awl i «w the |»ritieijwl tlwii 

hy the proi>ertii» of muoIi a*«» wu haw 

a' + 4 i» * - 44 ,*, 

|li 


id 




•in m I 



)+(^ 

■* , i , . 1 ^#, , /»* 




'i« 4 ,ainw J| 

2 ^ 4 ,«inwri 

.A } i ■ 


"t*'' ■ ;> ,4% ^ "li 

, itt ** AnatythjHi*,’* *000116 part, 

t* VC, Chap, III, Ajffc. S 5 , wmarka that a mule, »y, «n 
vWhiA would ^ doMriltod l»y a paitblw under the action 
of ft foJWSO TKjfing av^^ly w tho atjuare of the dwtanw and 
tftndiag to tha fhaw of tibo or aud« the Mtion of a force 

varying diraefiy m »d having its murm in the 

centre of the nifty 'W' dftwrfW under the aotion of 

three similaa; force# wWoh hm tWr «ewM«» in the two foci »ud 
, , in the centre of the hIlipM wepeeavelyj and he makiw tbi# m- 
mark, after he has proved that »ueh forci* yield a particular 
%feegral of the differential etiuatba whioli eaprewM the motion 
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of a particle iiiulcr the action of two central forcesj which vary 
inversely os the square of the distance, and whose centres are 
in two given points. This feet however is only a special apipli- 
cation of the following more general law : 

If many particles tth, which are respectively under 

the action of the force p,, !>„ , , . p„ are projected from a given 
point with the velocities respectively Vi, v,, , . , v„ along the same 
line and in the same direction j and if each of these particles 
describes the siune path; then one particle m, projected with 
the velocity v from the same point, along the same line, and in 
the same direction as the m^B, 'svill describe the same path, if the 
initial vis viva of m is equal to the sum of the initial vii’es vivae 
of the m’n ; that is, if 


MV» = JB, V, “ + «•=> Va’ + ... + W.„ V,.’. 

Lot (ir, y, z) he the position of m at the time t-, so that its ex- 
pressed momentum-increments along the coordinate axes are 


tP« 


M 


dp 


m: 


d<'^z 

dP 


and let Xi, y,, Xa, Ya, . . . x,,, y,„ k,, 1)o the components of the 
im])ri'HBi!d momentum-increments of the several forces p,, iq, . . . 
i’„ ; and lot N bo a certain normal force, the direction angles of 
the line of action of which are a, y, and which is such that M 
under the action of it and the p’s describes the required path. 
Then the equations of motion of M are 
dPt) 

M "I- = X, -t-Xj -I- . . . -j- x„-)- N cos a = 2.X-I- N cos a, -j 


s=s Yi-f.Ya-|-,..-|-y„ + NCOS /3 = S.YH-Ne 0 S;Q, 

d,H 

(Ip ~ +^'>+ ■■• + 5*^n+EC08y = S.r,-|-N(i0sy. 


( 120 ) 


Multiplying these respectively by Itk, 2dz, aird supposing 
the velocities of m, 78i, Wj, . . . «„ at the time t to be v, tq, 
we have = 2&s.x-i-2^?y3.Y-f-2ffo:s.z, (130) 

because dx cos a -b d^ cos /3 -b ffe cos y = 0 . 

But the equations of motion of w,, under the action 

of their respective forces yield the following equations : 
d,m.i ?i,» = 2 (Xi ffo-bY, %-b2ii dz), -s 
d.w^ vP = 2 (x a -b Y,j d)j H- S',,, dz), 

d.m ,, = 2 (x„ dx-V'i„ dy + ss,, dz) j J 


488 OUEVUilHEAK tlE A f.VUTU’l.K, [ 363 . 

BO that (130) Iwrome# 

(hme^ 5= = </.«.«*•*» 

and therefore takinf? .k-runte lntegn»k. with limit* «rr«i»onding 
to and to ^=0, we have 

Ml** s* s.lit’* ; 

and therefore at all point* of iho path of «, »l« vw vivn m i^qual 
io the B«m of the vir« vivae of the m the.r .c,awal« mntuma. 

Henee it follows that the normal lorcnt N iwvmuHl m «iHa- 
tioiiB ( 238 ) is ?.ero, and eonwtpmntly u, under the aetmu ol the 
several impressed momenta whielt aet on ».» »«• w«i wul do- 
sorihe the same path a« eaeh of tlm Ihis genera proj*- 
sition is due to M. Ommx Honnot, and i« given m the nat« 
appended by M. Bertrand to the edition of the *» Mwanuino 
Analytique" of M. Lagrange, Vol. H, 18 SS. 

863.1 In illustmtion of the prww« of tangenlud and normal 
resolution we will oonsider the sitnpl« «’«'*« ® 

nroieotile in vacuo under tiieaetimi of gravity. _ 

^ A partide of mass m ia projitiUnl from a given pmul, m » 
given line, and with a given vdmdly j and movw snhjoot to the 

'“lit the point of pmjoolion bo Inkon « "S|fin rf ooorii- 
Mto. , and lot tho vortioal and horim W Unoa drawn ‘ 

be tho aaot of , and » roiimdivoly lot » bo tho '"’‘“V " J[. ' 
jMtioa, and let a ha tho angla botwonn tta hno 
kd to alia of . . and lot (», 3) ha to j^tion of « J™ 
ittayi liiwitMft tihe vortioal Une, m which gravity acts, make* 
. im 


to tke onrvo at tho point tan” 
hav© til© ©qnatwns of motion i 

from ( 181 ) m hav® 

id»S*t 


df 


» wo 


(181) 


♦ » ' *© 

^ SB — 


(182) 


whieh result is tho same as (77) Art. 8S1« A^tao Irom (181), since 


24.] the composition of many FOllCES. 27 

As the conditions of equilihriiim must bo indeiwiulent of tbo 
particular system of coordinate axes, we infer that, if Jiiany 
forces acting on a particle in one plana are in eciuilibrhnn, llie 
sum of the resolved parts of the fore©} dong every straight hn« 
is equal to zero. 

24.] The following examples are in Ulustofcioa of the pre- 
ceding theorems. 

Ex. 1. Four equal forces whose directions are indinixi to the 
axis of* at angles of 15°, 75°, 135° and 225" act at a jtuiiit: 
determine the magnitude and direction of their resultant. 

' Let each pressure bo equal to p j then 

X = p cos 16"+ POOS 75°+ F 008 1 35°+ Pe« 225° 

3* -2 

_ p j 

2* 

V = psin 16" + P8m75" + Psin 135" + P sin 225" 

✓3\ i 

= ^ 2 )’ 

E = P(5-2.3^)^; tan5 = ^~— 

Ex. 2. Three forces act pcrpondioularly to the »ith« i»f a tri- 
angle at their middle points, and are proportional to tha skies } 
it is required to prove that they are in ecjutlibriimi. 

Let ABO, fig. 9, 1)6 the triangle, and let the fortw Iw r, t|, », 
and act in the directions indimted by the arrow-heads | their 

n I* . 1 . 1 .il. _s A ... .. . . it* 


1P0Q =3 y ; p, y wmg mamtoitiy wit imppitwitiitt m a, i, o | 

then by the data 

~ SB S =B - SB i (say) j (llj 

a b e \ Jt> 

and since the sides are pnqKirtiona! to the siniw of the npjsMtito 
angles, p q ^ 

Hin h sill II iin Q 

sm a sin /j wn y 

and thoroforo by (30), p, Q, » nr® in cquilibrinm. 

Or thus resolving along »« { 

Tlio forces along no ss ttsino— asiaa 
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p = 




a o N 

^(.■-2«y) = j,^(l + ^)' 




a. 


dx* 


14.%’ 


n^—^gy 


log 


1 + 


%’ 

= log — 


■’^gy 


(sec a)* 

dx 

{u'^ (sin a)® — 2g^)^ ^ cos a 

% sin a X 


i{M»(smo)»-2^'#+ ^ 


COS a 


y s=: a?tana- 




(133) 


2 M“ (cos a)“ 

which result is the same as that obtained by the method of 
coordinate resolution in Art. 860. 

864.] A particle m, describes a heUx with a constant velocity : 
it is raq[uired to determine the laws of the accelerating forces 
wMoh act on it parallel to the three coordinate axes. 

Let the equations to the curve be 

fl!cos<|i, I dx = —asm.4>d^,') 

:«sin(|), >• dy = a 00 s <j>d(l), !■ (134) 

J d» = lad^‘, J 

(135) 

But since the velocity along the curve is constant^ ds = cdt', 
df_ c . 

* ■“ ^j'(l + >)i’ 

dx _ c sin ^ dy __ ecos^ ^ ^ 

di 


X ! 


dt 

d^x 

dP 


(l+^‘)* 

_£!*_ 
(1 +i*) 


dt (i+^«)r 


d»Sl 


= 0 . 


dP ~ tf»(l+i&») 

Hence we infer that the accelerating forces parallel to the axes 
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of # rad f mey dinwtiy an # iijid jf r*»{iwtiv«4y, and are at. 
twetive, and l»v» the «»«i« alw>kite forw; that ii, the rwndtatit 
foree of thtw two fortw will have « line of action always pass, 
ing through tlio wi* of «, and will be i»n»t«at. Al»t» the aeoe. 
lemting forw |«»IW to th« «i* of # vaninhai, the velocity of 
M liamlkl to that mm Iwitig oonMrat. 

866.3 following are ppobbrn* in relative nwtioii, wlttwin 
the place, velod'fy and »loel^ 4 tt«eKiei»t of a {wrticle » referred 
to the raovitjf plaee of raothtr |»rti«le, the diret^thnw of the m- 
ordinate asw being pmllel thronghonl the Knotiiio. We n ha l l 
ha?® otlier example* heiwlliir in which the direetiww of theaxw 
move, Ih® fallowing are »p|»li«tioM of ( 7 ?), Art. 332 ; 

Two material jwirtiBlwi m rad »' attreet (^h other with a 
force varying directly m their maiswn and invemdy m the 
eqnw^ of th© diatraee s it w rwinirwl t« determine the motion 
of m wkti vdf to . 

Let, in fefwmee to mf pte«d at the origio n, which i* mam- 
able, », f, s hi the eoordinato to w at the time (, and let r Ih> 
fee dlRtrace of ftt>W 0 1 then ainw the imprewed veha»ity» 
bwafemeat which art* on mf rad attwete it towimfe « along 

the Uae r i« p' » tire wntponenl* of the tmpreiweil vclwity- 
ioffleemento oa m* at the origin aw 


IS-' iim) 

tad the oomponrate of tte v«looity»incr«miati oa 


%(7f) ia Art. SIS, 

C-- ' ■ ' , («i+^')* 

: , ^ + -_J£ * 0 I I J ggj 

dte , (w + ig^# . 

rad the eq^natioM of wot^ ff a/ rtirttvoly to m will ho rirailar 
xn tom ! ^ ther^^i^^ dteoribe wlttivoly to *»' a curve 
similar to to which wirtivrty to w. 

And to detoiae ^ path of i» reittivdy to 1 aultlplying 

t jZ ' ' ^ lye «a 
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thoroforo integrating, 


y'‘ 

'dt^ 


'^dP “ 


% dz 


similarly, 


dt 

dz 

^Tt 


■y 


dt 


dx 
'^dl 
dx dy 

y-^T —X'' 


■ 1 

■K-, 

J 


(139) 


'dt ~'^dl 

vvliore hy, hi, h^ are arbitrary constants : now multiplying these 
severally by x, y, z, and adding, 

hyX-^h^y J^hiZ "ss ) (140) 

which IS the equation to a plane passing thi’ough the origin, 
that is, through id ; and therefore the motion of the particles is 
wholly in one plane. 

Wo may if wo choose take this plane to be that of {x, y), and 
thus reduce the inquiry to one of two dimensions. We will 
however proceed with the most general case. 

Prom (138) and (139), and writing for m-\-id , we have 


h. 


dH 

'W 

dz 


d^y 
*’ dP 


■0 


(h 


ch\ ikz 


M M 


Y^-^{y 


dx 

It 


.Atn- 

dt) ’ 


“ ■^{{«>’‘+y’‘+ii‘)dx—x{xdx+ydy+zdz)} 
fdx—xdv , X 

since as zioA xdx->cydiy -\’zdz=. r df, 

, dz , dy , y. 


similarly, hy 


dt 


-h 


dz _ fxy 
dt ~ 1 




h -h 4./ . 

'^^di 


(141) 


whore /u/aj/a are three undetermined constants ; now multi- 
plying those severally by x, y, z, and adding, and observing 
(139), wo have 

fii+ftX+fiy-j-fiZ = (142) 

and if i is replaced by (x^+y'^ + z'^)^, and the equation is cleared 
of radical quantities, it is that to a surface of the second order ; 
and as the intersection of it by the plane (140) is a conic, it 
follows that the path of m relatively to id is a conic ; and simi- 
larly id describes a conic of the same species relatively to m. 

3 B a 
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In referenee to (142) I wotiW oli!«w, tl»al if *) 'it * 
point in tlit orbit of + 4/| w pro. 

portionn} to the perpendiotikr fh>m (#1 e) to llw piano 

/i»+/,#+/i*-P.’+^i* + 4/) « 0} (HI) 

and f i* th« diit«j« flr®n» tbt oi%ln to the ««»« point ; there- 
fow flrora (142) it apjwftw tlwt tho tliatoncw from Um orifta to 
any point on tiM sarfhee Im a MwtMt mtio to Ih# perpend!- 
onkr distoM firom tho point on a fixed plnito: the iurfkea 
k om d rtvolntion of a wnlo nbont ito iyii«, whioh m 
pwpendienlikr to the j|i?on piano (143), tho orifriii Wag; the 
foona of the «»nio, and the gifea (dan® beinf prenowtod by the 
wvolntion of the directm, Hme# »1*» tlw dirwtiMn-otwtnM of 
the Mi» of tlie «ar&ce a» {i»l»itional to/,,/,,/, ; and *ia«» 
by reason of (1 4 ), 

d,/, + 4,/, + 4,/, » 0 , (144) 

it appMiw that the plant (MO) p«i« thron^b the axie : there- 
fore ^8 ooftio in whieb m i«ov«« i*t a pnmnpal Mwti*»u of the 
swAm (142) I and w plamt in the fiwa*; » iherefertt de- 
•(Krtbre ndatiydiy to wi*’ a oonie with «' in tho fwow ; and simi- 
larly ^ dewribna relatively to * a otmie aboat * in ito fnein*, 
ilso mtdtiplying the equation* (ISi) sewwlly by 2^#, 2% 
and %ds, and adding and IntegrtitiHg, we liave 
*• Sm . 

Si* - +<*J <l«) 


g,* f+ej (148) 

where e is another ondetotroinid Mitaat i Imt it is to be 
obswrred that all tha undotorminod eonstoto way b« found in 
tewna of the faitial veloeity, th# direetion.anirl« of it* line of 
unttwh Mid ti» ooordlmdw of tho point of projwtion. 

’ ',‘/|3h» of thn eottio may thn* ho fonnd. Sinae the 

reifte.isf' itoal si^te of a owdo to the porpondionkr from a 
pdnt on it to w dtrerttix k that of a to l s and sinw from 
(148) 1hep0ipiiidi«dar ftom the point (#,jr, $) on the dirMtria k 




/#+/if+Aa— 
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(146) 


If the path of w is an ellipse, the equations of the major axis are 

« _ y _ +r 

A “ 


Z 

and substituting for these values in (142), and taking r, and r 
to ho the greatest and least values of r, and substituting 
s= + + /* =/i’+/a“+/8b wo have 

2;i»m 

A’/* 


(147) 


r, + f, = 2« 


a S3 


(148) 


M*-/* 

__ M (^i* d“ 

- +/,»■+/;.) » 
and if i is the inclination to the plane of («, ^) of the plane of 
motion, then from (140), 

OOsi 3S i (149) 

(Aif + Aa’ + A/)^ 

and if o is the angle between the axis of a> and the line of inter- 
seotion of the plane of m’s motion with the plane of (<r, ^), then 


tana 


(160) 


and thus the plane of the motion is completely determined. 

And thus (149) and (160) give the position of the plane in 
which m moves : (147) give the direction-angles of the major 
axis of the ellipse, and therefore assign the position of the 
ellipse and (146) and (148) give the dimensions of the elliptic 
path. 

This problem is manifestly the astronomical one of two bodies 
m and m' moving relatively to each other, and under the action 
of their mutual attractions, and on this account I have con- 
sidered it at greater length than would otherwise be necessary. 
The determination of the other incidents of the motion requires 
data which it would be out of place here to enter upon. 

866,] If two particles m and rn! move subject to their mutual 
attractions, the centre of gravity of them either remains at rest 
or moves in a straight line. 
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Iiet the |wittoi» of tht* * ami #»’ at the litn» 4 t» 

H»i»{5ti¥ttlj (#, f, s), mill {/,/, /): ««il i«'t f in* Hut tlintaiioe 
betweea them, ani!» to fix our thoughts, h’t u# m farther 

froro the origiti thwj m* j tht*»i the c»f ttuitimi of the 

two relatively to the fisttd oripii a» 




d*d »(«—#) . _ . , 

...... . _g. 

d*s 


d‘» ,i*d 


4. «((' ., ft, j 

<41* rfl* 




(ISl) 

(li2) 

(153) 


Let (#, I) he the jxwitiow of the wotoo of jpnvity of m and 
at the time t : therefore 

{« + »')# M w-t-wVi ' 

(« t w «y + wy, ► (131) 

(» + «f) J *s »# + m*i t . 

md ditetttktiag thw# twk« wb imve, hy ri*mm of (153), 


JS§ litf 

(« + «l^ « (^ + *0 » (• 4 m*} m 0 1 


IH ti. 


(153) 
(186) 

SuppoBO y to hi th® oompaiiito of the veloeity of tht 
oentoo of gravity, aad to be it* poiiUott whoa 4 » 0 } 

iter (Ihfi), 


d*i 




I m % 






•ft 




(187) 

(las) 


*® y i 

i«»f » yl| 

''''' tzf . „ izi . ^ iz £ - 

whioh w &e oqaationi to th# roolflin^ pth of the wiitre of 
gravity Qf m wd *»'# if ««#«y « 0, *0 that tb« «nl« of 
gravity ia at Jfe«t wh« t • 0, &«» te #11 value* of 4 we have 

,ft 'ft i »«I (16f) 

and tho contoe of paiity,»A» k th* imo* poaitiotj. 

The eq^uaiiona of motolt of li Wid id i^tivdiy to tholr centre 
of gravity may he oalcaktod a* Ibflowa s 

(f, V} 0 ii'> n'i CO he the paitioa* of m «id d relativoly 
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to tlio centre of gravity as origin ; lot r be tlio distance between 
m and ?«'j p and p' the distances of m and m' from their centre 
of gravity, so that 

m+m' __ w' _ 
r p p^ 

Now the #-ooraponent of the expressed velocity-increment of m 
is aa follows; ^ ^ 


p® * 


similarly, 


Ajn 

d¥ 


t) 

m + »■/ p • ’ 


(P C » ''* 
di^ ~ m+m' 


c 

?■ 


By a similar prooess we find 

^1' «*• ^ d<‘d m'* rf d‘C __ f 

di* m+m' p*'*’ dt'‘ ~ w + w'/p'®’ ?»+w' p'’’ 

The identity of form of these equations shows that the paths 
which m and m' describe about their centre of gravity are 
similturj and as the form is the same os that of the equations 
(138), it follows that the patlrs are conics, of which the foci aro 
in tlie eantre of gravity of the partioles. 


867.] There is mother important problem of the same kind, 
the differential equations of which it is desirable to insert. 

It is reqtdred to oalonlate the motion of m relatively to M, 
when M md « are acted on by another particle *»', the law of 
attraction of all three being that of gravitation. 

Let (a!,y, «), {/, /, /) be the positions of m and of m' relatively 
to M at the time I ; and let r and / be the distances of m and 
of m' from m at the same time : and, to fix our thoughts, lot ns 
suppose m' to be farther from m than m : then by virtue of the 
principle of Article 3.32, the velocity-increment of m duo to the 
attrimtion of m and of m' is to bo impressed on m in a direction 
tho opposite of that along which the attractions of m and m' act; 
therefore, for tho ^-component of tho velocity-increment of m, 
we have 


w* j»V ^ _ 

- -pr 7r + 


(« + m)® m'sf m'i/s) 






iT«tlLWt 4 i 




„„„ •V"#l 

’■ -v -^5 

*^' f^~ 4 * + C/"#f#K-*y|l*. 

*^v' # Itj' # /^ 

" ™;.v,-,...'... 

w'^ i# ^ " i" ^ "IW-WW Ml 1 f lll-ftl 

|^✓- 4 « ♦ (/-#IH</-#)*|* * 

^ lc^--'r+t/-.^iMf/»-#}*|i* 

««‘t «^’l. riwikr «!««, fc« ^1 «»4 (^. 

J'- »U. 4 i tfc# 

C£ 4 . ^ ^ . 1 


II altNw Ittf 4 f^ :^i 

i ferfy wi*i#fa iImAim^ tJb# Bthisrwlie 
i» IK, , 

1^ tfcfti tW MMn watli^ altHwt 
Wy I or rf » {liwwl 
i*w«F ^ttel Mt^ tlM »&tttfl«»|: 


lin 


if Itt A ]»• 

hbwA it»d oe 
» b witbdmira 
^ itt whieh ib 
Wtdiibi^tito 
lltioftil^l 
ip pviiioMr 
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path : wo proceed to consider the circumstances of a particle 
moving in such a resisting medium. 

Lot us consider the moving particle to he sidierieal in form, 
so that an equal surface is presented to the medium, whatever 
is the lino in which the particle moves : and to take the general 
case, whatever is the law of the resistance of the medium, let e 
represent the velocity-increment (or decrement) which the re- 
sisting medium withdraws from the velocity of the particle m in 
the lino of its motion, that is, along the tangent of its curvi- 
linear path in an unit of time j then if x, t, z are the three 
impressed velocity-increments, the equations of motion, referred 
to throe reotengular axes, of a particle moving in space, are 
d*a! 

(IP 

dP 
dH 
dP 


X — R- 


tss Y — R- 


dz 

J 


(163) 


. dx ily 
since -fj -f- 
di ds 


dz 


are the direotion-cosinos of the tangent of 

the curvilinear path, that is, of the lino of action of r ; now 
multiplying those severally hy dx, dy, and dz, and adding, we 
have 


(iM) 


let % = the velocity, when ^ = 0 ; and using the symbols indi- 
cative of definite integration according to the following form, 
so that the limits may be those corresponding to ^=:i^ and to 
^=0, wo have 

2 

Also beoauBO 

& d^z . 
ds dP ’ 


T 


(X&? + Y%-h2 

cPs 

_ dx 


dy d’^y 

dP'' 

' Is 

dP 

7l« dP 

d’s 

dx 

dv dz 


: 

a 

P -j- Y •7“ 7t •“Y' 

s ds ds 


(166) 


-RJ 


(166) 


that is, the expressed velooity-incremcnt along the curve is that 
due to the impressed forces less that due to the resistance. 

Also if n is the resultant of the impressed velocity-incre- 
ments j then 
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(##)* + id ^0 + id*sY « 4 + djdy 

as ... 1-.*» 

=(7)+ 

if p is the radius of ftbwiuie cmmtuw of the path i that is, the 
resultant of tlw imprtwml velodty-itsewment* mn»wls of two 
components, the lin« of iwdion of which aw »t right aaflet to 
each otlier; and of which one aoto along the prim’ipal normal 

to the curvilinear patli, and is itinai to ^ 1 nnd the other «ct« 


along the tanpnt and w the sum of the tangential wprwed 
vdodty-inerement and the resiatanee. Tltis resolution i« there- 
fore the tanpnthd and the normal one } and if t sa the tan- 
gentiid implied voloeity*liierem«t, and a m the normal im- 
pressed vilooity-inowmsnt, 

t* * . 4 

S€^.3 If the motion Is whoUy in one plane wo may take that 
piano to ho tho plane of (se, y) ; ud if wo roNolvo along tho reot- 
ingoliK aacea of a and y, e(|nationa of motion are 

, 4»« ^ ^ die #y rfy 


w 1f**E * 


And if we t^e toe twagwitial and normal oompononta, we have 


d*i 

»* 

(170) 




„ i* A 

— — ■« X j - —V . ; 

■ p m m 

(17!) 

»>d 

^ (Xiia + f #y) — J a«fe 

. ■ A..-.? 

(172) 

m 


(173) 


^ If toe motion is reforr^ to a ayntem of polar ooordinatM, and 
, if 3P and Q are toe radial wid traasvfflrml compownto of the 



and similarly will the sum of the resolved parts ol torees 
along any other line vanish. And therefore the systi'in is in 
equilibrium. 

Ex. 3. If B is the resultant of p and q acting at o, fig. 7, and 
A is any point in the plane Poq, from whieli perpt'udieulars 
, i^q, kr are drawn to OP, oq, OB respectively, then 

(1) P.AjU + q.AJ' = B.AfJ 

(2) p.o^+q.og' = E.Of. 

Join AO, and let aop = 6. Let p, q, e bo resolvinl along and 
perpendicularly to ao j then as B is in all ruspecds (Kpnvalenl to 
p and q in combination, the component of it along any lim* is 
equal to the sum of the components of P and q : conwfjuently 
psinAOjo+qsinAOj' = iisin Aor, 
pcosAOjo + qcosAOg' = ncosAOr: 
and replacing the sines and cosines by their geomtitrical valiu's, 
we have 

(1) P.A^ + q.Ag' = E.Ar; 

(2) p.ojj-l-q.Oj' = E.or. 

(1) is the theorem of the equivalence of momenta whitsh has 
already been proved analytically in Art. 22 ; and (2) is the 
theorem of virtual velocities the general investigation of which 
will be made hereafter. 

Hence also if p, q, B are throe forces which equilibrate at o, 
and A is another point in the plane pqKO from which hp, Kt 
are drawn perpendicular to the action-linos of p, q, e respisc- 
P.AJJ + q.AJ' + E.Ar = 0, 
p.oi)4rq.02+E.or = 0. 

Hence also generally if many forces p„ Pj, . .. p„ cfiuilibrale .at o, 
a.PxAiJssOj a.PxqpwiO, 

26.] In the application of the preceding prineiples, siatii'a! 
forces often arise from (1) the determinate tension of strings, 

(2) reacting pressures. It is worth while to say a few words on 
each of these cases. 

Suppose in fig. 1 oa to be a string, fastened at o, and pulled 
at its other extremity with a certain force = P ; then it is (t-xpe- 
rimentally) plain that o is pulled with a force equal to that 
exerted on the string at a, and that the tension of the string is 
the s^e throughout; the line of the string of course expr<-Kse8 
the Jme in which the pressure acts on o, hut the lengt h of it is 
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31^ * 


ir 

m 

fiS 

ds 


(174) 


(176) 
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, , (If , rcIO ^ 

impressed volodty-meremeuts, then beoause and are re- 
spectively the sine aad owiae of the magic betweoa r and the 
normal to the curve, 
i*f 

-f 

Similarly by tongentiid and normal resolution, 
tPt L 

Ji* “ " 

e* if ^rd6 

mmmm j|^ |(^ **** * ** 

The first of these last two being multiplied by (h and inte- 
grated gives 

E* «.2e! » / (p <&■-!■ Qf id— ft*)! (176) 

amfl these general formulae are sufficient for the solution of all 
problems relating to motion in a resisting medium. 

870.1 A particle moves in a resisting medium under the action 
of foroM parallel to the axes of » and y « it is required to de- 
termine the law of raristanuc so that a given plane curve may be 

described. « -i i 

Jjtii the wopressed foroes parallel to the axes of <r and y oe 

X and X j and let » be the resistance ,* then by (171), 


E 


dn) 

% ' 
m 

+4- 

d’s 

Ip' 

da* 


x% 

— 


It* 

ssa 

p — -*• 

Ts"" ’ 


(Ps 


1 d^ 

p(x%- 

•y&). 

Ifi 

ss 

2 & 

ds 

1 


(177) 


xia!4- Y% 1 d p(x %-v<fo) . 

into wbiob expression t, which has boon equici-escont, does not 
enter j wo are therefore free to make any other variable equi- 

I Ettd ths 0 xpr 0 SiioE will li(3r6by bocoxEO ^oDcx^whEt 

If, according to the law investigated in Art. 207, tim reswt- 
anoe vmiM as the dmitity tmd as the square of the veloraiy, and 
if the donsiiy also varies, and the law of its variation is to bo 

3S a 
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cUsooverod so tkat a given curve may l» clwerilmd, then if s 
reprosontB the varying density, » » s x j 

. 8 = - V r • (178) 

r» p 'i tu ^ m 

Ex, 1. Apartiole dc«cnl«» a jwmkdn under the action of a 

oonstant force pawJM to ik priueijml axw: it k required to 

determine the law of rtwistanw. 

Let the equeMon to the pamUola be y* w so that 

a - , 

P « a 

IP 

In thii o« f » 0, 1 : a MMtant » it (say) ; therefore by (177), 

% ta t <») M U I 

that k, in vamio only do»t a particle movittf tuwkr the action of 
a ooiwtant force poralM to the axia of ^ dwrilio a imralMda. 

Ebc. 2. A particle movw in a circle nntler the action of a con- 
stant force in pamlkl linos, and the iwwtancm tif the medium 
varies as the density and the «i«ans of the vtihaiity : It is re- 
quired to determine the law of variation of the denaity of the 
medium. 

Let the equation to the eirolo 1 m> #* +y* » »• ; therefore 
ik> dg tk 

mamm JiSssSs ^siwww^ I 

f # ' H 

and lot the Hne of action of the constant force to parallel to the 

aa^ i^yi eo that x m 0, t « a cotwtont a— l(»ay)i 

3 # 



8 


8 «/ 


w 

.^moirw in a i««Ung mwlinm under the action 

of ao«nte«itet» ts it ia rcqmrod to find the law of rosbtanw, 
60 that a given crave may to dworibed, 

Ecom (178), if % 0, we have 

rd0 </r , 

W .? ^ "JT “ ’ 


einoe 




& ri§ 




i d 


(179) 

(ISO) 
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(181) 




(182) 

whereby, if the law of reBiataaoe and the aquation of the curve 

aw given, the centea foroe r may be found. 

A«in, if the rwiatanea variM as th® denmfcy and aa the 
sqnw of the velocity, and if the density alw vanes, and the 
law of its variation is to be investigated, so that a given curve 
may be deseribed, then if 8 represents the density, a » s x J 

8 « J * - 5 

and if the density of th© medium is given, and the oenteai force 
is to bo diteovored, then from this last equation we have 


f » 


pi if ' 


(184) 


whore I* is a constant introduced in integration. 
And (184) may be put under the following form 
I 

■■-I 


Let n 


P 


1 iu* 

... 

» 2(w+-^* 

, d*U\ A* . 

P SS5 A* »’ (« + '^) «"*/■*. 


.21 


JP 


(185) 

' ttf V ■ 

Ex 1. A partiolo moves in the ciroumferonoo of a cirolo under 
the attraction of a oentnd force whoso origin is a point m the 
.ircumtaon®, and fto law otwUali « “ f 

the distance : it is required to determine the law of the density 

and the resistance of the medium. , , . 

Lot the radius of the circle ho «, and let the pole bo at the 

oentre of force, then s\i . 

f«aa2(y, and rss-gf"} also fir « (f’~^ )•«< ^ 

therefore from (181), ^ 

— M (n + S) f* ♦ A ,viia::;s»«f . 

lQa*p*^" Is . ■ 

~uf»+s)y"(4o*-y*)* . j.- (186) 


E 
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MWlOH OF A PiOllCflLE 


aad Mm (188), « « - (it 

It ftfp«« iiewfore that if « * -8, that w, if tlio wntml force 
vwnM invemlf m tlw ifth power of tht ilwtMw, umQ aad 
s » 0 j that ib, thfl |«rtk*li!> wumI iiwv© in towto ; al« if r » a®, 
whfttew n b, th® rMwfotnw and the dtanilty wawh. 

872.] Tfe detenain® the motkm of a projectile under th® 
action of gm^lty in a .snediwa of whieh »i*taaoo varie# 
directly m the irdiodty aad of which th® deniity m ttuifortn. 

Let the velooity of projeetJoa \m », and tet the point of pro- 
JeoMoa he taken as the origin i let ttt® hariatmtel piano through 
it be that of (3*,y) tod Itt the ttig of # be miwuml in a ditwUon 

ooatmy to that of the ao&n of fmtity j lot the renistanae be 

ih 

'&§ wapotttiftta iloii^ tii© «i©filiiiitii «tre 

!*• 

m &ii tiho eqnaioM of motioit tra 
#c .d» 


#« *' 

from the flrat and eooond of whidi w« haw 

%#'»— (ir#y m 0| 

■‘■is ■ '■ • d*# 

,% Iw— .* 


whieh; it 



tsho origin^^miii 
axis of «j aagd 
jds of^ttHit 
oppoedte of % 


1 4o* f1a»« pawujg throi^h tt« tuda of*, 
t ualte dt the pwtiok take* plaot. 
left tdPKi jJaot to oa« plane, let n* awtttmo 
of (»»y) I and let the ptot of pr«J«tion bo 
* h«(to(»M line thmogh lire arigda bo the 
». Wgle between th# line of projection and the 
.#y ho token to a direetion the 
that the eanafiona Emotion tm 
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from the former of which we have l»y deRnite iategration 

mi 


4 f 
s wa* 




m di.p 


# 


» wa 


{h 




• A‘l i 


(IS 2 ) 


C 10 S) 


the Umite of iatefmyon Wag the m\nm w.rrwpoaaing to I - 1 
and to 1*0 ; and iVom the ktter of 08®) 

^ —» tin a *■ %i 

mi 

^ ISI 

M ■ ”* 

^ SIfi ^ 

!■ e"**y ff** (» «in « 

., r(« dn a—fff) 

•*• ^4*#^ *• (****0 a + ^) (I ”e'"**) » (194) 

and eliminating i hy mean* of (19S) and (184} we have 
y aBKStiinaof 

whlA m the efoaMon to the pa& of &® prc^eo^Re. 

W8.3 If w® rntjumd the logarithmic term in the preootUng 
exitreHdonj ^e ei|wition hecomes 

fflD -t*#* _ 

y ss «tana+ ^- 

sac mt&na- 


/J 

cos a /t* ( 

'W'l “ « 

2 m* (cos a)’ 


Mcoso”'' 2«*(eosa)* a M’fooB a)* ‘ 




(I as) 


S#(oDia)® 

of which series all terms, excoiit the first two, contain k (the oo- 
offleient of resistauoo) 5 and if k « 0, the etiuatioii w that to the 
l)arat)olic path which is the trajectory of a projoctilo in vamw, 
see Article 850 { and thus the terms on the right-hand aide of 
(196), after the first two, express the oxoi»a of the ordinate of 
the parabola dweribed in vacuo over tlm ordinate of the ourwt 
whose eqtmrion is (198)5 the trajectory (196) therefore ii ^ a 
form somewhat pamhoMc, hut the emrve reoed«i frma tihe dtoec- 
trix fhrthw than a pirabola. 




im 



m* 


At)« hj «»f (ll»l !, ^ if ^ * *J*** ; j«ir lliw vriw 

of # tli#r«R;iW tie Iwritatitel reW-ily bihJ the prtijiwtilB 

mmm in a r«t*«i pth j awi thewfeiw g vertiwi Ime, st a 

dktanw w fiww th# jwint ef jintjfwUas, ii «a asymjstot# 
to tl» enrw, j 

AJbo fl»« (li#| ^ » 0, that b, lh« jinyeetile «n»« to ifai 


tri*. whtn -# i 


<n*mm 

# * 1 *> 


• tm% tt t i ' 

m mmm a 


Ififf — , 

f ■+ m mn t 

j ' ; that k, 

miL-A JSUL ^ 


«* y. I flSfi 

" ««« IC#iW#«« 4 r| ^ ^ 

, , »ij»a f , f 

m% wllWI Mm ^ ^ « m m f jrtif 

Also ft«m ( 10 ?), if .r * -», ^ m ton a i , - ^ i that k, 

the ©am hwiif pmnlnwl hai'lemsil* through the origin t»a. 
thi.tt*Jly »jipr<w»?hea to a wrtain deWnito »iig!w with the asia of#, 

: il 74.3 th® wt***- intjioriiMit aj»j«!k‘sli»*»i of thi* theory k 
tibiit of gonnery, in whkh the motion t«ki* jilww in air, the 
w^etftMe whieit (at li«*t »p{»w«inwto!y| wriw* m the lajHaw 
of ihi vskaatyi «nil tht« the fnilwwing |»n»Mef« offer# ito>lf! 

A prtfole, w a »|theri«al hoow^p«twi«tw halt, 8 ©t«i on hy gnt* 
■vity, at pw^efitetl with t j^ven vehwily * In « given line, in » 
midium of which th» raaktanw v«ri« an the «|ttan» of the vein* 
and the dwnaity le unifom j il k rwjnlrwl to detormino the 


a fmmm almilar to tl»t at th« »m« 
that tt» motion kh«t pl«« in one 
f huM to Im the plaite 


I and i«l a horimstd and 
he th« axw n> 
taken upwards : let a 
'Um of pitgeeibn : 

thru, »- the Hue 




4.] 


!H A KK18TIK0 


374»J , 

, .pherie.. .nd tl,. .tolty U i U T,.u. tl» 

(Kiuation* of tnotwJi aw 

SMSuytiBSMa 

dt* 


, th tk‘ 

■^'dl V 


«,v;' * -#“*■ M til 




tho «»t »r ft-, and takiaR tl.. Itaif 

. i __ i „«,i f« / «« fl. we ImTO 


U\U»}fTOyn»K 

ingtii and to ^ « 0, we naw 


, m 

m mmrn-m » 0 ^ J 

& 


M 


* ^ ***" I 

• * ^ ^#eaia 


... '^*«oo 8 ar”**. 

Asida tom (.»B), li tnm.r.mi..g th. aqaatian. .0 that- 

is not ecjmewoent, wo hav® 

iiffl 

therefore f^tn ( 1 99 )> 

d*vd9—d'*xd^ 3 dg (200) 

tt*(coia)» 

, # , %V __ _ . --./- -qfi, «**♦<&} 

,., + ^) * tt»(co»a)' 

and lnt»g«tta*, and takto* « o.a..^.h«a« <» 

and to t»0, we'hftve —='•: ■ ’■’• ' 

^ ( 202 ) 
- tan a sec a —log (tan a + sec a) = — (qob a)a 

and for convenience let us substitute ^ ^ ^ ^ 

tan a sec a + log (tan a + see a) + (cos a)* ” ^ ' 

so that ( 202 ) becomes 





Of A ...•■mmtu 


ft«» wWpfc mirnkmtt rnmm it |w«l4# to ihm , « mi 

M ^ fesrf to 1ta*®i rf ^ I AMvi if ^ w#iti 

ftwatt tli« ti*0 iwtopifc, 1^ jpttwltii»|f iitiMtttoii in torwwi of * Mil 
jf w«iW b* UmI rf tte» rw|»i»toil %n^tmrf. 

Bat m lb# mtv mA totw^lni#, «» tomi iWow 

Item tltiw in tWif i^wwl (mtm oaclt rwwli* m law |i«tobk 
EqatUng' tb» vuifiM ^ 0** *|ik>h »w gitwi in w}t»ti0w (isO) 
awl ftai), w« i«w , 


wlMOft mlffU tb« li»« W fmmA in toma «f X : at«» ^loarlng 


wbfch aq^u^inn pv* lib# tAwity in immu d 
^ |l&p If Itttmpto oijnatbm to tbi> <»jf {j|« |if<|j«5lili». 


*-i:i 

«o Uiftt ( 206 ) Iwfimw, ^ 


/. & (*-«)- ^ ^ 
thwfore if mJt. li « 

tositoftti that hs tto line, 
irooso OQuaiion is fu un .. - 

Mder the swno anppooitin Al#o 
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{mlY - 


mi 

(S10| 


limit (^ • . % «, ft 

A»d .t th. 1»™‘ "f * ’ 

(vsl.)* “Ji' ii I oBTte ot U« run# < 1 ^ 1 - 

Tl»tts the ^ ^ the f if^eowe m « oarw 

n^ted la %• T^^^^^iwotwuliy ee«w* la wherditt 

„„ uttu *0Y» tt» turaiatal Hmi mi th»fc * 

, 1 ^ »ai, « W«-‘ If; r*«' "V'”' J'*! ,! 

(h, of. !»«« «r I wkU« ««» vi.« 

go that ( 200 ) hecofflw 


d. 


it» (oo» «)* 


^ -t«a « » - 

. . m {•* 


0* ^ - -r.- C®lt) 

... |r W df t» a+ «) 

..d «*« 4 ing fa *™' It*” 

J, ««, t» ft- a;r|55^-i «.(«««!•* . . 

whioh equato, if the term« tnvalvmg ^ i^n It 

oxoept the flrat two. 

Also from (190)» » w «wft« » 

,•. ku imat a* ^*'—1 } ^ P**) 

wHoh ^vee the time ia teww of tlw ai*®*. 


|, T a 


CHAPTKIi XI. 


THi fBEi MOTIOH Of l‘JiBT!Cl.iS, UHttlH THi ACTlyH « 
CMfiAl# fOHtm 

Sbctwn 1,— mpetiigttiitmt ; *>/ fnw» •^/um 

md arematMnmti if 'imiim i» giem »dUs, 

877.3 A tmimi funv w that wf whi«?h the shmw cif iiiHapniw 
fe at a oertaiti luhat, tawantw whieh it altniet* wr frtjm vvliieh it 
repels any particle of niatler within ir«*aeh nf il* aithm ; aiiA 
aoeonling as tha aetioM of it »« atlmclion or wpnlsion, »« is it 
ddled an attractive or » ropitWve hirrw. The fon'osj whwc 
eftcta will h« wasidiemli ar« *wp|awl to l» fnnrtiotw of tho 
distaoe hetweon their wntmi awl the |«rticU’ on which they 
aet, and not to ho fwaolions eaplioitly of either the tiiw* «r thii 
velodty } tli© ea* in which tlw* line «f motion of the particlo is 
ooinoidMit with tlmt of the aotion of the torco ha* ks’ii «»n. 
sidered in Chapter VIII } ami it ivwwitw for n# now t« dismiss 
the ease in whioh the line of wotioti of the patiirlo i* inctinml 
at any angle to the line of setion of the central foreo. The 
prinmpU's and mjHiitioiw of f Chapter IX are snflioienl for the 
inquiry, and have indcml Iwn appltml to the mihjmd in Art. 
169, and others, in the fom of KHdangtilar wsirfUiwte r«*o- 
htttp tihi methcal of wwidution into mdW and trans- 

and as forawlao different 
to ' eiafkydi are dednoihle fmm them ; and 

motewar m wttw# to m mea* inatanow of this than 

^«ny otih« Wnd ef dynawiwl ae&m, It w iWralile to devote 
4 fmwato Chaptwr to tite intwiry » and In the coniw of it we 
ithalf toike oecwiott to eaWMt the fl«t elemonto of «kwtW 
mechaniea to ftwm of th« «»pk elliptic orbit which a 
planet nn^atahed wonto d«i*«iht aWut It* primary. 

878,] Iieb I® ^ 10 ^ tibe imnng fwirtiele, and bt 
(o), y, s) be ito ''Uto® it | tot the centre of forw, 

which wo suppose to be t*|d, la oriffn of coordinates : and 
let t represent the omkd fo*W} tibrt to, tlm impreiwed velocity. 
;toewment in an unit of times tot r be the dtotanw of » frt»m 


2^, ] THI COMPOSIflOH Of MAHT f0E0M. 

not a meaBuro of tho intennity of the ptiU, altho«ffl> a hm^th 
maybe taken along it whieh shall he proportional to that u.- 
tensity. One or two examples, in whioh such presgures are 

inv^hed pointe in » homontal 

line; at a is fastened a string of length a with a smooth ring 
at its other extremity c, through whieh pan^ another string 
fastened at one end at n ; the other end of whieh i« "ttiwhwl o 
a given weight w; it is required to determine the {Kisitioii of t . 

Let AB =:2«, lo = 0, CAB = d, ABO - 4^. Ut tho tension 
of the string AO = T j whioh is undetermined. Now w tlio ring 
at 0 is smooth, the tension of wcb is the same thwnghont, Hml 
is of course equal to the weight w; and therefore c is kept at 
rest by throe forces, w, w, and tj lot iw apply eqiiatioiw (4 J 
and resolve the forces horir/>ntally ftiid virfckully j mi eitwate 
those acting towards the right-hand to those acting towards the 
left j and those acting upwards to those acting downwards. Fhcit 
the horizontel forces are, w eos ^ t cos <? ; 
and the vertical forces are, w sin ^ + T sin a w. 


Therefore eliminating t, 

oosd sa 8in(d4-^)l 

2d+4> "s 80®. C®) 

Also from the geometry 

» if, (48) 

sin^ o 

from (42) and (43) $ and ^ may be found t and thenee t may b« 
determined; and thus all the circumstances of the problem aw* 
determined. 

lx. 2. A and b are two points in a horijwtda! line; « string 
fastened at a, fig. U, pasHCS over a small pulley at i», and sup- 
ports at its otber end a weight w ; ii small iiml «m«sitli heavy 
ring of weight w' slides on I ho string Irntwoon a and « ; deter- 
mine the position in which the string rwate. 

Let c bo the point at which the heavy ring rwtes as the 
pully is smooth, and has no Iriction, and a* the ring is niso 
smooth, the tension of the string is the same thmiighmit and 
is equal to the weight of v ; hcni^o the point c ia kept In wpii- 
librium by three fore«, w along Oa, w sdong c», and w' winch 
acts vertically downmixlB! let oa» ■« #, oiA as thcrolhrc, 
taking horizonted and vertiwl foim, w« hava 


EOECBS, 


dZ r , 

dt 
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the oontro of force at tiro time t : then we suppose r to be a 
function of r ; lot i> bo attractive, so that the equations of motion 
in terms of velocity-increments are 

d^x use ^ = _— . (1) 

d'f ” T' dP r dP r 

Now in the first place I shall shew that the moving particle is 
always in one and the same plane, and that a plane which passes 

through the centre of force. 

From the second and third of (1) we have 

dH d^y _ 

yW dP ~ ’ 

. .. ds dy 1 

/. integrating 

1 dx dz y \ ('2') 

similarly ~ \ ^ 

dt ^ dt 

therefore multiplying these equations severally by x, y, z, and 
adding, hiX->rhy-\-h^ — > y 

wliiclv i« tlici Muation to « ptoo p»»ing thiough tie origm, 

b» The orbit therefore of the trjyectory is . . 3 

MrS' too u «i4»f ly »! t 

Moaon wUoh o». bo »S«a '''■y » 
aT^oo, wMob conW^ th. «ot.o 
points of the path, on one side may be shewn to be equ y 
lalid why it should leave the plane towards the other side. 

We m^ay therefore, without loss of generality, suppose 
plane in which m moves to be that of {x, y). . , i 

379 1 Let 1? represent the central force and be attractive ; le 
Ihfceio of force be the origin, (., y) the position of n at^ he 
'LT ' 1 the distance of « from the origin : then the equa- 
tions of . motion in terms of velocity-increments are ^ ; 

d'‘x i?« d^y __1^y. ( 4 ) 

dP r 

multiplying the former by y, and the latter by ir, and subtract- 
infcwehave -y || =i 
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whftnce, adding and snbtwtding * w»d intt^faiing, we have 


ttg djg 


(») 


“ iii m 

where i it an undetensiit^ wwtant. 

Now by .Diffironyal Cafealim, 4rt, BIf, (4I|, if /» k tbi |«r* 
pendienlar from tius odlgw on, tli« tengMli 

tdg^gdtf m pd»i 

^erefore from (6), ^ ^ 

that it, the wloeity at any point of the orbit tarii» inveHiely m 
the -pcriiomJicukr on the tangent at tltat |Joifit IVoin the oontre 
of fores. 

Also aince 

»!!«feo«#, A w *&■ w tf— ruin i#/(9, I 

ya«rMa^>l % m </ram fl + rewdaWi | 

m r*M i (i) 

thfflfefore &om (a), m Adi, { ! 0) 

Now f* 40 h twin# the wotorial wm whieb the rwiliui- wtor 
of m dwwrilw in the time itf and m It k piwportionai to 
4i by (10), wo infer that the aiwtorW mm dceerilwd l»y the 
rediua-veetor of m are pwportionaJi to the tews of d«tihittf 
them I or in other and equivalent woid*, equal ••otorlai a*«i 
aw dewaribed in equal timw, Htnoe al«» it «pp»«ra that 

il « tadoe the wotoml am d«®wfb«d in one anit of time. (1 1) 

** llw It geonwdttoal ptwjf and intwprwtatioa of the 
(10), Sapp^ « to he the cmitw of foree, 
tohftlbe peadtloiii of ♦» at the time i, and the elm«t 
• in &e time di j and kt ha eqaiwM* 

cent j let it wajp h# the perpendiealar from « on pq pro- 
daoed^^^ow let »q he pwdawd to » thid qn'* »q j then if 
no fewt aoted, m would at end of tiie aemnd be at «f j 
hnt a^jpote, wlm w ii at q, fee oenteid fowe to act impny v% 
and to draw e* otw ft Mm# in ft# Mm« j then at the 
end of Si, if ufa i« equal ahi pcM to qr, and fte paralklo. 
gram rsf is completed, <» hr at ii | % a samllar pro»« and eon* 
Mrfion it may be ihewnftat ii kattatfteeadoffteftird 
;# “d so on ; now since pq n qa", thewfow ft# trknglw «pq, 
are equal, and because saq, la'q aw on ft® imkm haw 
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8Q and between tbe same parallels, seq = sr'q,; therefore 
SPQ sa saqt similarly it may be shewn that seq = ste = stjt, 
ass ...j and thus the sectorial triangles which correspond to 
(Klual are equal. And the same result is true in the limit, 
when the polygon which is drawn in the figure becomes a con- 
tinuous curve, and the central force acts continuously; and thus 
under the action of a central force equal sectorial areas are 
described in equ^ times. 

Also let A »K twice the sectorial area described in an unit of 
time ! let eq as da, SEsar, ESQssrfi?, SY5= js : then the triangle 

r^dd 

dascribedinii units of time is psq; and the area or esq = > 

see Integral Calculus, Art. 226, (12); and also is equal to 


■EQ X ST 


pda ^ 


hdt * r^d9 sa pda', 


dt 



and therefore as equal sectorial areas are described in equal 
times, so does the velocity vary inversely as the perpendicular 
ft-om the Cfflitre of force on the tangent. 


Also since § * it appears that the angular velooiiy 

varies inversely m the square of the radius-vector at the pojp^ 
Also if i is the time during which the partrole passes. 
point in its orMt oorrespoa^ig to to another point correspond- 
ing to then since , ■ 

whereby in a given orbit the time may be found in terms of the 
angle through which the radius-vector of the particle has moved. 
The means of determining li in a given orbit and under a given 

absolute force will ho shewn hereafter. 

Thus also if the orbit is a closed curve whose area is a, ^d it 
T is the whole time, or the periodic time, as it is called, in which 

m has desorihed it, 


T = 


h 


88 O .3 Again, multiplying the first of (4) by 2dx, and the 

second by 2<^, and adding, wo have \ ’ - ' ^ 


B12 

but tincse 


CWTiAl. ri.»«CR«. 


— i Vtir, 


1‘lif ! 


+_y* as r* { <■ 

Let V be the vebmty «t a fiwn jwiut, at whtwh r * 
then int^fratinf Cl5)» we haw 

** ^ ,j I jijj,. 


»f'i : 


tw 

(wlodty)* ■ v*-3 J fir. 


[380. 

(Ill 

‘C««yh 

(li) 

m 


^ M 


f r 

vif 1 


(18) 


Let tf be the vehwity «t thi- fwiiil tn* which r mnm\m\d$ i 
and let m !» the mm* «f the moving l«rt«eh» 1 then 

-j ^ — 

wbioh » the wjnrtton ef irii vim «nd of work, and i« the Tnmj 
which (68), Art. 318, t«k« when there i* no tmiwwrwl forw. 
Thus if V ii a fanotion of the diafanew of » rrt»«t the «f 
foroi, » fttt ilghb>h«»d mtwjber admit* of inti^lioH, 
'ttdt ^pidion. ahewa t^t the iiwima»» of vw viva of tlw j«wlwle 
in ]^ing (bm am jadni to wmtiwr defatwln on the lummhnatM 
uf the two -pe-lnb, i«4 'irt m &• pth which tb# pirtiek has 
dwerihed k 'tb« p«gi » », th« ahi«f* in v» vim, or the 

iaferoaai of work, d«p«iii mSy m th# ^totanM ttiroi^h whkh 
tihfi force h#i ao^ in III own la* of tetion. 

' From (17) it appmw that th« v«loelt|’ » the tame «t alt 
poiafci whioh mo wjunUy dktant from the wnfapt j for if r * t, 
and Hhm if the oihit Is a rt-«*»terinf tmrve, 
Ihi fes^de alway* in III taiMenlve moliidooi pmm thror^h 
"MU ’pkl witih the Mme vdodty. 

’ ' Now e^oataig tte valnat of the mlodity in (?) and (Ifl), we 


£ 

f* 


m V*— li 


Tf*! 


(l«) 


therdore difermMatinf , wo haw 
-14* 




And if 


dp SB— Ifrff f 

» 4* <fe 

f SB *«. 4.. 

I** 

* , ' dr kt. 


(1ft) 


du 


i 


|»i Differential Calcnlui, Art, 170 , ( 19 ), - * »* + 


dt$» 
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and (20) becomes 


wbioh is tlie result already found by a different process in 
Art. 312, 

Thus from either (20) or (21) the law of central force may 
be determined, under the action of which a particle moves in a 
given curve. And from (12) or (13) the time, which is occupied 
by its passage through a given arc, or through the whole curve, 
if the curve is closed, may be found, And from (7) or (17) the 
velocity at any point in the orbit may be determined. 

Also because that part of the radius-vector at any point of a 
curve referred to polar coordinates which is intercepted by the 
circle of ourvaturc, or the chord of the circle of curvature, as it is 

At 

called, see Differential Calculus, Art. 301, is equal io 2 
equation (20) gives 

_=(,.!.)•= 

„ chord of circle of curvature . 

_ 2p X ^ ^ 

and comparing this with ( 82 ), Art. 268 , it appears that|i;p»* 
tide at rest on the curve, aad moving from it toWasds thet^fentre 
of force under the aodon of the force oontiiioing coistint, 
acquires the vdooiV which the particle has in its curvilinear 
course, when it has moved through one-fourth of the chord of 

the drde of curvature. _ 

Hence if the orbit is a circle, having the centre of force in the 
centre, and u, v, v are respectively the radius, central force, and 
velocity, v" =* r x e. 

A point in an orbit at which the curve is at right angles to 
the radius-vector is called an apse j the radius-vector at an apse 
is called anaspuM distance; and the angle between two con- 
secutive apsidal distances is called an apsidal angle of the orbit. 
The analytical cbaractcr of an apse is manifestly _ 

— 0, or = 00 . • 

dQ 

881.] Examples illustrative of the preceding equatii^: : • 

Ex, 1. It is required to find the law of fofce, the velocity, 
PBIOB, voi^ in. 


381.] 
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Let the equation to the parabola be 

2a 


(29) 


” 1 H- cos d ’ 

where the line joining the focus and the vertex is the prime 
radius. \ 

_ 1 ^ 

“ ^ r* ’ 

thus the central force varies inversely as the square of the diS' 
tance, and is attractive. Let n = the absolute force j 


(30) 


H = 


2a’ 


(the velocity)* («*+^) 


= j 

du^ 

W 


2/i 

r 


(31) 


(32) 


Also let t be the time during which the particle moves from a 
point corresponding to 0q to another point corresponding to ; 
then by (12), 

(2a)t r^n de 
“ (jW.)^ i (l + cos^)’ 


an 


r»n f dv* . 
1 


(2f*)* .'tfo 

(!^)* {tan|-tan | + i (tan|y- \ (tan|)’^. (33) 


And this value for t may be expressed in terms of and r,, 
the focal radii vectores corresponding to and to and of 

the chord c (say) which joins their extremities. 

For the sake of more convenient symbols, let tan-^ = 


tan— = # 0 ; so that (33} becomes 

(2a^s^,. ^„* + M» + ^o 

= (-7-) + — 3 — 

By a substitution due to Gauss, let 
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and the periodic time, in an elliptic orbit, when the centre of 
force is in the focus. 

Let the equation to the ellipse, the focus being the pole, be 


6“) 

M eamo _ -eco8 0 . 

Jd~ a(l— e’)’ a (!-«’)' 

' = *’»’(i9T + *) = S(i:=l^ 

“ a(l-e») r» ' 

and the force varies inversely as the square of the distance, and 
is attractive, as appears by its sign and by the convention as to 
signs which was assumed in Art. 377. Let ^ be the absolute 
force of the central force, then 


1 4 - e cos ^ 


, /<?% \ 


“>* '‘ = 7(^y <“> 

so that h is given in terms of the absolute force, which is the 
mass of the attracting body, or the sum of the masses of the 
attracting and attracted bodies, if the motion is relative, and of 
the quantities which determine the magnitude of the orbit. 

1 „ 2««— 1 . 

Also since — = u + - ^?(rz:^) ' 


(the velocity)" 


lx{2aU‘ 


Hence if 8 is the focus in which the force is, and h is the 

, H p 

other focus, (the velocity)’ vanes as — • 

If T is the periodic time in the elliptic orbit, then, as the area 
of the ellipse s= nab — '7ra’(l — s")^j by (13), 

(28) 

{^tf(l-e")}^ ix^ 

thus the periodic time varies as the square root of the cube 
(as the sesquiplicate power) of the major axis. As these results 
will come under consideration hereafter, it is unnecessary now to 
comment on them. 

Ex. 2. To find the law of force and the velocity in a parabola, 
the focus of which is the centre of force. 
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^ ^ ( TT ) sm 0 COS 0 : 


A^u dvJ^ 

But from (36), 

(cos^)^ = - 




617 

(37) 

(38) 


¥ 


'¥ 


(sin OY = 


HY 


¥ 


1 

lY 


therefore substituting these values in (38), and also from (37), 

we shall find 

^ ” ’oFFu ^ ^ 

thus the force varies directly as the distance, and is attractive : 
and if /A = the absolute force, P = \ka^P, Also 

(the velocity)® = ja(^»®-f 2®— r®) (40) 

if / is the radius conjugate to r. 

And if T = the periodic time, by (13), 

T = ll^ = il- (41) 

that is, the periodic time is independent of the magnitude of the 
ellipse, and depends only on the absolute central force. 

And the time in which the particle passes through .an rar<6 
which subtends a given angle at the centre may thus be found. 
Let the arc begin at the extremity of the major axis ; then if 
t = the time required, from (12) we have 

u^J(\ r3^®(sir 


»(sin^)®rhSH^os^)® 
fa tan 


(42) 


1 ^avdnu\^ 

= _tan-(-3-), 

and thus if 0 = - > i = -^} where f is one-fourth of the peri- 

2 2 jut^ 

odio time : and thus the whole time is the same as that given 
in (41). 

Ex. 5. In the hyperbola described by a particle under the 
action of a central force in its centre^ and of which the,e#aw, 
tion is (cos0)’ (sind)*_^^, 

¥ “ . ’ ' ' •" . 

-"'( 43 ) 


¥ 
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12 ^ 

/■ k-W\ 
2 )] 

[. ( 34 ) 


But if c is the chord joining the extremities of ?•„ and u, 

g, _ y^»_2r„rocos(0„— ^(>)+»'o“ 

= (r„ cos On—ro cos d^Y + (»‘n ^o)"' 

Also r, = a{l+tY), n = «(H-V), 

1 ® - /I ^ , 

»a = “’‘'•“TTv' 

and similar values are true for eos «, aud siu 9, i tloretore 
= Aa’‘{in—^oYn^> 

e = 2a{t„--to}r] •, 


(36) 


r„+ro + c 

= 2a|rj + ; 

similarly, g j > 

therefore substituting in (34), 

i ^ JL- {(r„+r,+c)»-(»'»+n-#}* 

6 ju,® 

This theorem is generally known by the name of Lambert's 

^^HmSthe time through an arc of a parabolic orbit bounded 

by a focal chord varies as (the chord)*. „ , . , , , „ 

Ex. 8. If the equation of a hyperbola, of which the focus is 

the pole, is . „ „ : 

1+ecosd 

(veMtyV = SS 2 i±i^- 

then = (veiociy; ^ 

BSa.l Ex. 4. A particle moves in an ellipse about a centre 
of force in the centre !' it w required to find the law of force, 
the velocily at any point of the orbit, and the periodio time. 

The ecjnation to the ellipse is 

fcos(9V . (sinSy 


(36) 
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that is, the force varies inversely as the fifth power of the dis- 
tance, and is attractive; and if /ii=the absolute force, ; 

h‘‘=i \ and (the velocity)” =?: ^ • 

And if T = the periodic time, 

, = (47) 

And if t is the time of the motion of the particle from the ex- 
tremity of the diameter to the point corresponding to 0, then 

sin2dv 

(3) Let the centre of force be at any point within or without 
the circle: and suppose it to be at p, see fig. J26 ; and let c be 
the centre of the circle, sc = c, OA = a, sp = r, sy : then 
because sc* = sp*— 2sp.op cosspc + op* ; 

c* = y* — 2a^ + «’' j 
&r _a _ 

"dp ~ r* 

t ji<x\ 

therefore, from (20), p = ‘ 

884.] Ex. 7. It is required to find the law of foi'ce, the velo- 
city, and the periodic time in (1) the Lemniscata of Bernoulli, 
(2) the Cardioid. 

(1) r* = «* cos 20 ; 

.•. a* «* == sec 20; 

fl)* Vf ss sec 2 0 tan 20 — ^is* w* tan 2 0; 
ad 

.•. ^ = wtan20; 

ad 

4-^ = ^ tan 2 0-t- 2w (sec 2 0)® ; 
dd^ dd 


and thus the force varies inversely as the seventh power of 
the distance, and is attractive : and if ;* = the absolute fofcc, 
^ = and thus 

(the velocity)* = 

If t = the time from an apse, then from (12), . 



30 



Mwnzonww rormi | w co« » so W ^ . 

Vertidl forces j w j»in 0 4 w «ii» ^ = w' ; 

w' 

.*. ^ A SB! »i||-' — _ . 

aw 

26 ,] Again, sappoM tho partiolo, on which the wfatical 
act, to 1)0 on a smooth plane which m capahh) «.f hearinff 

the iwultant of the oompoaont foww which nets ahmjr tk 
normal and in a aireation towank tho phtnej h«t. hy r^n 
of its smoothnm dow not oflhr any rcawtnmw to mothm in the 
direction of its surface j then, ainai tho awtiinl nt*mwl pni««u^ 

_ *i T ,1 ^ III oppiwito, hi that im- 

press^ on it by tbs oompoaint forota., this imriniil mmimi of 
the ptoe 18 one of tb® forces hy which ««c!i » mnkrial partiok 

eqSrium^*’ *”^*'** 

of weight w ia kept at tmt on a smooth 
T A+ fl ® on the plane, and tho magnitmlo of r. 

flT!' JJ- f “ ’^««« «f tho P»««o 

hIX S';™!:" 1-0— ««w, 

r®ces«loiigaepl,M, P(io,y 9 _w,i„,. 

rm,.« ,, „ mufi 

h fll ^ ^ »lv»„.w, tl,„t i,, , 

'* 1 “*,'"® imralM l« IW 

it apartiole S weight f ’**“*'“” 

may not enter into tho ^ 
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that isj the central force varies directly as the distance, and is 

repulsive: also , , i..\ 

(velocity)® = f* (r* — a® + ^ ) 5 ('^^) 

and the time from the extremity of the transverse axis 

1 (45) 

= -^^o&S_atan0 

383.] Ex. 6. Let the particle move in a circle ; and 
(1) Let the centre of force he in the centre: let a = the 
radius : then the equation to the circle is 


r = a: 


1 


(the velocity)® = 

therefore the central force is constant, hut va.ries inversely as 
the cube of the radius as we pass from one circle to another : 
also the velocity is constant, and varies inversely as the radius : 
and if T = the periodic tirne, 

27ra: 2 7ra® 

p _ II . now as v® is the velocity and a is the radius of 

Cb 

the circle, see Art. 326, is the centrifugal force; the cen- 

tral force is^therefore equal to the centrifugal force in the circle; 
the central force, that is, diws the particle towards the cento 
over a space equal to that hy which the centrifugal force (so to 
speak) removes it from the centre : and as the velocity is con- 
stant, no part of the central force acts either to increase or to 
the velocity in the circular path. 

(2) Let the cento of force he in the circumference of the 
circle : and let the equation he 

»'=s2acosfl; ••• 2«M:^seofl; 

2 ?= see tan 6 } 2 « ^ = sec 6 (tan 0)» -1- (sec 0)® ; 

8a® A® 

p = 8a®/i®M' S3 — -r™; 


( 46 ) 
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dP'Vf 

^ + {secnOy 

= 2 a'iin^ — 

■-• . = + (54, 

and thus the force varies partly as the inverse fifth power^ an(| 
partly as the inverse cube, of the distance. 

And if ^ = the time in which the particle moves from the 
point corresponding to ^=0^ to that corresponding to ^ 


= J (poBn&ydO 

‘ /a t sin 2 910 k 

~ “X" v+ 2h ~)^ 


As to ( 54 ) it is to he observed that the second term of the 
equivalent of n disappears^ if ^ 1 ; and that in this case the 

central force varies as the inverse fifth power of the distance. 
Now if the equation to the orbit is r = 2a cos 0 j that 

isj the orbit is a circle^ of which the pole is on the circum- 
ference and the prime radius passes through the centre: and 
when 0 = Oj r = 2a in both the circle and the given curve. A 
process of tracing such a curve, and of representing the motion 
of a particle on it, is hereby suggested to us. In fig. 127 
take a line sx for a prime radius ; on it take sca= 2a; and 
on SA as a diameter describe a semicircle sqa: then since 
= 2 a, when 0 = 0, in the equation to the orbit, the point a is 
common to the circle and to the orbit : let us suppose 91 to be 
less than unity: and let An be the curve of the orbit : on it 
take any point p ; join SP : then as psx = 0, sp = 2a cos ^.psx ; 
let the angle PSA'=i ^.psx, and make sa'=sa=: 2a; on sa'’ 
as a diameter describe a semicircle; then the semicircle will 
pass through p, because by the property of the semicircle 
SP = sa'cospsa'= 2acos ^^0, and thus sp is the same for both 
the semicircle and the curve of the orbit. In the same manner 
may every point p be shewn to be on a semicircle, the diameter, 
of which has a varying position, and as psa = 0, psa''= 9i0j 
therefore asa'=: (1—^)0: therefore while p Las moved over 
arc of the orbit subtending an angle 0 at s, Sa' has moved 
through an angle (1— 92-}0: and therefore the ratio of the an- 
gular velocity of P,. to that of the revolving diameter, is as 
pKiok VOL, III. 3 ^ 
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( 61 ) 


iii»«i il»»t»rww lh» lit«» l« the node * (-) ?- ; and the time of 

* 

ditm'ithmg 

fM 

i 3 1 Tl» *>.nt*t««»w t** the {^ard^oid 1* 


. f Os* 

i 4||l *1 

0 t 


®l« 

Ji- 


ll. jf i II 

^ I t4ii » tiyi |. 


fl» 

ili 


•a ^ , 

Si 0 llltl „ I 




( 52 ) 

r 

*..4 *!.•»* I-*'** *«» 4 .ve and vari« invoirtely as tb 

r-^t .4 and ir M w 

^ , #^*^1 . . 


iilir t4«mlyr 


ir* 


** * (>(»«*)* , 

*'a4 J s - *i»» !>««» •*^**' 

, lo- .k. .u«, .,.»*■ 

I 4 

' I ^ . t .g - i-at a fit* P IS 

f flff«l Ptirtt ttl wW* *** * 
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therefore the radius-vector ofHhe ellipse is equal to that of the 
orbit^ and therefore the point p which is on the orbit is also on 
the ellipse. In a similar way it may be shewn that every point 
on the orbit is on an ellipse^ the major axis of which has a 
varying position : and as PS A = PS a'= ^0, therefore a.'sa = 
that is/ as m has passed over an arc subtending an 
angle 0 at Sj so has the major axis of the eUipse passed through 
an angle (1—^2') 0 j the angular velocity therefore of the former 
is to that of the latter as 1 : 1 : and sa' revolves in a direc- 

tion the same as that of w if ^ is less than 1 , but in an opposite 
direction if n is greater than 1, In either case the moving 
particle may be represented as moving in an ellipse^ the major 
axis of which revolves about the centre of force with an anghlar 
velocity bearing a constant ratio to that of the moving particde : 
the orbit of m is for this reason called a revohing elVi/pse* 

Also since in the orbit 

l^eQo^n0 dM nemin0 

2^ ^ T0 “ 2^'^ 


now if ^ = 0, the corresponding point in the orbit is an apse, 
d0 

and the line drawn from the pole to an apse is the apsidal dis- 
tance : therefore the orbit has an apse, whenever sin??'d = 0: 
that is, when 


therefore the angle between two successive apsidal distances 

386.] By processes similar to those employed above let it be 
shewn that in the orbits whose equations are the following, viz- 


(1) r=: 


2a 


jtid I ^-.nA ^ 


(3) r = 


(2) j- = a® j 
(4) r = «sec«0; 


the central force varies inversely as the cube of the distance ; 
that in the litnus, whose eq^uation is a” = 6, the force yaxies 
partly directly as the distance, and partly inversely as the cube 
of the distance : and that in the involute of the circle, of wWcA 
the equation is 


p = 


(r’-aO’ 


3x3 
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4. Rvstem, sa' revolves in tlie 
1 ; 1_»; and, accor mg ^ is greater tlian 1 , sa' 

same direction as p move • ^Hcli sp revolves, 

revolves in a ^particle m may be represented as 

In either case the gf ^Hch revolves about the 

moving HI a cirol , .velocity bearing a constant ratio to 
pole B with ^ L«Ait »f »is te 

ae ''eloaly of « i ““ ™ 

called a molving cirole. 

,,)Ag»mintheeeconace.vewtaoh.egtvcn, 


2 a 


dH 


; en* cos«0; 


i, , ; 


( 66 ) 


__ P 11 

Nowtl« "-f the cental tee van. 

S/ae’^e ie^ef^^eaiet^ee. ,„t if » = 1. Ao el«.. 

tion to the orbit becomes ^ 

^ = i~7cos 5 ’ , 1 i.1, 

*,0 A 

?!_ 0 , _ Af- , in hotU A. conic and the oAit cum, 
" 7 .ndiu. nnd the line .n ie lata 

‘ , httat »n- — , then a io « point common to the 

on .1 Buoh that »n ^ 

conic and tbe orbit* suppose tbo curve abq, 

joee « to he !.« thm "mty nnd nen = « •■ 

to be that of fte oAit, of eifand produce i's to n', 

ZTA^' i' 

corresponding to tbe angle PSA 

O M 


2a 


2a 
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Section 3. — The determination of oriits^ and of their dimenmm 
and 2 ^ositiony when the laws of central force and other circum- 
stances of motion are given, 

388.] In the previous Section the law of force and other 
circumstances of motion have been determined^ when the equa- 
tion to the orbit and the position of the centre of force have 
been given : it is our purpose now to inquire into the converse 
problem ; and let it be observed, that for a complete determina- 
tion of the orbit, when the law and centre of force are given, 
four constants, or what are, by means of the limits of the integral 
or otherwise, equivalent to four constants, are required : this 
is evident from the form of the differential equations ( 4 ), which 
are two simultaneous differential equations of the second order, 
and the complete integral of each of which requires two con- 
stants : or again the equation (21) contains an undetermined 
constant h) and being of the second order, two more unde- 
termined constants will be introduced during the process of 
integration: and one other constant will be required in the 
integral of (12), by means of which the time at which m is at 
any point of the orbit may be found. The conditions which 
will for the most part be given in the following examples are, 
(1) the distance from the centre of force of the point where m 
is at a given time j (2) the line in which m is moving at the 
time, and the inclination of that line to the corresponding 
radius-vector;, and ( 3 ) the velocity with which m is moving at 
the given time : the time at which all these circumstances are 
given is called the epoch ; and in terms of them, the constants, 
or the limits of the integrals, can always be expressed. 

389.] A particle m is projected with a given velocity, in a 
given line, from a given point, and moves under the action of a 
central force, which varies directly as the distance and is attrac- 
tive : it is required to determine the equation to the orbit, and 
the circumstances of motion. 

The plane in which m moves is manifestly that passing througli 
the centre of force and the point of projection, and which poni 

tains the line of projection. " 

Let the centre of force be the origin ; let a = the distance 
of the point of projection from the centre of force ; V = the 
velocity of projection ; and let us suppose m to be projected from 
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A. » ac..f t 

the central force, is of gr P a central force, it 

“trrK. 

,nder the ^J^^tS^ctor is represented by . ; 

increment of which along ladij v ^ 

let P, fig. 129^ the p ace 0 ^ ^ 

he the lengtli-eleinen c succeeding it. Now 

QS he the length-elemen _ ■ through QU in 

if no central force f f ^ through C^S : hut if a, 

the line PQ, piodiicec, ^ nets on m at Q, and causes it to 
force, whose source ™ ^ ‘ ^iaio dt-, then at the 

pass through Q,v in j «. os heine the diagonal of the 

L of tl .0 «c.na « » OOUW.S »J 

partlWogim “f * "* „ to Otimoto tlio otet of tho 

iSfcf i tp»^ - *“» 

linear path. ^ constant during 

space and therefore hy (31), Art. 268, 

2.cix=^vdi\ 

lot (in U .0 tndms of onvatoo ^ 

,iB to the jrojootion of «v on it: ttooloic, «. 

' proved in Art. 303, if p = Qn, 

A»B=2pxQN. 

Now Qv == QHsecocin 

^ y _ ds^dp . 

^ 2pp~ 

*’ JS - ~ , (58) 

therefore from (67), ^ pdr^ f 

loo«b,t».o«ot(7), | = -t'— “ ‘'‘” 

.. « Won, « 

oeilinitproooosunoMlyitot'i®'"'^’'*'!'’'^™^ ^ ’ 

in p 4 VI. Sootion 2, Book I, of tko Pnno,p.«. 


Mr 
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and changing to rectangular coordinates, we have 

2v®R® — (v'*+/xR2)(a?=*+^^) = (v®— /uiR2)(a;=*— r)) 

1; (65) 

the equation to an ellipse, of which the centre is the origin; 

V 

R = the semi-axis parallel to the axis of — r = semi-axis 

parallel to the axis of y; and which is the orhit in which m 
moves. 

From (63) it appears that the velocity = v, when r = R; and 
=:Rju.^, when r = : these therefore are the velocities at the 

extremities of the principal axes of the ellipse. 

The point of projection is the extremity of the major or minor 
axes of the ellipse according as r® is greater or less than 
v^ 

— ; or, in other words, as 

^ V* is less than, or greater than, /ru*. (66) 

Now suppose to he placed at a point at a distance n from the 
centre of force and to move in a rectihnear course towards it, 
then, as appears from Art. 279, the velocity of » when it arrives 
at the centre is and therefore as the velocity of projection 

is greatei- than or less than this, so is the point of projection 
the extremity of the minor or the major axis. 

And if the velocity of projection is equal to that which would 
he acquired hy m moving in the rectilinear path into the centre, 
then v» = pE’, (67) 

and the orhit is a circle. 2 ir 

The periodic time is, hy Art. 382, (41), equal to , and is 

independent of the magnitude of the ellipse. And if t = the 
time from the point of projection to the point on the orhit cor- 
responding to dj then as in (42), 

^ = A tan-’ (— tanfl) ; (6^) 


and thus the circumstances of the orhit are 
^Tmay observe that if the central force is repulsiV6,^the siga 

of T^wUl he changed throughout th# preceding «V6sfagatioBs; 
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.. ap», » aat tl>e >1“ 

since generally ttie velocity — ^ 
•» 


% 

y = -; 


h = vn. 


(59) 


1. ^ woiected witt tlie velocity V : let n-tlie 

air««tlyMtl.edi.tooeana..attr,*Te, 

““ Vj 


]> ::s: fJir 

Now from (21) we have 


p =: 

cP% 




fi!‘« ,,, t-' 

therefore in this case ^ ’ 

nltin W hy 2 and integrating, and taking the limds cor- 
multiplying y and observing that 

responding to # = « and to « , 

(the velocity)* = A’ 


we have 


II 


JL 

A’m 


+ 


fXB* . 

A* ’ 


(62) 


(the velocity)’ = v’ + jm’ 


— v’+nCE*— >‘“)J , 

and therefore the velocity is the greatest and least, according as 
' '“™ 
d%'^ .1 




' v“a’«* ’ 




V» + p.n*Sy* _ ^ V* — ; 

V 2v»B' 

iudu 


a V . 

[t; ’ 

2d0‘, 


with n, we have 

_i 2v’‘B'‘«*— C^^’ + p-E*) j 20; 

V’-flB* , ^ 


sin'” 


o -xTaTj a -j/3 ^ ('v3 4- UB*') 


/•«Ta <1 t>3\ AAPi ! 
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391.3 ^ particle m is projected with, a giveu velocity from a 
given ]3oint and in a given line j and moves under the action of 
a central attractive force^ which, varies inversely as the square 
of the distance : it is required to determine the equation to the 
orbit^ and the other circumstances of motion. 

The plane in which m moves is manifestly that which con- 
tains the point of projection^ the centre of force^ and the line in 
which m is projected. Let the centre of force be the origin ; 
v = the velocity of projection ; e = the distance of the point of 
projection from the origin; a = the angle between b and the 

line of projection; then since generally the velocity = and 
at the point of projection jo = e sin a ; 


P 


h 


and ^ = VE sin a ; 


(72) 


E Sin a 

and let ^ = 0^ when m is projected from the given point. 

Let li. = the absolute force of the central force : then since 
the central force p varies inversely as the square of the distance, 
and is attractive, u . 


so that (21) becomes 


ix 


(74) 


Multiplying through by 2 du^ integrating, taking the limits eor-^ 
responding and to == 0, and observing that 


we have 


(the velocity) 
du'^ 




v^ 2/x^^ 


2\x 

Fe’ 


(75) 


2 ft 
~R 


therefore (the velocity)* = v* + 2/j,w 

=T.+ 2 ,(i-^r («) 

and thus the velocity is the greatest or least according as r is the 
least or the greatest. 

In (75) replacing A by its value in (72) we have 
, 1 ^ 2/xm 2m 

do 




(Rsina)* (uvsina)' 
To express this in a simpler form^ let 
^ , v*e-2m 


B» (V sin o)* , < 


(Evsina) 
EMOB;, VOL. III. 


= 


M“ 


E“v* (siao)* ^ (ETsiha)* 

3f 


=s C“ 


(78) 


81 


^8.] THE MOMENTS OF FORCES. 

27 ] The resultant of forces acting at a point in one plane 
must’be, as to line of action and intensity, independent of the 
particular origin and the particular system of coordinates ; an<i 
we may in the following manner deduce this property from the 
preceding results : 

X = 2 -T cos a = Fj cos a, +P, 008 a, + i.i +P» I { I S) 

X = a .p sin a = i*, sin a, + F, sin a, + . . . + f* sin a*, j 
E.»=X='+X* 

= Fj^ + Fs' + .-. + Pb* 

+ 2 {Fi F, COS (a, —a,) + P, F, cos (a, ~ a,) + ■ ■ • 

= 3.F“ + 2a.PF'cos (a— aO, 

where F, f' are the symbols for any two of tto for<»s, anti a— a 
is the angle contained between their Hum of action ; aiul tint 
sign of summation prefixed to PF'oo8(a— a') indicatw tlie sum 
of the products corresponding to the n forces taken two and 
two together; and tlmrofore (40) is indeiHsndcnt of the system 
of coordinate axes. The parallelogram of forces whieh is given 
in equation (27) is a particular ease of (46). A further gene- 
ralization of this theorem is given in (88), Art. 81. 

28.] We have also the following relation between the several 
components and their lini® of actioni and any |Mjint in the Unit 
of action of the resultant. 

Let the equations to the lines of action of th® comiMineiitu Im> 
ajcosoi+ysino, *■ 0 ■» a,, * 
roosoj-hysino, as 0 «a «„ ^ ^ 

**#•**•«• » 

<8 cos sin a» SB 0 *»««}, 

the point at which they act being the origin, a Iwing Ibo angle 
between the axis of x and the norma! to th« line of action ; 
and the a on the right-hand side of the eipiation being the 
length of the pcriicndieular from the point (#, y) to tlie line. 

Now if the compommts are p,, p,, ... p,, and the Kwdtant is 
a, and a is the angle hotween the normal to »'» dirtvUon and 
the axis of x, then the otjuiition to tt's line of notion ia 

4'coM«4y»itUi SE 0; (48} 

.". zitcowfl+yRsina m 0} 
hut B cos a, SB ».p (•os «, It sin « ■» a.p dn a 4 
. • . j?si.p cos a +/ 1.P Mtt « » 0 } 
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and that the oioio 

(thovelodty)" = V+t‘(<--'“’)i 


and 


-vCTu^JtaiiO 
A t9) it is said that according to the 
890.3 In Article 280 , the force acting on 

principles of the irndulatory ti ^ it 

a displaced molecule of ci . as the distance through 

original position of .illaced i and it is also said that 

which of iho particle, when it is brought 

gmralltf the hno i, in the lino joining the 

Uhin the action of this Here then are the 

particle and its °«g ^ preceding Article; a particle 

circumstances . j i^en velocity, and is acted on by 

moves in a given line, with & distance : its orbit 

„ .*««« “’'n“ 

therefore is an ellipse, „ depends only on the 

independent of the magnr^ ^ therefore the othoroal molecules 
absolute force in perpendicular to the line 

move in ellipses which “ absolute force of the central 

„fpropag»tim<>f “ '7' “f J tils poriodio time i. tlio 
force is the same foi a ^ inversely as its 

same, but if it ^ that of rectilinear motion, 

’.e” ™T“f 

the intensity of light is dP periodic time of 

of the ellipse, and the {» variations of the intensity 

ttaoAit. and till, tat 

and of the colour are independent ot eac 

i, in ”;*«f.Thy”»' oapta't'™ or other kind, ot 

Hence also we have ^ of the ollipaes of 

polarised light: if » ^ ^^oh other, the light is said to he 

ethereal motion f ® ^ ^oome circles, wo have 

clliptically-polm«f : of the major axes of 

cironlarly-polansed ^ ^ another modification of 

the ellipses rotate8 nn formly, w ^ ^ investigations however 

i;” r'““ 

nomena of light are specially inquired into. 
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at the time 2 ^. Multiplying both sides of the equation by 
and integrating, we have 


_ 2/x^ 
dt^ do ^ 


(87) 


and therefore the square of the velocity at a distance e from the 
2 u 

centre = — ^ Thus it appears that according as the velocity 


with which the particle is projected at a distance r from the 
centre of force is less than, equal to, or greater than, that which 
would be acquired by the particle moving from an infinite dis- 
tance to that point under the action of the central force, so will 
the orbit be an ellipse, a parabola, or a hyperbola, with the 
centre of force in the focus. The species of conic therefore 
does not depend on the position of the line in which the par^ 
tide is projected, but on the velocity of projection in reference 
to the distance of the point of projection from the centre of 
force. I may also observe that, by reason of (17), according 
as the velocity of projection is less than, equal to, or greater 
than, that from an infinite distance at the point of projection, so 
will it be at all points of the orbit. Thus if a particle moves in 
a parabola with the centre of force in the focus, the velociiy at 
every point of the orbit is equal to that which would be acquired 
by the particle moving in a rectilinear path from an infinite 
distance under the action of the central force to the point on 
the orbit. 

And with respect to y, the undetermined constant which is 
introduced at the integration of (79); from (85) it appears that 
Q^y is the angle between the focal radius-vector r and that 
part of the principal axis which is between the focus and the 
point of the orbit which is nearest to the focus ; therefore y is 
the angle between the prime radius and that part of the prin- 
cipal axis; and therefore if y=0, the principal axis is the prime 
radius. For the present I shall suppose this to be the case; 
and I shall consider each of the three conics separately. 

393.] Let us in the first place consider the ellipse in which 

v^ is less than — ; so that by reason of (84), if <? = the eccen-. 

tricity, a - 1 _ (sina)^ _ 

^ ~ ft’ 

Now the equation of an ellipse, where t = the focal radius- 

3^2 
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so that (77) becomes 




d8^ 

. = d8> (79) 

• • {c»_(M_i)»}* 

a. «.g.tiv. sign W.« I*® i» f ‘ta ^"T 

“tTecuse w. wiU tot , and 9 ..m«tono.a.ly m- 

oraMO and deoisaaa. Uiewfoio integrating, and lomng to 
riien of to prime radiu. undetemmod .0 tot it may be 
Stoined by means of »nbso,nent oonsidoiations, and tins 
introducing an arbitraiy eenstant y, wo have 

= ( 80 ) 

c 

... M = 5 + ecos(0— y)j (®^) 

and restoring the equivalents of 5 and e, 

M . + (82) 

^ = (ifiih^ ln*v“(8ina)’ ^ (avsma)* ) 
which is the equation to a conic, of whioh the focus is the 
•Dole For if e is the eccentricity of a conic, r is the focal radius- 
vectOTy and <f> = the angle between r and the principal axis, and 
measured, say, from that point of a conic which is nearest to 

the focus, 1 14flC0S«/). f 93 \ 

and comparing this with (82), it appears that 

(v»B-2fi)RV»(8ino)*. /gas 

(1) g. 

(2) 0—y Bs Ip, (®®) 

Now from (84) a is less than, equal to, or greater than, unity 

according as v'B-2fi is negative, zero, or positivej ^ 

therefore is an ellipse, a parabola, or a hyperbola, with the 
centre of force at the focus, according as v« is less than, equal 

to, or greater than, The interpretation of this discrimi- 

nating condition is as follows ; 

Suppose a particle to move from rest at an infinite distance 
in a rectilinear path towards the centre of force which vanes 
as the inverse square of the distance, then 

(88) 

where x = the distance of the particle from the centre of force 


393 -] 

but from (92), 
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(r— ^3^)2}’^ ’ 
rdr 


(It 


(:)* 


[a^ e‘‘ — {r—aY}^' 

t — (-^ f’^ 

M •Ja (1-e) {«“ — (r — c 
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(95) 

(96) 




T’-^a 


ae 

a^r 


r 

= (*“) 

ae 


.{a‘e^—{r—ay}i'] 

0 ( 1-0 

~ {a^e^ — (a—ry}ij; 


(97) 


which gives the value of i corresponding to any value of r. At 
the farther extremity of the major axis^ r = a(l +e), the timA 
corresponding to which is the semi-periodic time : thmefore 

3 

the semi-periodic time = (98) 

and at the extremity of the minor axisj r a; in which ease ■ 

, {ir ) 

^ *=7h-‘}' 

and therefore the time from the extremity of the minor axis to 
the farther extremity of the major axis is 


And thus 


a'^ (tt ) 


the periodic time = > 


(99) 


the same result as (28). ^ 

393.] The expression for the time given in (97) admits of the 
following simplification : let 

, a—r 

cos'”^ = u: 

ae 

r :=i a{l—e QO^u)i . (ICO) 

ix being an auxiliary angle,, the geometrical meaning of which 
we shall presently investigate : then substituting in (97), we have 




{u—e sin^4}. 


For convenience of notation, let 






1 ^ 
71^ 


nt = 'a—e sin^ 



Hence when u is increased by 2?;, that is, when the p 

has passed through the whole orbit, t is mcreased by ; — 
therefore is the periodic time of the orbit. ' ' ^ ' 


632 


OENTBAL POECES. 


[ 392 . 


vector, ^ is measured from the shorter segment of the major 
axis, 2a = the major axis, e = the eccentricity, is 

. _ • 

^ ” 1 + (3 cos ^ ’ 


u = 


+ 


- cos j 


a(l-e“) ' a(l-e“) 
comparing which with (82), we have e as in (88), and 

ixii 

2u-v“a’ 


(89) 


(90) 


and thus the major axis of the ellipse is also independent of the 
angle between the line in which the particle is projected and 
the line joining the point of projection and the centre of force. 
Let /3 = the angle between the major axis of the ellipse and 

then from (82), m when 0-y = /3, and we have 


BV° sin g cos a . 

— (2 ja— a) (sin «)’}* ’ 

which eq^uation determines the position of the major axis of the 
ellipse with reference to the given line u. 

Thus the position and the dimensions of the elliptic orbit a.re 
completely determined, on the supposition that the initial cir- 
cumstances are given. Eig. 130 explains the several quantities 
which we have introduced. Lot b bo the point of projection ; 
SB = IIJ BY the line along which the particle is projected with 
the velocity vj sby= a, the angle of projection ; bsa=/ 3; SB=rj 
j?SA=0; SY=SBBinsBY=iisina; ifa=90“, the particle is pro- 
jected from an apse, that is, from one or other of the extremities 
of the major axis of the ellipse. 

The time during which the moving particle passes from one 
to another point in the orbit may thus be found j let us suppose 
t = 0, when m is at that extremity of the major axis which is 
nearest to the focus. Now since the quantities which determine 
the magnitude of the ellipse have been expressed in terms of the 
initial circumstances of motion, we may assume that a and e are 


known in the equation 

a(l-6») . 

and by Art. 381, (26), 

A = {fia(l— e’)}i'3 

therefore by (10), M = ^ 5 


(92) 

(98) 

(94) 
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particles start from a simultaneously and in the same direction, 
one along the circular and the other along the elliptic orhit, the 
latter is before its mean place from a to a ^^ because sin^^ is 
positive in the first two quadrants^ and therefore u is greater 
than nt\ and is behind its mean place from a ' to a ^ because 
sin 20 is negative in the third and fourth quadrants. It is for 
this reason that nt is called the mean anomaly^ and also that 
u which depends on the eccentricity is called the eccentric 
anomaly. Also as the velocity vanes inversely as the perpen- 
dicular from the centre of force on the tangentj the velocity in 
the elliptic orbit is the greatest at a, and is the least at a' : the 
particle therefore leaves a with a velocity greater than its 
mean velocity^ and thus precedes its mean place^ but at a' is 
at its mean time : and as it leaves a' with a velocity less than 
its mean velocity^ it is behind its mean place^ until its velocity 
increasing it arrives at a at its mean time and with a velocity 
greater than its mean velocity. 

One case of elliptic motion under the action of a force vary- 
ing inversely as the square of the distance requires notice. 
Suppose < 3 = 0 , that is, suppose the orbit to be a circle; then 
from (88) we have 

{jLt— nv*(sina)'‘}2+n2v*(sihacosa)2 = 0; 
which can be satisfied only when a = 90®, and v® = — : in which 
case m is projected at an apse ; and if p'=: the central force at 
the point of projection, p'= : and therefore 


p = 


V® 


V® , 

but by (66), Art. 326, — is the centrifugal force at the point 
n 

of projection ; therefore at that point the central force is equal 
to it : if therefore m is projected from an apse with a velocity 
such that the centrifugal force is equal to the central force, the 
particle continues throughout its motion at the same distance 
from the centre of force, and the orbit is a circle. We shall 
hereafter point out the general cause of this circumstance, ' 

394 ,] Let us in the next place consider the parabola in which, 
see Art. 391, y, ^ ' fio6) 

Now the equation to the parabola, of. which 4 is the latus 
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As »• is given in terms of ^ and of there is also a relation 
» »a e^wting the vJuee of , given m (92) end m 

(100), we have ==: l — e cos«^; 

1 + ^ cos ^ 

(1-^) (1 + cos 24). 

H-cos0 = - fZr^cos ^ ’ 

( 1 + 6 ) 

1 — cos 0 = flZTcosl^ ’ 


1— COS0 


IJ^e 1 — cos 24 . 
YH7 1 +COS24 ' 
1+6 A 24 


14- COS 0 

t-| = (;-S)*^r . . 

The valee of ( in term, of « is so oompliceted “ 

.. mi. ^ YYiAfimiiP* Oi ijlics6 scveral 


The value of t an terms or o is ---- - 

cessary to insert it. The geometrical meaning of ^ several 
onantLs will he seen by the aid of %• 131._ On the majo 
Lis aoa' of the elliptic orbit, describe a semicnde . let be 
the point on the ellipse corresponding to which m'e SP - r, 
PSA^ 0; let the ordinate PM be drawn, and let it bo produced 
so as to cut the circle in Q: draw QO to o the centre of the 
cLll Let OA = cq = ca'= then by a property of the 

ellipse, SP — a— 60M; 

iliAmfni’G comparing this with (100), QOM =: 24* 

WtanapZclo mov« in » eUiptio 0* nndnv the aetion 
of a force L the focus, it is evident that as equal areas are 
Lcribed in equal times, the angles abuttmg at s are not do- 
acribed uniformly; and for this reason angles measured from 
Z are called alomlmj 6 is called the true anomaly, « the 

eeoentrie cmomaly, and nt the mean anomaly. 

Prom (99) it appears that the periodic _ time of ^ in the 
elliptic orbit is independent of the eccentricity of the ellipse, 
and is therefore the same as that in a circle whose radius is a , 
but in this latter case e = 0, r = a, d = « * 5 thus equal angles 

are described in equal times, and the partidc movj “ 

the circle; hence ni represents the are of the circle a q a, win 
would be described iwii/bmity by a particle in the same time w 
that in which the elliptic arc is described, both the particles 
being together at a; and therefore also at a,^ because then 
uJk and sin« = 0, and thus from (108) the time from a to 

n is called the mean moUon of w; now as those two 
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Therefore by (12), Art. 379, if t is the time from the vertex 
of the hyperbola. 


J' 


0 l)}i 


=0T. 


rdr 


{(r + ay-^-a^e^}^ 

To simplify this expression, let e be the Napierian, base, and let 
r+a+ {(r+aY—a^e’‘}^ 

■ 3 :- 

ae ’ 




(116) 


Hence^ in conclusion^ it appears that if a particle is projected 
with a given velocity, and raoves tinder the action of a central 
force which varies inversely as the square of the distance, the 
path which it describes will be either an ellipse, a parabola, or 
a hyperbola : and that the species of curve depends on the 
velocity of projection. The physical application of the preceding 
results is deferred to Section 3 of the present Chapter. 

396.] A particle is moving under the action of a central 
force, which varies inversely as the cube of the distance ; it is 
required to determine the nature of the several orbits which it 
can describe. 

Let us suppose the force to be attractive, and [x to be the 
absolute central force t so that for the central force we have 


^8 r 


(116) 


Let v = the velocity of at a point whose distance from the 
pole is u; and let a = the angle between e. and the line in 
which m is moving ; so that 

A = VEsina; (117) 

and thus li is given in terms of known quantities. Substituting 
(116) in (21), we have 




= 




And multiplying by 2du and integrating, and taking the 
limits corresponding to r =: r and to r = e, we have - 


A « « M 
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rectum; and the focus is the pole, and the lino from the focus to 
the vertex is the prime radius, is 

(107) 

1 4- COB 0 ^ ^ 

and comparing this with the form which (82) takes, when 
= 2fXj wo hB.VG 

fls = R(8in«)“j (109) 

1 

and if ^ is the angle between the vertex and k, then m = - 

when 0 = 13', in which case, from (108), /3 = 180®— 2a. Thus 
the position and latua rectum of the parabola arc completely 
determined. If a = 90°, the particle is projected from an apse, 
which is the vertex of the parabola. 

The time has been found in terms of 0 in Art. 381, 

896.1 And lastly let us consider the hyperbola : in which 

2u 

V* is greater than ~£ ; 
and if 0 is the ecoentricity of the curve, 

= i + (no) 

Now the equation of the hyperbola, if 0 is measured from 
that extremity of the transverse axis which is nearest to the 
focus where the pole is, is 

(111) 

““ 1 +eco8 0 
1 ^ 

«/ cog Q t (112) 

«(8»-l) ^ a(e’--l) 
comparing which with (82), we have 

(118) 

""v'a— 2|* 

and if j3 is the angle between the transverse axis and a, p may 
he determined by a process similar to that by which equation 
(91) is found. 

Thus the position and size of the orbit are completely deter- 
mined, 

And the time may thus he found. The equation to the 
hyperbola being (111), wo have, as in Art. 381, 
k = (uflsfe* — lllK 
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ml ^ cot a _ 

. do ~ E ’ 

Rtano 

•■• '’=-^5 (123) 

which is the equation to the reciprocal spiral, 

(3) Let that is^ /x— e»t“ (sino)“^ he a negative quantity^ 

and let 

therefore v* e* — ja is a positive quantity : and let us therefore 
suppose v»E»-u 

SO that (118) becomes 

/. = i = CCOSti(^— y). (124) 

If the central force is repulsive^ the sign of /x must be changed ; 
in which case, if — and equa- 

tion (118) becomes 


■ = — and y equa- 


?^ = - = c cos y)» (125) 

There are therefore generally five different orbits in which a 
particle may move under the action of a central force which 
varies inversely as the cube of the distance^ and to which the 
equations are, if the prime radius is judiciously chosen, 

/^\ /n\ a /o\ 

(1) (2) ^ = (3) >•= 


(4) ^ ^ — gQg 

One case of the preceding requires notice, viz, (2), wherein 
p = ; if v“ E* = IX, then cot a = 0, and the equation of the orbit 

becomes du 11 

'dd~^’ ■ ■ ^ — r “ e’ . . 


(5) »• = 


which is the equation of a circle, the centre of wMeh is tiie 
pole. Since in this case ' 


V“E“ = jUj 


2^ _ '■ 


ffll mYOON op FIOU'KH, 


s 



. Pi {4»COBOi+y8mOt} + Pa a, +,y rtU M t- .. 

••• + 1*, {^cwa.+.l'silJu^l =0; 

Piaj+PtO,+ ,..+ I*, tt„ S! 0, 

where Oi, a,, ... a, aw th® peii»en(li(‘uli»ra fnitn (.r, j»), any 
in the line of action of®, on tlio lines uf aetion t»t‘ lh« comiK). 
nentsj thwefore, baring in mind tlu' snenninK' <tf the word 
moment as given in Art. 82, wo havo tfm thUinviii}^ thwirom j 
With reference to Miy point in tli« lino of noti.iu of the 
resultant, tiie sum of the monwatii of the ot>mi«»nonts vanisla’s. 
The theorem given in (33) Art. 22 is a particular oiwo of the 
preceding. 

The following also is a miore**pneml ttMioKiin j if (*, y) ig a 
point in the plane of tlie forcw hut not on tlio n>«n!tant, then 
fljoosa+ysina = the perpendicular distnntw from (a*,y)on llte 
line of action of a : lot thk *■ r j then from ( IB), 

®i0,+2t0» + ..' +®i,o* as arj 

that is, with reference to any point in tin* plati« of the force* the 
sum of the mommts of the components is «iual to the moment 
of the resultant. 

Hence if two forces only act, as is the mm in th® pttmllelogmm 
of forces, with reference to any point in the pkne of the forces, 
the moments of the resultant fe equal to the aum of the momenta 
of the components. 

As the moment is the product of tho liiie-repremmtative of 
the fwce and of the perpendicular on tlm actiim-lino of the 
lorce from a given pointi,^ it exprast* g«.metrit-any twice the 
^ea of the triangle of which the given point is tho vortex and 
the Ime-representative of the force is tlm base. Ilom-o, in fig. 7 , 

"" * 7 f ^ 

kfiv^*A ^ ^ sum of tile two triangles 

9 <vi n *^*'®*^^ demonstmtai geoinetrioully. 
thP geometrieal inferpretatiou of 

the conditions of eqmhhnum in equations (td). 

the Tirr^A^-«^ <Ji ivs siucs on any given straight line is xero; 
tiVo oio.T,H V heing allected with positive or loga- 

tL 2 ‘-<i- 

on which arA t 

tt Which are turned all towards tt® inside or all tovvanls 


•m 


I; » 
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^ /i»R» 


(118) 

But if a particle moves in a rectilinear path from an infinite 
distance, under the action of a central force which varies in- 
versely as the cube of the distance, towaa-ds the centre of force, 
then if V is the velocity at a distance u from the centre. 




so that v’E'*— M is positive, zero, or negative, according as the 
velocity corresponding to b is greater than, equal to, or less 
than, that acquired in moving from an infinite distance. 

Now (118) admits of different cases, according as the coeffi- 
cients in its right-hand memhor are positive, zero, or negative; 
and replacing hy its value in (1 17), wo have 

=s ju— v’'B‘'(sina)’. 

(1) Let he a positive quantity; and lot 
— • 

(a) and suppose v»E‘ to he greater than /x; and lot 


(119) 


so that (118) becomes 




1 (tt» -j- 0“) ; 


i ss I ; 


( 120 ) 


(/3) suppose v“B.’ = ft; tlien ;x--^*=v>a’ (cos a)’ ; and (118) he- 
comes ^«(oota)*‘«»; 

r =s : (121) 

(y) let Vb’ be less than /x ; and let 

V>R“— )X 

__p_ , 

so that (118) becomes 






. — 0 «) 




( 122 ) 


(2) Let p,— 7i» = 0 ; so that from (1 Ifl) /x= v'''R®(Bin 0 )* ; and 
therefore v’ r» - ;i _ (cot a)’ . * 

"/x’E” “ E* ” ’ 
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Again (127) may be integrated when the right-hand member 
is a complete square ; in which case^ we have 

^ 2e* “ 2^’ 

and therefore (127) becomes 

z A /M\^ 

^-7- = WM-l 

de ^2^ /'o.Ai 


if = ■ 




•• '-TrTe»‘(.-v)’ 

whicli is the equation to the orbit. 

398.] In problems such as those of tke preceding Articles^ 
where the species of curve depends on the velocity with which 
the particle is projected^ and consequently^ by the principle of 
conservation of work, on the velocity in the orbit^ it is con-^ 
venient to have an absolute standard with which the velocity 
may be compared^ so that the species of orbit may be discri- 
minated with reference to such an absolute condition. Two 
such standards of comparison are suggested by generM con- 
siderationsj and are indeed supplied by the equations of motion. 

The first arises out of the theory of centrifugal force : for if 
a particle is projected from an apse with a velocity such that 
the centrifugal force due to it is exactly equal to the central 
force^ the effects of these two^ both being normal^ neutralize 
each other^ and the particle remains always at the same distance 
from the centre of forcCj and thus describes a circle uniformly 
with the velocity of projection. Thus whatever the law of forpe 
isj the orbit may under certain initial circumstances be a circle j 
and the corresponding velocity gives a standard for other velor 
cities to be compared with. 

Thus if P is the central force, v is the velocity at an apse 
whose distance from the centre of force is a, and if the 


and the centrifugal forces are equal, 




V‘^ = PE.; V 
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From these results it appears that, since cota = 0,m is pro- 
jected in a Hne perpendicular to %■, and at the point of projec- 
tion the centrifugal force, of which ~ is the representative, is 

equal to the central force, that is, to ^ ; and as the orhit is cir- 

cular, this equality of the central and centrifugal forces will 
hold good at every point of it. 

397.1 A particle is moving under the action of a central 
force which varies inversely as the fifth power of the distance, 
and is attractive : it is required to determine the nature of the 

orhits. . , n 

Let R he the distance from the centre of the point of projec- 
tion, a the angle between u and the lino of projection, v = the 
velocity of projection : then 

h s=s vBsinaj 

and thus h is given in terms of known quantities. And for the 
central force we have 


s s= 


so that (21) becomes 

iF 


It? 




y... 

jXU* 
2 






JL- 
2 ’ 

JL 

211* ' 


(127) 


0, in which case the velocity of 


d6^ 

jJI* 

Now suppose V*-- 

projection is equal to that acquired at a distance a in moving 
towards the centre of force from an infinite distance j then (127) 
becomes ij.n* . 

fj, 1 


Let 


«*, and substituting » =s •» > wo have 


- — ^L. tss do j oos“’ ^ 


0 — yj 


y =a «oos(^--y)5 (12®) 

the equation of a circle, on the circumference of which the pole 
is, whoso diameter is inclined at an angle y to the prime radius, 
and of which the diameter is a. 
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the two sides of the first integral of the equation of motion at 
the lower limit are equal and cancel each other. For if 


d'^u um”" 

3F+“=Tr 




and consequently by reason of ( 133 ) 




2 fx 


Let 


2 fj, 


= ¥{^) 




du 


-1) 


w—l 

n— 8 


{0^^ 
=: do I 

^ 


(135) 

■=dd-. 


8_^— (»— s)^i 2 

n—Z 


COS**"^ 


U ^ _ ^ — 3 
__ _ 

a 2 




ti? ^_3 

r — a ^ cos (^— y)j 


(136) 


wbich is the equation to the orbit : and thus the equayon to 
the orbit can be found whatever is the value of n. The follow- 
ing are particular cases : 

n-= 2, »* = , the equation of a Parabola. 

" I + C0S6’ ^ 

n =-^, then by means of (135), r-=€^, the Logarithmic Spiral. 

?t = 4, r = -(1 +COS G), the equation of a Cardioid. 

2 

n:=z. hy f :=z a cos Oy the equation of a Circle. 

TO = 6, }•’= — (1+COS30). 

u 

n ^7y Y’^rzz aP^ cos 2 Oy the equation of a Lemniscata. 

And so for other values of n. 


400 .] If the form of p is 

. 

= ii,u'‘+h^u'‘f(6)y 


■ -.rf 


,..,4 


( 137 ) 
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which assigns the relation between the velocity, p, and e, when 
the orbit is a circle, and gives a standard with which the actual 
velocity at any point of a pai-ticlo’s orbit may be compaa-ed. 
This velocity is commonly called tU velocity m a circle at the 

same distance. ,111 i 1 x 

As this relation between v, E, and p holds good, whatever e is, 

we may replace E and v by their general values r and « ; and 

we have ^ = /*»«», (130) 

r 

But in the general equation of motion, viz. (21), Art. 380, if 

this condition is true, = 0 ; and we have the singular solu- 

tion of this differential equation ; because this solution arises not 
from any particular value of the arbitrary constants of integra- 
tion but because the variable p in the original equation is 
equied to a constant quantity. If however p = and 

^ = 0, we have the orbit (123) of Art. 390, and this is thp 

rtdprooal spiral. But the partioular form of it is a circle j for 

if thor© is an Bps© Bt on© pointy tliaif© Br© apsos at all points^ and 

such a curve is a circle. 

899 1 The second standard of comparison is given by the 
velocity which a particle would acquire in moving from rest at 
an infinite distance under the action of the central force to its 
place on the curve at a distance r from the centre. Thus, as m 
Art, 286, if the force varies inversely as the wth power of the 
distance and is attractive, we have 

li 




(181) 


and therefore 


(182) 


If 

dm* 2 f t 

(ft— i)a)" 

since the particle is at rest when « = oo ; and consequently if 
v is the velooiiy at the distance E, and is the velocity acquhed 
in moving from rest at an infinite dlstanoe, 

(188) 


Y* sffl 


and this is a velocity with which tihe velocity in tho^ curve may 
he compared; and on its relation to which the speoies of orhit 

win depend. ^ , c 

Now this value of the velocity is tihat for which the values ot 
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the two sides of the first integral of the equation of motion at 
the lower limit are equal and cancel each other. For if 
d^u , u«"-^ 

and consequently by reason of (133) 

(135) 

= d6-, 


Let 


2 fJL 


du^ 2 iL 


- 1 ) 


= a" 




n—l 

n-8 

-^d,ll 2 


^—3 


^£ 3 ^”— 8 2 

n— 3 


COS~“ 


»-3 

”-8 2 


(^-y)j 




r 2 =: 2 cos (^ — y)j 


(136) 


wHcli is the equation to the orbit : and thus the equai^on to 
the orbit can be found whatever is the value of The follow- 
ing are particular cases : 

2 

» = 2, y = pr , the equation of a Parabola. 

’ 1+cosd’ ^ 

M = 3, then by means of (135), r = a®, the Logarithmic Spiral. 

% = 4, ?• = -(1 +C0S 6), the equation of a Cardioid. 

2 

n = 5, r = a, cos 6, the equation of a Circle. 

« = 6, ^ (1 + C0S35). 

A 

^ — 7, r^z=: Gos 2 the equation of a Lemniscata. 

And so for other values of 

400.] If the form of p is . . ^ 

p 

yS ^ ya / 

=:^U<‘+Pu‘/(e), ■ 


(137) 
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which assigns the relation between the velocity, r, and e, when 
the orbit is a circle, and gives a standard with which the actual 
velocity at any point of a particle’s orbit may bo compared, 
imlnfitv is commonly called the veloeit^ %n a circle at the 


Astbirrdation between v, B, and n holds good, whatever e is, 
we may replace e and v by their general values r and ; and 

we have (130) 


But in the general equation of motion, viz. (21), Art. 380, if 
tli. condition i= tme, = 0 i 

tion of this differential equation ; bocaiiso this solution arises not 
from any particular value of the ai-bitrary consents of Integra, 
tion but because the variable e in the original equation is 

to n oonctat lunntity. If however t = d-.', 

^ = 0, we have the orbit (123) of Art. 390, and this is tbp 

redproeal spii-al. But the particular form of it is a circle; for 
if there is an apse at one point, there are apses at all points, and 
such a curve is a circle. 

899 1 The second standard of comparison is given by the 
velocity which a particle would acquire in moving from rest at 
an infinite distance under the action of the central toe to its 
•place on the curve at a distance f ftom the centra* Thus^ m m 
Art. 286, if the force varies inversely as the f*th power oi the 
distanoe and is attractive, we have 


M . 

IF * ’ 


(181) 


and thereto ^ „ , (182) 

^"(n-l)<r"“’ 

since the partiiole is at rest when » =s oo j and consoquentiy if 
V is the velocity at the distanoe e, and is the velocity acquired 
in moving from rest at an infinite distance, 


V» ta 


2g 

(f-.i)iF~ 


(188) 


and this is a velocity with wMdi the velocity in the curve may 
he compared ; and on its relation to which the species of orbit 

will depend, . 

Now this value of the velocity is ihat for which the values ot 
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the distance^, and (141) is the equation of an ellipsej the centre 
of which is at the centre of force, 

401.] Some few problems are added^ so that the principles 
of the preceding Articles may be exhibited in forms somewhat 
different to those which have been already discussed. 

Ex. 1. A particle m moves under the action of a central 
force ; and its velocity varies inversely as the ^th power of the 
distance from the centre of force : it is required to determine 
the law of force, and the equation of the orbit. 

Let V and v be the velocities at the distances r and r re- 
Ic 

spectively ; and let — ; then by (16), Art. 381, 

^2 rr 

— ^ — v^ = —2 / -2cIt\ 

A 

whence differentiating, — — = — 2 n ; 

• p __ • 

* • ^ .^ 211+1 ^ 

which gives the law of attracting force. 

• • 7 \ 

Also since (the velocity)® = 4® ^ 

of which the integral is 

Jc 

= ^cos (^— 1) (^—y). 

Ex, 2r A particle m is moving in an ellipse, at the focus of 
which is the centre of force, and as th passes successively 
through the apse which is nearer to the centre of force, the 
absolute force is increased in the ratio of ^ 2 - to 1 : it is required 
to determine the nature of the orbit after passages through the 
apse. 

Since m moves in an ellipse, the velocity at every point of 
the orbit, and therefore at the apse, is less than that due to an 
infinite distance; see Art. 391. Now the velocity at the apse 
is always the same, see Art. 380, in the successive passages 
through it, whatever is the value of the absolute force : and 
therefore if the absolute force is increased, the vdocity at it 
becomes proportionately less and less than that acquired feom an 
infinite distance ; the orbit therefore is still an ellipse. 

And as the velocity at the nearer apse is imchanged, by the 
PRICE, VOL. in. 4 ^ 





644 


CBNTBAL BOBCES. 


[ 400 . 


where /(S) represents any function of 0, then equation ( 21 ) 
becomes d^u , — ^ 




or 


" /i 

^ + (139) 

which is a linear differential equation of the second order, and of 
which the integral is 

u =i = — |sin »0 Jf{$)(iosneSe-coBne J/{O)BinnOd0^ 

+ osin(«a— y); (140) 

where 0 and y are constants undetermined, and dependent on 
the initial circumstances of the motion. 

Suppose /(0) = 1 j so that the central force, see (137), raries 
partly inversely as the square, and partly inversely as the cube, 
of the distance, then (140) becomes 
1 a‘ 


(138) 


|.osin(?t 0 — y) j 

which represents a revolving conic : see Art. 385. 
And if J^(0) ~ f; and ^ — 0 , so that m =s 1 , then 

i 

- sa: a’ + osin(0— y); 


which is the equation of a conic. 

And the differential equation cam always bo reduced to simple 
quadrature, if the central force is a homogeneous function 
of the second order in terms of » and y, because in that 

/w. 


ease v 


Also if 






then 


d’u 


d 0 > 

dH 


+ M 


' + F 77 ’ 


¥ 


^ + (1 - 


therefore multiplying by integrating, and introducing an 
arbitrary constant, 


4. fi — ~'\m» = — T— +c 


the integral of which is of the form 


If » s= 1 , that is, if ft 


(141) 

0 , the centrtd force varies directly as 


— s= a4.^ooB2«(0— y) 
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fdu'^ 


j / WW \ 


jui 2r 


R" 


fd^b^ 




Ji_- 
2 e,* ’ 


= M«=+ 


2 , 


&U? E“ 

'W^ = Y®* 


r=^(5 + 2i), 


if R coincides with the prime radius. 

Ex. 4. A particle is projected from an apse^ and moves under 
the action of an attractive central force which varies inversely 
as the seventh power of the distance : it is required to find the 
orbit, the velocity of projection being equal to S-^v^, where 
Vc is the velocity with which a particle projected from an apse 
would describe a circle about the centre of force in its centre. 

In this case, 

therefore if v = the velocity of projection, u = the distance of 
projection, by Art, 398, 


M . 

= V^R® = 


v^ = 


SR« ' 


3r* 




The equation of motion is + ^) = ; 





M . 
3r® ' 





= r2 cos 2 0, 

if the prime radius coincides with r : and this is the equation 
of the lemniscata. 


Ex. 5. A particle describing a circle under the action of a 
central force which varies as any power of the distance is slightly 
displaced from its position in the circular orbit. Under what 
circumstances will its orbit be stable, and what will be the angle 
between two successive apsidal distances ? 

Let the law of force be represented by so that p = 

; let a be the value of % at the point where the particle 
moves with the velocity in the circle, and where the displacement 
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tie eateido of tie «gore. Honeo, t. «■> Ho IobI W 

of the sides, and e„ o„ ... o. are the angles bot»i«‘ii Ihoiii .nid 

the given straight line, . 

2 ./ eos a = 0 . 0**1 

Now if n forces act at a point, the condition of eqnilihritun in ^ 

■s.pcosa =si 0. (*1'^) 


Hence if n forces, having their lines <*f notion jiwraUel to the 
successive sides of a closed polygon, their dinHiUons the Hiiine 
as that of a point travoraing tho skhm of the polygon, and tlienr 
magnitudes reprosontod by tho lengths of thow sitles, net »d a 
point, (51) assumes tho analogous mechanieal form (5*J), and tho 
forces are in oquilihrium: hence eonvomoly, if many pressuws 
whoso action-linos aro in one plane act at a i>oint and am m 
equilibrium, their action-lines are parallel to the sides of a el.iswl 
polygon, the sides being proportional to tho magnitn.les of the 
forces; or in other words, tho Hue-reprimentativeH of a system of 
forces, acting in equilibrium and in one plane at a point, will 
form the contour of a closed polygcm, the sides of whieh taken 
in order arc equal and parallel to these line-representatives taken 
in tho same ord(^r. 

This proposition is known by the name of the isdygon of 
forces, and tho tnangle ot toroea proved lu Article it li ft 
particular case of it. 


Suction Z.--ComposUio% and rmlutim o/forcfg mimp i* 
diredionn on a maf^riai partkla. 

80.] Hero and elscwhoro wo shall refer tho efiwts of forces 
acting in space to a system of naatangnlar »'<mrdi«at*»s ; heeausn 
the rosulte aro not more general, ami are imtelt more eompli- 
oatod, when thi>y are nderred to a system of oblique mm, Ami 
let us in the first, phu-o take tho easo of thret? ftire*'* jt, f. at 
acting at the origin 0, see fig. 13, and along tho eotmliHMte 
Ijct the resultant of x and v, which aro at right-nngh's b* »‘act» 
other in the piano of {o', /), ho k' j then, hy (an), A rt. ! 7, 
a'® ss X’ + V*. 

Again, of a' and which aro at right-angles to each »4hor, let 
the resultant he a ; then 

H» BS b'' 4 .X* 

,*B x* + ir»+ft*| (•'i’t) 

f 
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increase of p, h is tire same in the orbit after the joth increase 
as it was in the original ellipse. Let la and e bo the major axis 
and the eccentricity of the original ellipse, 2 a,, and those of the 
final ellipse : then equating the values of h, see (93), Art. 392, 
e") = nP nap(l—ep^); 

also as the distance of the apse from the focus is the same in 
both orbits, «(!_,) = «, (1 -ep) j (U2) 

1 + S = Wl" (l 

which gives the ecoontrioity of the final ellipse. 

Thus as « is greater tluui unity, the eccentricity becomes less 
and loss, and = 0, when 

log u * 

in which case the orbit is a circle ; and ns the revolutions con- 
tinue, the orbit again becomes an ellipse, but the apse which 
was the nearer boeomos that farther from tho focus : and ulti- 
mately, when JO ss 00, that is, after an infinite number of revo- 
lutions, =s~i j in which ease from (142), 2«,, becomes equal 
to the distance between the focus and the apse, and thus the 
particle passes through the centre of force. 

Ex. 3. A particle under tho action of a central force which 
varies partly inversely as the cube, and partly inversely as the 
fifth power, of the distanoo, is projected from a given point with 
tho velocity which would ho acquired in motion from an infinite 
distance, at tan~‘ 2^ with tho distance, and tlio forces are equal 
at the point of projection, It is required to determine tho orhit. 

Let E be the ^stance of tho point of projection from tho 
oentare of force ! and let 

p sa H- ^ -1-gV J 

and since the forces are equal at the point of projection, 

git*. 

Lot vrsthe velocity of projection : therefore 

V» « Jl + JL - iii . 

a’ ^ 2a»’ 

A* s=s v*E* (sin tan"' 2^)* a= g. 

Tho equation of motion is 


M M . 

E' E“ ’ 
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Let T and / be tlie respective distances of m and of ifri from 
the hole at the time the string being assumed to be always 
stretched ; so that r +/ = Let t be the tension of the string ; 
then evidently ^ ^^ 2 / 


T = mg^m 


= w!g-\-7d 


dP 
, d'^r 
1 ¥' 


(146) 


Let the motion of m be referred to a system of polar coor- 
dinates of which the hole is the pole. Then as no transversal ' 
force hut only a central force, viz, T, acts on m, the equations of 
motion are, see (62), Art. 324, 

:d^r 


m 


\lF~^ dp]~ '' 


= --m g—m 


, d^T 

dP ^ 


dt 


= a constant = h ; 


, d/r 


d’^T 

Ip 


now , ^ 

— +mg = 0; 


and integrating^ if ^ = 0^ when r 
, „ dP mlP 


dP 
di'‘^ 




mlP mlP ^ , f ^ 


(147) 


whence the orbit of m may he derived. 

. , d^r , , , ‘mdP . 

If the orbit of >» is a circle, ^=0 j and we have > 

that is, the weight of ?»' is equal to the centrifugal force of m,. 


Section Z.—Tlie Blements of Ph/sical Astronomy. 

402.] The science of physical astronomy consists in the 
application of mechanical principles and equations to the mo- 
tion, figure, and other circumstances of the celestial bodies; 
and, as such, it has been called Celestial Mechanics, or, as 
Laplace has named it in his great work, Mecaniyue Celeste.^ It 
is the most important application of the two preceding Sections ; 
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takes i)laco; so that if V is the velocity at the point, and the 
velocity is not disturhed, 

xro — = af(a')i — — • 


v» = A“ «» = «/(«) 5 ••• = 

Let u = a+s, z being a small (pmntity of which the squares 
and higlier powers may he neglected, the displacement being 
supposed to bo slight : hence the equation of motion is 


42 -+«+« = 7 ^/(»+') 


= 7^- {/(»)+«/'{«)); 

•. ^ + j 1— ES3 0, (143) 

f{a)y ^ ^ ’ 

which is an equation of harmonic motion whon/(«) is greater 
than «/'(«); consequently the orbit is stable or imatahlo accord- 
ing as /(a) is greater or loss than a/' (a). If /(a) = «/'(«), 
z is constant and the orbit is circular. 

If the orbit is stable, the angle between two successive apsidal 
distances tt 

gj; >iiiiiii«iiii«ii . iii : ii> p i ,rr i r i! ii . imM mri ii n * 

( . «/'(«) 1* (1^^) 


7(«r ^ 


If the force varies inversely as the wth power of the distance, 
f{u) = and/'(?i) = ix{n-2)u^~’ •. oonsoquontly 

= (i«) 

/(«) 

and the orbit is stable or unstable oocording as « is loss than or 
greater than 3, If ra = 3, the orbit is still circular. 

Also the angle between two sucoessivo apsidal distances =s 

—21—- . If « = 2, that is, if the force varies inversely as the 

square of the distance, the angle hetwoon two sucoessivo apses 
= w. If the force varies directly as the distanoo, that is, if 


TT 

w = — 1, the angle between two sucoessivo apses sa -g • 

This example is Prop. XLV, Seot. IX, Bk, I, Newton^s 
Principia. 

Ex. 6. Two heavy particles m and mf are connected by a thin 
inextonsihle string of given length a *. the string passes through 
a small hole in a smooth horizontal plane j «*' hangs vertically 
downwards, and w moves in a curve on the piano: determine 
the motion of m and of m', and the tension of the string. 
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a great measure^ a ^osteriorL In tie preceding pages tiese 
properties have been applied to various kinds o£ laws of im- 
pressed momenta: some have had their sonrce at an infinite 
distance, so that the lines of action of the impressed momenta 
on a particle in its different positions are parallel : of some the 
source has been in a point or centre at a finite distance, which 
can be conveniently taken as the origin of reference : and thus 
we have shewn that the pure science is comprehensive enough 
for all kinds and for all laws of force. But as our object now 
is the investigation of the motion of a system of bodies which 
exist in cosmos, the questions which first meet us are. What is 
the nature of the force which acts on these bodies ? is it a cen- 
tral force? or is the centre, if there is one, at a distance so 
great that the lines of action of it must be considered parallel? 
And again, if the acting force is a central force, with its centre 
at a finite distance, what is the law of force ? is it attractive or 
repulsive ? is it periodic ; that is, does the law of it change firom 
time to time ? and at regular intervals ? and is it a central force 
varying as some power of the distance only ? and what is the 
law according to which it varies ? does it vary inversely as the 
square of the distance ? or according to what, if any, power of 
the distance ? And what is its absolute force ? is that constant 
for each one body in its orbit ? is it the same for all bodies in 
their orbits ? or is it periodical ? Surely to all these questions 
the reply must be sought in observation. Hypotheses non finga-- 
mus. Although when the nature and the law of force, which 
the Almighty Creator has impressed on cosmical matter, is 
known, we do perceive wisdom and fitness in it j yet it is not 
our prerogative to assert that such or such must be the law : it 
may be that the law of the inverse square of the distance is 
simple, because then spherical and spheroidal shells attract an 
internal particle equally in aU directions, see Arts. 198, 205; 
because then a sphere composed of a series of concentric 
homogeneous shells attracts an external particle with an effect 
the same as if it were condensed into a particle at its centre, 
Art. 195 ; because it is the law of attraction of matter, when 
none of the influence is lost in the process of propagation, 
see Art. 215 : because it is that law for which the angle be- 
tween two successive apsidal distances is 180°, see Art. 401 : 
yet of no one of these reasons, nor of all collectively, is the 
cogency such as to necessitate the existence of that law. We are 
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and I propose therefore to investigate the process by which our 
equations, deduced as they are from the alistract principles of 
dynamics, may bo so applied j and also to prove some few ele- 
mentary astronomical tliooroms which are immediately conse- 
quent upon them. I must observe that the explanations will 
bo of motions as they are, and not as they appear to us on the 
surface of the earth : wo are upon one of the planets which 
circulate about the sun, as a secondary about its primary j and 
wo are therefore subject to displacement j and to displacements 
of two kinds : one of which is duo to tho absolute motion 
of the earth in space, by reason of which its centre is carried 
forward about 1 9 miles every second of time, and the distance 
between its places at an interval of six months is about 184 mil- 
lions of miles : and the other is owing to the diurnal rotation 
of tho earth about its own axis, so that m tho diameter of the 
earth is nearly 8000 miles, a person at the equator suffers a dis- 
placement to this extent in the counso of every 12 hours, and of 
an observer at a place tho latitude of which is A, the displace- 
ment is 8000 miles x cosAj those effects are called parallax; 
tho former is the annual, the latter tho dhmml, parallax : so 
that tho motions and displacements of tho heavenly bodies do 
not appear to us to bo what they actually are. Thus another 
planet appears to us to have a motion soraotimes in one 
direction, sometimes in another, and at other times appears 
to bo stationary. In tho following account, to antioipato the 
sequel, tho sun, which is the oonlre of our system, will be 
supposed to bo at rest, and tho planets will bo supposed to 
circulate around it j and tho system of rofereneo is said to be 
heliooentario. 

Now the equations and results which have been proved in the 
preceding pages are, m I have said, founded on principles of 
the abstract science of motion 1 thus tho cinematical principles 
have been deduced from the relation of moving matter to time 
and space : inertia has been assumed to be a property of matter 
as the subject .of motion, and tho principle of equalizing im- 
pressed and expressed momenta has been founded on it. Instances 
also have been quoted wherdba cosmical matter fulfils these con- 
ditions, and, as the laws of inductive philosophy authorize, a 
property which is proved to be true of some is extended to all 
cosmical matter. Otber members of the solar system however 
do not admit of direct experiment, and thoroforo the proof is, in 




unsatisfactory his proofs of these laws may seem to us, yet 
modern astronomy has completely verified them. 

The three laws are — 

I. The sectorial areas described by the mdAmAiector of a planet 
in its motion about the sun are proportional to the times of diC- 
scribing them, 

II. The orbits of the planets are ellipses^ in one of the foci of 
which is the sun, 

III. The squares of the periodic times of the planets are propor- 
tional to the cubes of the semi axis major (or mean dhtance^). 

Let us translate these into their mathematical equivalents;, and 
deduce from them such mechanical laws as they contain. 

(1) By law I. equal areas are described in equal times : 
therefore when the areas and times are infinitesimal^, the law 
stiU is true; in which case we have 

r'^dO^zhdt: (149) 

and changing to rectangular coordinates^ 

r* = 6 = tan^^ - ; 


de^ 






so that (149) becomes 
therefore differentiating, 

cPy d^x 

d^x d^y 

'dF _ ^ 

X y ' r 

if p = the resultant expressed velocity-increment, and tends to 
diminish x and y ; 


-ydx = hdt\ 


= 0; 


— — ^ 


(150) 


(151) 


d^x ^ X d^y _ y ^ 

■■ W IF 

that is, the axial-components of the velocity-increment are the 
resolved parts of a central force p; the force therefore, under 
the action of which a planet moves, is a central force, of which 
the place of the sun is the centre. 

* In astronomy if a quantity contains periodic and non-periodic terms, the 
value of it, when the periodic terms are omitted, is called its mean value, Thus 
the focal radius-vector of an ellipse is, (loo), Art. 393 , r = a(i— ecos to), where 
cos w is a periodical quantity : and thus a is the mean value of r ; a is for this 
reason called the distance. 

PEICE, VOL. III. 4 B 
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tlioreforo compelled to have recourse in tiro first place to obser- 
vation, by which we may detect such facts as will enable us to 
discover the mechanical laws of which they are the effects. The 
necessary observation was made by John Koifier with marveUous 
industry and ingenuity, aird the three laws which ho discovered, 
and which have since been known by the name of Kepler’s Laws, 
constitute the basis on which mechanical principles are applied 
to the solution of the problem of planetary and lunar motion. 
John Kepler was born in 1671 : Galileo, to whom we owe the 
law of inertia, and therein the first correct principles of me- 
chanics, was born in 1664: and Newton in 1642. Thus when 
Galileo had first stated in a ii'uo form the fundamental axioms 
of mechanics, and when John Kepler had enunciated those laws, 
which, when translated into mathematical language, as we shall 
just now do, are pregnant (approximately) with all the results 
of physical astronomy, that great philosopher Sir Isaac Newton 
was born; for whom it was reserved to constraet the general 
science of which Galileo had given the axioms, and to apply 
it to the explanation of the solar system, the observed laws 
of which had been discovered by Kepler. This is one, and 
perhaps the most remarkable, instance of a groat genius being 
brought into tho world exactly at the time when, so to speak, 
the materials of his work wore ready. Tho Greek geometers 
had sufficiently examined tho properties of conics in addition tc 
tho ordinary elements of geometry : Galileo had laid the foun- 
dation of dynamics ; Kepler had enunciated tho planetary laws 1 
it remained for Newton to assimilate those elements, and ouf 
of them to form that structure of physitml astronomy which ths 
Prinoipia contain : D’Alembert, liagrajige, and Laplace suhso. 
guently elaborated, and wellnigh completed, the work whiclj 
ho began. Adams and Lo Vorricr drew inferences which ob- 
servation confirmed, and thereby tho severest test of truth was 
satisfied. 

403.] Kepler’s observations wore at first chiefly confined te 
the planet Mars; and after long and assiduous study of ih 
motion he enunciated the first two of tho three following laws : 
and subsequently his observations wore extended, and he onum 
ciated the third law. Tho fi^rst two laws were extended by hia 
analogically to all tho planets j tho third law ho discovered from 
a comparison of the numbers which a table of the quantiti® 
comaponding to tho several planets exhibited. And howevei 
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peculiar nature^ and connected with it by its own peculiar tie. 
The resemblance is now perceived to be a true family likeness ; 
they are bound up in one chain; interwoven in one web of 
mutual relation and harmonious agreement; subjected to one 
pervading influence^ which extends from the centre to the farthest 
limit of that great system^ of which all of them, the earth in- 
cluded, must henceforth be regarded as members 

Thus from these three laws of planetary motion we infer 
(1) the nature of the force acting on the secondaries of the solar 
system ; viz. it is a central force, of which the source is in the 
sun^s centre : (2) the law of the central force : viz. it varies 
inversely as the square of the distance : (3) the fact that the 
absolute central force is the same for all the planets : and the 
proper work of physical astronomy is to deduce from these 
dynamical facts the results which they contain : the nature of 
the problem therefore is the same as that of those which have 
been investigated in the present Chapter. 

404.] The preceding laws however are only approximately 
true; it is assumed in them that the sun is fixed, and the 
motion of only one body about the sun is supposed : whereas 
the sun is attracted by, and moves towards, the other bodies of 
its system : and the motion is relative, not absolute : thus 
as the absolute central force in Art. 365 is the sum of the 
masses of the attracting and the attracted bodies, so if « is the 
mean distance of a planet^s orbit, and t is the periodic time, by 
(28), Art. 381, 

T = — (154) 

{yifL 4» M)t 

and thus (the periodic time)^ varies directly as the cube of the 
mean distance, and inversely as the sum of the masses of the 
sun and the planet. In the solar system however the numerical 
correction of Kepler^s third law thus introduced is too small to 
be of any importance, the mass of Jupiter, the largest of the 
planets, being much less than a thousandth part of that of the 
sun. Again, in the first two laws we have assumed one body to 
be moving about the sun, and attraction to exist between these 
two bodies only ; whereas all the planets attract each other ; 
and thus the elliptic orbit of each becomes disturbed. The 
method of investigation pursued in these and similar problems 
is, firstly to seek a solution in the simple, although inaccurate, 

* Outlinee of Astronomy, Art, 488, 4th edition, London, 1851. 
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( 2 ) Since tlie orljit is an ellipse, having the sun's cent 

which is the centre of force, in one of the foci, let the equati 
to it he a(l— e*) 

^ ■" i+fl COS?' 

If therefore v = the central force, by Art. 380, equation ( 21 ), 

_ /i* 1 . 

a(i~ZrSij>T* (16 

and thus the central force varies inversely as the square of t 
distance. And therefore from Kepler's second law we ini 
that the planets move about the sun under the action of a foi 
in the sun's centre which varies inversely ns the squaa*e of t 
distance : this law is called ike law qf gravitation, and t 
planets are said to gravitate towards the sun. 

(3) Let T sa the periodic time in the planet's orbit : then tl 
third law asserts that t’ s* ca* j where e is a constant. Now 
^ e= the absolute central force, from (152), 

Also from (18), Art. 370, 

g __ 4w’tf*(l — e») 47r‘a* 

T _ _ 

and equating this to the vidue of t" given by Kepler's thii 
law, we have 4 

(16 

and sinoe e is constant for all the planets, so is /* : that is, tl 
same absolute force in the centre acts on all the planets 5 ai 
modified by the distance of the planete retains them all in the 
orbits about the sun. And here I cannot but quote the 
quent words of Sir John Herschel t « Of all the laws to whi< 
induction from pure observation has ever conducted man, th 
third law of Kepler may justly be regarded as the most remarl 
able, and the most pregnant with important consequence 
When we contemplate the constituents of the planetary systei 
from the point of view which this relation affords us, it is 1 
longer mere Analogy which strfices us, no longer a g 0 nM!i 
resemblance among them as individuals independent of eac 
other, and circulating about the sun, each according to its ow 
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tliat is^ as the earth, moves in its path, about the sun^ the aTis 
about which it rotates always points (approximately) to the 
same star in the heavens : and this star receives the name of 
the jpolar star: the stars being at distances so great thatj 
neglecting small variations^ the earth^s axis during the whole of 
the eartVs orbit about the sun being produced passes through 
the same star : hence we infer that the eartVs axis is parallel 
to itself through the whole of the orbit : but as the polar star 
is not in the normal to the ecliptic^ it appeal’s that the axis of 
the eartVs rotation is not perpendicular to the ecliptic : the 
mean value of the angle between it and the normal to the 
ecliptic is found to be 23° 27' 30". Now this fact gives rise to 
the seasons^ and to the varying lengths of the day and the 
night on the earth : thus^ in fig. 132^ let s be the sun^ and let 
k, B_, 0^ D be four positions of the earth in its orbit : p q being in 
each position the polar axis of the earth. It is evident that as 
the polar axis always retains its line parallel to itself^ in two 
positions of the earth^s orbit it is at right angles to the line 
drawn from the centre of the sun to the centre of the earth : let 
these positions be a and c ; and at another position^ say the 
angle between the polar axis towards the norths say and the 
sun^s radius- vector is the least acute angle^ being 66°32'3Q"j 
and at another position the angle is the greatest obtuse 
angle^ being equal to 11 3° 2 7' 30". It is evident also that the 
positions A and c are at the extremities of a diameter of the 
earth^s orbit, and that b and n are at the extremities of another 
diameter, which is perpendicular to the former. As the. sun 
illumines only that part of the earth which is turned towards it, 
so is one half of the earth always enlightened, and the other is 
darkened : now in the position a, the diametral plane, which 
divides the enlightened and the darkened parts, passes through 
the two poles : and therefore as the earth during 24 hours 
revolves uniformly on its axis, so does every place on its surface 
describe half of its path in the light of the sun, and half of it 
out of it : thus the length of day and night is equal at every 
place on the surface of the earth j and hence the term egimtox; 
and the earth in such a position is said to be at the equinox. As 
0 is the other place in the orbit where the sun^s radius-vector is 
perpendicular to the earth^s polar axis, so is o also the other 
equinox : the preceding circumstances give, it is to be observed, 
the physical definition of equinox ; viz. that position of the earth 
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and a is the resultant of the three forces. Ijet the direction- 
angles of its line of action he a, b, c; then, by (Hiuatiuu ( 22 ), 

x = acosa, Y = acos^, z =11 cose. (64^ 
Hence, conversely, any force P, acting at o, tins dirctd ion-angles 
of whose line of action are o, y, may be resolved into three 
forces X, t, z acting along the coordinate axes, such that 

x = P0osa, Tsspoos^, Z = pcosy. (55) 

31 ] Next let us take the «»8e of many forces acting in any 
lines at the point 0. 

Let the forces be p„ p„ ... p,; and lot the dirwiiou-ungh's of 
their lines of action be a„ y, ; a„ yst . . -a., y„ ; let thwo 
be resolved severally along the coordinate axes, aiul let x, v, 
be the sums of the resolved parts along the axes respectively 
Gf(»,y, and^!; then 

X = p, C 08 a,-|-P, cosa»-|- ... +P«C08a„ ■ 

?= 3.P cos 0 ; 

YrsXPCOB^; I 

z = 2.P cos y. J 

Let R he the resultant of all the impressed forces ; and lot the 
direction-angles of its line of action be a, 6 , e; then m the 
resolved pacts of E along the three coordinate axes are etjual to 
the sum of the resolved parts of the several eomponents along 
the same lines, 

RCOSC! = X, BCOsJssY, EOOSCaaZj ( 57 ) 
and squaring and adding, 

»*«x*+Tr’+z “5 (681 


and the equations to the line of action of tho resultant are 


Also from (68), 
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form; and subBequontly to correct it by the introduction 0 : 
other elements which enter into it. Thus the elliptic motioi 
of a planet is a first approximation to the actual orbit : and sub 
sequently we prove that the size and position of the ellipa 
undergo certain changes, the magnitudes of which can be ex 
pressed in terms of the time. 

Hereafter it will be shewn that when a body of finite dimen 
sions moves in space, and its particles are under the action 0 
many forces, so that it has motions both of translation and c 
rotation; so far as the motion of translation is concerned, w 
may consider all the impressed forces to bo applied, each in ii 
own intensity and in its own lino of action, at the centre c 
gravity of the body, and the motion of translation of the centi 
will be the same as it is in the actual motion of the body. B 
virtue of tbis theorem thei’eforo we may consider the planets t 
bo condensed into thoir centres of gravity, and thus to move 1 
material particles about the sun. 

406] The motion of the centre of gravity of a planet is, I 
reason of Art. 378, in one plane, which also contains the cent 
of the sun. Thus if lines are drawn from the centre of the si 
to the centre of the earth in all its positions, and if those lin 
are produced to the heavenly vault, it is found that all of the 
are in one and the same plane; and the piano in which tl 
centre of the earth moves is called tM plans of ths ssUptio .• 
it, for the present, the motions of tlio other planets are referre 
Also the fixed stars which are in the plane of the eeliptio a 
called eeliptio stars. Of the ellipse in which the centre of t 
earth moves, the mean distance is about 92 millions of mili 
and the oocontricity is 0.0167836*; so that the distance of t 
centre of the ellipse from the sun is about 1,644,091 miles; t 
eccentridty however is of such a small amount, that if the orbit 
drawn witih a major axis of 10 feet, and a circle is also drawn 
the ma.ior axis as a diameter, the difforenee between the two v? 
not be sensible at any part of the curves. Suppose now in fig. I 
the plane of the paper to be the plane of the eeliptio ; and let 
suppose the path which the centre of the earth describes ak 
the sun to he (approximately) a circle, of which the centre is 
the place of the sun, The positiion of the plane of the eolip 
having been determined by observation, it is found that \ 
earth's axis is always inclined at the same angle to tlmt plar 
^ Seo the ayiioptloal tabk in Hewahd’i Onilkis of Aiironnmy. 
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takes place eacli year 50.2" nearer to d than it did in the pre- 
ceding year. As the earthy’s axis has the same mean inclination 
to the normal of the eeliptioj the effect of this shifting of a, or 
of the precession of the vernal equinox, as it is called, is a 
change of the polar star j and so that in the course of as many 
years as 360° contains 50.2", that is, in the course of 25,868 
years, the pole of the earth will describe a circle in the heavens 
about the pole of the ecliptic, the angular radius of which is 
23°27'30"; and thus the polar star is continually changing. 
After a lapse of 12,000 years, says Sir John Herschel, the bright 
star a Lyrse will become the polar star of tlie earth. In addi- 
tion to this regular precession of the equinoxes, there are also 
in the mathematical expression certain periodic terms, by reason 
of which the axis is sometimes in advance of, and sometinms 
behind, its mean place : and sometimes nearer to, and at other 
times farther from, the pole of the ecliptic. These vamtions 
are called Nutation. A complete investigation is given in the 


following volume of the present work. 

Now a certain line passing through s is required from which 
angles may be measured : it might at first sight be thought 
that the major axis of the eartVs orbit would serve the pm- 
pose ; but by reason of the disturbing action of other bodi^ 
which circulate about the sun, the position of the m^or axis 
changes so much that it is ill adapted to such an use : and the 
line which is best suited is that which passes through one of 
the equinoxes or one of the solstices: and it is usu^ to take 
that which passes through the vernal equinox : that is, the line 
drawn from s to the centre of the earth at the position A. The 
fixed stars in the plane of the ecliptic have been divided mto 
twelve equal parts, each consisting of 30°, and which are 
by the names of " the signs of the Zodiac and the constefi^ 
tion Aries began at the position of the vernal equinox at the 
time when the names of the zodiacal constellations were given : 
but by reason of the precessional motion of the equinox, t e 
vernal equinox has now passed out of the constellation Anes 
and is nearly at the beginning of Pisces j the ^e howevj 
drawn from the centre of the sun to the centre of the earth at 
the vernal equinox stfil bears the name of ^ 

through the first point of Aries,” and the erfi at^^e vern 
equinox is said to be in ^'the first point of .^es. ^les 
measured on the plane of the ecliptic from the hue drawn 
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»« it* orbit, ttt wliiolt tho «rth’B jwkr axis ia perpendicular 1 
tlie belioccntiie mliui-veeUir of the earth’a eeiitre. Let a 1 
the jK«tioM of the earth at the vernal «|iunox $ o its position i 
th® aotumioal wptinox. 

Thus B is tho jwwitiou of tho ciuth in the Bummer, wli< 
i* 3’i' 3o", anti which is ojillwl fke mmmm‘ sokUoei • 
thi* maw, a* tho mrth rovolvw about itt axis, the norili pole 
ttiul «U jila««a within the oirob doaorilwil by b as the ear 
rovwivoa, are within tho onligliUintHl part of the sphere dusii 
tho whob of a ri'volutbn } ao that tho north pole and all pla* 
within tho oirclo (Uto goojfraphioal arotb circlo) whioh is dista 
i3*'i7*3W" from tho pitb have continual light for 24 hotu 
am! tho wmth jHtb 4 atul all pbtwa within 2S'’27'30" oft 
*uuth jm 4 o C"^‘*bin tho gi-ogtaphioal antmstio cirole) are in t 
ilarkoitotl |«irt t«f tho aphoro, anti w have night during the 
hoiiim ! anti f»»r all othor pbwa, the day dooroMoa as we p 
from tho arotie b* tho antnrotie otresb, at tlie equator \ 
h?«gth nf the day bnng ovidontly 12 hours. It appears the 
fww* that th» north pb \vm during the summer oontinual hj 
for »s immlhi, and that the aouth {mb has twiitinual darbu 
In thn fourth famtiwn, 'rb. », of tho oarlli, all the above phaei 
inona are exactly invortisi, the north pole and all plaoM wit 
the an’tio cirole are immenwd in total darknetw during i 
whole diurnal rovidution, and all plaew within the antan 
circle have wntiinwl light ; and we have tho phaeaomwa 
iPiirfer mitlkv. 

4 <M 1.3 If tli« Mirth wore a perfoet sphere, tho equinoxes i 
tho WMidd «vt?ry year take place at the same pomh 

tli« of tit# oartii ! hut aa tho cartli i« (approximatriy) 
fddat# sfliorwid awl jwolvai almut ib iwbr axi*, and as the j 
la not pwjmndiettkr to tho plane of the cdiptie, the sun 
equally attwota tho pwtsdwwnt mswM at the earth's equa 
by rinwm of tite dilfereneo of their dbtanoM fVom &e smi, 
tliiw ptodutswi a fibangp in the position of tho «« of roW 
'Hm r»«jltont ofihob of this inequality of attraAn is to 0 
tho oqninoxM and atdatimw to place at poinb in the t 
»l««l so.4" in advanoo of the pointo of tho previous yw. 
«i«ihtr efleot is abo prodittod by the attraction of the m< 
and awthw of mnaibr amount, and in an opp«ito direction 
th* plancto. lait u« oonfine our attwiUon to the vemsl equi 
that vb. when the earth haa the position a, Tlius theposiri 
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of the ascending node, the longitude of the perihelion distance 
e mean distance, and the eccentricity, completely determine 
the plane, the position, and the magnitude, of the ellipse in 
which a planet moves. For the determination of its position 
m Its orbit at a given time, two more elements are required : 
(1) its position at a certain given time : (2) the mean motion, 
w lie assigns mean Velocity ; or, and this is equivalent, the 
periodic time: this last element, see equation (154), Art. 404 
requires a knowledge of the mass of the planet. The time at 
which the position of a planet is given is called the epoeJi, and is 
in the ordinary tables of planetary elements taken to be Jan. 1, 
1800. The other element is the mass. Thus these two together 
TOth the preceding five are suflicient for the complete determina- 
tion of a planet in its orbit : the first five and the seventh must 
be found by means of observation : the sixth is evidently arbi- 
trary, and must therefore be conventionally assigned. 


408.] Now the problem of the planetary theory in physical 
astronomy is the determination of the position of a planet at 
any time, when its position at some previous time is known by 
observation or otherwise : and the simplest form of the problem 
is when the planet is assumed to be moving in its own plane 
about the sun, and to be undisturbed by any other body : and 
this is the only form that I shall venture to enter upon in this 
treatise; so that the inclination, the longitude of the line of 
nodes, and the latitude of the planet will not enter into con- 
sideration; we have therefore to determine (1) the angular dis- 
tance of the planet in its own plane from a certain fixed line in 
that plane, which I shall assume to be the perihelion distance, 
the epoch being the time at which the planet is in its perihelion ; 
and (2) the planeFs radius-vector, in terms of the time which 
has elapsed since the epoch. And from Art. 393, the equations 
which connect these quantities are 



(156) 

(156) 


r = a(l— ecosw); (157) 

which are three transcendental equations ; in the first v, and t 
are connected; and in the second and third 6 and r are given 
in terms of u ; om- object therefore is so to express % in terms 
VIUCE, VOL. III. 4 c 
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though the fo^t pomt of Arie« are mll«l Lmsim^ 
thorn imimnlmikv to the plane of the eeliptie are called i? 

thwB terms lieing- used heliooentrieally, and thus afford' 
inf a oomplote syatem of sphorieal eoordinates. The effect of 
t^e priK-wum of the «iwinox k to incrtjaae the longitudes of al 
th0 f!x«l «taw annually hy so.a"; and thns the values of th^ 
quautitiw finm in tJie artroiwmiml tables become vearlvZ • 
th«r and farther removed from tha true values. J' ar- 

407.3 Aithonfh th« orbit of m-h planet is in a plane con! ' 
tmninf the «un’« wntre, yet all the orbits are not in one ^ 
tliif iiiiri© iilitt© j mnilwt do all tliii ^mm of tho planote in' 
tow«‘t the wliptie in one and tho «imo lino: and therefor^ 
for the determination of tho piano in which a planet moves in 
Mderomai to the tudiplie it is net>c«jary to know (i) the auglo of 
inelnmtion of the plane of the planet's orbit to the plane of the 
ischptto : ('il the bnf itnde of the line of intersection of tho two 
plmjwj fhw line of intor«w;tion is mWi'A fh /he ^mdmj the 
IHimt »t which the planet passtw through the plane of the ecliptic 
in Its passage frtnn the south to tlm north of the eoUptio hdng 
ealh^l mmuih^ mtik, and tho other bing oidled Ihe ck. 
mmSnp wmh. For the detorminatiou of the position of the 
orbit m Its own piano, it i« necowwy to know tlio position of 
tho tfiiyor axis of tho ellipse with reforenoe to the lino of nodes: 
tho i«.int« in tho orhit whtoli aro at tho greatest and least die! 

from tho sun, and whioh are of oourw th® extremities of 
the m^or axis, are' oallod lAe itpMk» and tie jmlkd'm of the 
planet j and^ tho pmation of tho mtyor axis is twnally detennined 
by mi«»s of the anghi botwwn tho tine of nod«i and the peri- 
hdion dwtettoo} but aa tlie inolination of tho planw of alliie 
Iw^ger planotM to the oeliptto t* vojy small, the projection of this 
angle on the plane of the ooliptic is very nearly eciual to the 
angle itnelf in ito own piano : and m wb are obliged to hate " 
reoonrw to appreximationa in all preliloms of this kind, the 
longitutle of jieriholion w {jommonly given { which a the angle 
between the line of Ariai and tha jiorihelion datanoe, and- 
whioh M raoaanred on the plane of the eeliptio as far a« the line 
of mxl», and on the piano of the planet'* orbit from tlwt line 
to tho iwrihelion distance, AfpJn, tho magnitude of the orhit 
ut detonninod by inoana of the aomi m^jor axia or mwn du-' 
tanee and tho mfontrioity. 'nuacs five ipiantities, whioh am 
wind eitfmcHig oj tie oMt, vk. Ui© inolination, the longitude 
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409.] 


But 


__ (1 + 6 )^ — ( 1 — 0 )^' 

1 — (1 — 6 ®)^ 6 ^ 

- . - = _ + 


( 161 ) 


Thus to express 0 and r in terms of f we must find sin w, 
sin2Uj siii3«^, ... and cos in terms of t by means of (155); 
and for this purpose tbe theorem of Lagrange^ see Differential 
Calculus^ Art. 90, is to be used, being indeed discovered for tbe 
solution of this very problem. 

409.] Given u = sin it is required to find Uj sinuj 
sin 2 sin 3^^, . . . cos in terms of ^ and e. 


If = (162) 

then by Lagrange^s theorem, 


/(y) =/m/'(^)<p(^)j 
+ 5{/'MWW}-}^ + 




1 . 2 . 3 '*' 


and comparing (162) with u = n^ + esinii^ we have, by means 
of this series, 

a? cl ... x'^ ‘ N, 

X d ^ a?® 

siny = sm -I- cos ^ sin ^ Y + -^ {cos^(sin^)®} ‘.. 

X d x^ 

sin 2y = sin2;3?+2 cos2^sin^- + ^ {2 cos 2.2;(sin;8f)^} Yy + ••• 

X d x^ 

sin3y = sin3;8? + 3 cos3^sin^-- + -y- {3 cos 3.2:(sin;2:)2} 

1 cCz 1.2 


X d x'^ d^ x^ 

cosy = cos^-(sin^)» (sin ^ (sin ^)‘ + • 


Therefore substituting 
6 

u = nt+sinint-- +sin2^ij^— +(3 sin 3 sin ^25) — + ... 

1 1.2 o 

G . . 

sin^^ = Bin^i^H-sin2^ii^- + (3 sin 2nt---sinnt) -- + ... 

2 o 

sin2«^ = sin2^i^-j-(sin3 7i;^— sin?^25)e + ,,. 


sin Zu = sin 3 + . . . 
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of t from (1 S5), tlmt wo may bo able to express 0 and r in terms 
of t also. Tlio problem is known by tbo name of Kepler’s 
Problem. 

Wo know by observation that tbo occontricity of tbe orbits 
of all tbe larger planets is very small j so that tbo funotions 
wbicb require expansion may bo expressed in ascending powers 
of e, and tboroby terms involving powers of e bigber tban^ say, 
tbo third may bo omitted 5 n, it will bo observed, is given in 
equation (102), Art. 393 ; and as tbo motion is relative, if 
M = tbe mass of tbe sun, ?» = tbo moss of tbe planet, a = tbe 

mean distance, 4. 

^ ‘ ■ (168) 




Wo must in tbo firat place expand 0 in terms of u. In (166) let 

1 + - 

-- - 


and sinco 




1 -a 
(— l)i tani* : 
tberoforo from (168), 

(» + 1 ) — (? 4 ~ 1 ) 








(169) 


Let 


m- 


m+l 


= A,- 




1— 


l—X#''”* 

and tiWng tbe logarithms of both sides of tbo equation, 
fiVCTT SB «^/^+log(l~Xl^-«'^“i)~log(l-X(S«''-0 




x» 


2 






A>(P«?P9«Wsaw jiitmasa 


2 


X® 


x« 






■i) + ... 


ns/^l + %k*y —I sin a 


X» 


+ 3~o/^^sm2« + 2 

d 


X» 


•/—I 8m3« + , 




X* . X* 

?«+2 {Xsinw-p ~8m2# 8in3i»+...}. (160) 

m .B 


-I 
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therefore substituting these values in (167) and (160), and also 
replacing \ by its value from (161)^ and omitting terms in- 
volving powers of e liigber than the third, we have 

6 sin 2^^+-^ (13 sin3^2f--3sin^2{) + ... ; (163) 

r =ia{l — 6008 ^^+-— (1 — (ios,2nt) — ■— (eos3^i^— cos72z5)4- (164) 

which give us the true anomaly, and the radius-vector, in terms 
of the mean anomaly or the time, the approximations being car- 
ried correctly as far as terms involving the cube of the eccen- 
tricity; and omitting periodic terms, we have for the mean 
values of 6 and r, 

6 = nty (the mean anomaly), (165) 

y = a(l + ^)- (166) 

If the line from which the angles are measured is that drawn 
through the first point of Aries, so that we have longitude in- 
stead of anomaly ; then, if Q is the longitude of the planet at 
the time t measured in the manner explained in Art. 407, and 
if 'US is the longitude of the perihelion, measured in the same 
manner, Q in (163) must be replaced by O—ist; and if the 
time begins, that is, if ^=0, when the planet is at a place whose 
mean longitude is e, then in (163) and (164)'^/^ must be re- 
placed by + -cr. It is unnecessary however to write down 
the preceding equations when these substitutions have been 
made, as the form of them is of course unaltered; c is called 
the epoch. 

410.] The preceding method is that which is most convenient 
when the equivalent values of r and Q in terms of t are required 
to high powers of e, say to or higher. If however only the 
first three or four terms of each series are required, the following 
process of successive approximation may be employed : 

Since dS =^hdtj and ^=: {/xa (1 — 6^)}^'; 

dt z=z — j (1 — (1 +6 cos 0)“^ dQ; 

whence substituting as in (102) Art. 393, and expanding as far 
as e^, we have 

ndt = (l {1 —2 1 ? cos 0 + 3^2 (cos By —-4^6^ (cos 0)^} dO 

3^2 

= {l — 2eeos^+ —GOs2B—e^<^o^ZB^d6, 
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^^Jiposing 25 = 0 when ^=0 ; that is^ assuming the epoch to 

the planet is in perihelion^ 

3 6^ 6^ 

nt = d—2e sin 0 + — sin 20 — ^sin 3 0; (167) 

»T:x . . ^ • 

* series gives the mean anomaly in terms of the true 

But as the true anomaly is required in terms of the 

^ ^homaly^ it is necessary to revert the series : this process 

^ ^ted by means of successive approximation. From (167) 

^ 36^. . 

0 = ni^-i’2e sin 0 — sin + — sin3^; 

4 3 

]iave tlie following successive approximations to the 

e Of ^ ; 

) 0 = 

0 0 = M^ + 2iSsin«#. 

) 0 = 2 e sin {nt + 2 ^ sin nt'\ — — sin 2nt 

3 

= ^25 4- 2 ^ {sin 4- 2 sin nt cos nf) — ^ sin 2 nt 

5^2 

:=znt-\-2e sin^^^^ + — - sin 2nt, 

4 

5 

) (9 = + 2^ sin {^^ + 2^ sin?i^+ — sin 2nt'\ 

3^2 ,6^ 

— j- sin 2 [nt + 2 6 sin nt] -f — sin 3 nt 

^ O 

5 6 ^ 

= ^^;^+2^sin^254 — ^ sin 2;j2f+— (13 sin 3^^— 3 sin ^e;^) ; 

3li last is the same value as that given in (163). The labour 
OA^er required in investigating higher approximations is so 
that the former method is far easier. Again^ 

a (I— ‘6^) / N / 

f L == a(l—e^) (1 +^cos^)“^ 

= a [l—e cos 0 — e^ (sin Oy}^ to terms involving ; 
XLoe we have the following successive approximations : 
r a. 

r =z a [I --e eos nt), 

r = ^2^{l— ecos^z54 — (1— cos2^j5)} ; 

cFl is the same result as (164). It is unnecessary to calculate 
tior terms, for the labour of doing so becomes very great, 
ill-] The excess of the true anomaly at any time over the 
ti 3 . n-nomaly, that is, 0—nt, is« called by astronomers the eq^ia^ 
, < 2 /" centre ; and is positive or negative according as the 
dot is in advance of or behind its mean place : the equation 


^(1—6^) (1 4^cos^)“^ 
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of the centre evidently is zero at perihelion and at aphelion. 
The point in the orhit at which it is a maximum may thus he 
foirnd. 

Since by (10) Art. 379, (93) Art. 392, and (102) Art. 393, 

=■ hdt 

z=zna^[l—e^)^dt-, (168) 

therefore /ys n 5-2 

d{e-nt) = ^ , J d6-, 


(l_e“)l 

and this = 0, if r = a (1 (169) 

that is, when r is a mean proportional between the two prin- 
cipal semi-axes. And to determine the corresponding maximum 
value of the equation of the centre, let e represent it; then 
B = 6 — nt ; 

= 0— sinw. (170) 

But from the equation to the ellipse, and from (169), 

3e Se\ 

T 32 ’ 


cos 8 = ■ 


^ TT 3e 21e=' , 


(171) 


Also from (157) and (169)^ 


cos = 


3e^ 

32 


+ 


77 e 37 

• “ ~ 2 ~ i ” 384 ’ 

(172) 

e’ 


esxo-u =e— 


lle“ 

E = 2 <3 4-—^ -L. . . , 

(173) 


which is the maximum value of the equation of the centre. 
And since from (172) it ai)pears that u is at the corresponding 
point less than 90°, it follows that the equation is a maxiinum 
at a point hefore the planet comes to the extremity of the minor 
axis. It may also hy a similar process he shewn that in the 
passage of the planet from aphelion to perihelion, the equation 
of the ceixtre is a maximum at a point between the extremity of 
the minor axis and the perihelion. 

Also since mean time depends on the eartVs mean position in 
its orbit, that is, on nt, tbe equation of the centre is the dif- 
ference between true solar time and mean solar time, in so far as 
the difrerciice is due to the varying velocity of the earth in its 
orhit : for this reason O-Hiis also called ike eUipik iuequahty. 


PREFACE. ix 

of some of the pregnant principles are different from 
those which are commonly given. Only two of the 
throe ordinary laws of motion {axiomata moPds, as 
they arc called by Newton) are admitted. The truth 
of tii('8(‘ i.s made to depend on and to flow from an 
intidligiblo conception of the idea of motion and its 
inci< louts ; and on an inductive verification only so 
far as tlic science is applied. This distinction is 
importiint, and appears to solve some questions which 
arc in dispute between the two schools of writers 
on Mechanics. The method which I have taken is 
indeed counter to that of most English authorities 
on the subject; it is rather in accordance with that 
of foreign, and chiefly French, writers. If any one 
afti'r rtdlection should hesitate or refuse to admit 
my principles, and the mode of aiTiving at and of 
stating them, 1 must ask him to consider the subject 
from the point of view which the Infinitesimal Cal- 
culuH and a n'asonable conception of Infinitesimals 
{tresent to him ; and which, with great respect for 
the gr(‘at names and the sober judgment of those 
who take the opposite course, I venture to think to 
be the most natural and the most rational. 

The first principles of the science arc drawn from 
an intclligihU; conception of motion itself For the 
mathematical e.Kpression of those, the language and 
the Hjmhols of Infinitesimals are peculiarly appro- 
priate: effects are produced by causes which act 
according to continuous laws: thus the effects be- 
continuously <levcloped, and a peculiar system 
of .symbols is required to express them. New 

id<‘aH iKH’essitate a new language, and now language 
ruicK, voc. ni. 6 


33-1 


A PKKE 1‘AIITICLE. 




!B—d 

=. tzL = 

0-/ 

cos a, 

CO'B 

cosyi ’ 

x—ai 

_ y-/ «. 

a—s* 

00sat 

COB Ps 

oosy, * 


, • . . • 

« * 


S_ y'~y aa 

B-~iy 
c^y. * 

COB 



iiii) 


then the equations to the Hue of aetion of the •» 

„ y-/ „ . («i) 

XPcosa “ 3.voo«^ xtnemy 
32.] Now from the point at whioh the foww »«t» l^t straight 
lines be drawn, wliich are in length ant! dirwtion jpjwmvtrieal 
representatives of the forces : and lot the oxtremitiM i»f thwto 
lines be *^^*'^**' 

be «i, «»j then 

= «, cos «!, 1 sZ—ffTs s, cs« a,» 1 

/— yj = #,OOS/8„ i /—yt = i («S) 

/ —z^ =s #, coayi ; J / — f, sa «, «w y, ; I 

and a.Pcosa = a(/— J”) = — (.r, t .t-rj, 1 

3.P COS^ = 3 (/—y) =s — +A'i + • • 

3.Pcosy ss 3(/ —e)mn / — («, +|f»4' •<■ +• *•)# - 
and therefore (62) heeomo 

x—af „ 

‘ri+<ra + ---4'^it ** / / «. ** "t, f •, i” ” 

M # • 

which are the equations to the lino of aetbn of th« rwmHaiit. 
Tire point whoso coordinate# are 

4-tft+ i't +/i + . • . +!'» 0 1 4- r , 't • r , ^ 

_ " > « ' a 

is that which is known by the name of the gponudrical frnirf tff 
mean disianeeit of the points which arc the «»f th« line. 

represontativcH of 1.1m fom's: inut tliMrcfon* fmm (MS) it apjwi’ar* 
that the line of action of the resnltant pawHoi thrtiugh this |Nmiit. 

33.] Also the inttgriitmle of the rmultant of the pnwwairw*. 
which is of conrsc independent of the partieidar *y»l«m of 
coordinate axes, may thus be found j •!»«» 

X = p.eostt, I j',eo«o,4- ..,4.p«ooiia,, 

Y as i», eos/t, 4 }*, et»«j8,4-... + P,eoi^,, ^ 
t 5= e,eosy,4-i’,cMy,4-...4*'P,eoiy,|_ 

9 3 
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4m.] II Ih ju*c<>,swkry lUr «h ntill to omwdtT ('('rtain proportics 
oi paniliiilic orliilw, lim-jium* Ihew jh mwou t(» Hupp().s(‘ that Home 
fomotH ouiv.' fitlwr in mwh orUitH, or in oIlipHos of wlii'ch tho 
eccejitnoify m wo nearly (-quitl fo unity that tho orl»it.s app(«ar to 
iiw, HO fur aw our «‘iilculiif ions jho when the cometH arc within 
olwrvilfion, ii% Ih» piiralHitk% 

Till' chunentH of n parahoIic> orbit »rt> (wee Art. 'Kt?) only six 
in numlier ; th«* inelinulion unti tho loiij^iimh! of tho lino of 
noilo.H are ri*qniro4 oh in tho oUiptio orbit, wliorohy the position 
oft ho plniHi of tlio oomot’a orbit may Im jotoriuimal, llui lon- 
frituih' of tho poril.olion <Ii«tano«*, tho moan m«*tion, awl tho 
optioli nro alto* roquirwl; ami m tho otwntrioity ia unity, tho 
poriholiou dtMtanoo w Mnflieiont fc»r tho dotormiiuition of tho 
niagnitmlti of tho orbit, 

Ijot u« invtw%ato tho rolatitm botwwn tho time and tho angle 
moftHiirod fmm tlio poriholion diafunoo which in duo to tho timo 
in an olliptio orbit of whiidi tho ocotnitrioity is nearly unity ; 
that is, when tho orbit ia nearly parabolic. 

Ijot 0 = th(s iinglo moiuturotl from the poriholion diatonco, and 
f=sth« oorroHponding riuliuK-voobm, wt tlmt 

r= . 

1 ’i e <*cw a 

iMp ss tho poriholion diwtanm; vi*:, ;j = «(i 

r == 4-<?) (t foooad) (174) 

anti if / s tho time during whitdi d from i»oriholion is deseribod, 
tlum fn»m Art 3HI, (2(!), 


yi* X! grt (I —s’!) ss g|i(l +p)- 


d/! 


do 


(I7r,) 


__ (1+0)1 

_ //l(l+o)S 
111 


do 




r ■ 


do 


j(l ■fo)(ooH^)*y (l-o)(Hin")’j 

( > 1 ^ 

h + a)T ’ 


'K’l' 


M*(l < oji 


(17<;) 


ifE 


l f r' 


I Stl4ll 


whirli in ilwimfiins » iwmil ijiiiiititfi wlion e 
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nearly equal to unity. Therefore expanding (176)^ and omit- 
ting terms involving powers of e higher than e% and integrating 
between the limits 6^Q and 0 = 0, we have 

2p% e 1~-2E/, e(2 — 3 e)^, e 


t 


e , i - 2 b ,, 

+ _^(tan-) 


-(tan|) 


(177) 


e’(3— 4e)/, 4eV, 

. S (tan-)|. 

If tlie orbit becomes a parabola, tben e—l, e = 0 ; and we 
"^1 2 + 3 (^“ 2 ) i ’ 

which result is the same as that before investigated in Art. 381. 

The preceding expressions are those commonly used for the 
calculation of the true anomaly^ and also of the true longitude 
in the case of comets which move in ellipses of eccentricities 
which are nearly equal to unity^ or in parabolas. In the actual 
use of (178)j the determination of 6 in terms of ^ requires the 
solution of a cubic equation which has only one real root. And 
to avoid the difidculty of the solution^ a table is formed containing 
the values of t corresponding to the values of 6 in the parabola 
whose least focal distance is unity; and this being multiplied 
by gives the time corresponding to the anomaly 9 in the 
given parabola. 

As it is very uncertain whether any celestial bodies move in 
hyperbolic orbits, it is unnecessary for us to develope the equa- 
tions which express the relation between the time and the lon- 
gitude in such orbits. 

* 413.] It remains for us still to indicate means by which the 

masses of the planets may be deduced, at least approximately, 
from the laws of elliptic motion. 

If T = the periodic time of a planet about the sun, a = the 
mean distance of the planet^s orbit, if m and m are the masses of 
the planet and of the sun respectively, then by (154), Art. 404, 

(179) 

Let t' be the periodic time of another planet of which the 
mass is and of whose orbit the mean distance is a ' ; then 

2'7ra'^ 




ij/-— ^ 

(m' + m)^ ’ 


( 180 ) 
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But by Kepler^s third law, the squares of the periodic times 
vary as the cubes of the mean distances ; and it is found by 
observation that this law is true with very slight variations; 
it follows therefore that the second factor in the right-hand 
member of (180) is nearly constant : and thus the masses of the 
planets must in comparison of that of the sun be so small, that 
the preceding process does not enable us to determine the ratio 
between them. 

Suppose however the planet to have a satellite ; and mf to 
be the mass of the satellite, / being the mean distance of its 
orbit about its primary, and if being its periodic time ; then if 
m is the mass of the planet, 

therefore from (179), 




m + m 


(181) 


M + m 

Now if m is so small in comparison of m (the mass of the sun) 
that it may be neglected without very great error ; and also if 
the mass of the satellite be similarly small in comparison of the 
mass of the planet ; then (181) becomes 



(182) 


and thus t, t', a, o! having been determined by observation, the 
ratio oi mto M. is known. When this method is applied to the 
determination of the mass of Jupiter by means of its fourth 
satellite, it is found that 


_ ^ 

~ 1066.09 ' 


(183) 


and thus may the masses of all the planets which have satellites 
be compared with the mass of the sun. 

The masses however are only compared by this process : no 
one is absolutely determined: and to accomplish this object 
it is necessary to find the mass of at least one : and the one 
which naturally oifers itself for the purpose is the earth : hence 
arises the necessity of direct observation of the figure, magni- 
tude, and density of the earth. Many processes have been 
devised; but the most reliable is that of direct geodesic mea- 
surement : and arcs of meridian have been measured in England, 
France, Eussia, India, and the south of Africa : and from them 
the form and the magnitude of the earth have been deter- 
phice, vol. III. 4 
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mined. The density has been directly investigated by means 
of Dr. Maskelyne^s observations with the pendulum near to the 
Schehallien mountain in Scotland*. And also by experiments 
with leaden balls, which were conducted by Cavendish, and 
have been subsequently repeated with great care by 
Mr.Baily, in the time intervening between Oct. 1838 and May 
1842; and from these experiments it appears that the mean 
density of the earth is equal to 6.66 times that of ® 
water. But this is not the place for entering into a detailed 
explanation of such experiments and observations. The article 
on the Figure of the Earth in the Encyclopedia Metropohtana, 
by Mr. Airy, the astronomer royal, contains all necessary in- 
formation on the former subject : and for that on the latter 
must refer the reader to the Philosophical Transactions, and to 
Vol. XIV of the Memoirs of the Boyal Astronomical Society. 


Section 4. — The joola/r of motion of a disturled jilanet. 

414.] In Article 367 we have calculated the equations of 
motion of a particle m relatively to m, when both of the par- 
ticles are aeted on by another particle m' , the law of attraction 
of all three being that of the mass directly and of the square of 
the distance inversely. As the problem is evidently that of the 
moon moving about the earth, both being acted on by the sun, 
which is a disturbing body, it deserves further consideration ; 
and I therefore propose to indicate the process by which equa- 
tions (162), Art. 367, are transformed into their equivalents in 
terms of polar coordinates. 

Let us suppose the earth to he the central body relative y 
to which the motion of m, the moon, is calculated : let mf be 
the mass of the sun ; let the plane of the ecliptic be that of (x, y), 
so that the sun is always in that plane, and therefore its s:-ordi- 
nate is zero : let the positions of m and m' at the time t respec- 
tively be {x, y, z) and {x', /) : let r and / be the radii veetores 
of M and of wl \ firstly^ let the acting forces be resolved in and 
perpendicular to the ecliptic^ which is the plane of [p, y ) : ancb 
to fix the thoughts, let the supposed system be represented in 
fig. 133 ; P being the place of the moon, and p' that of the sun 
at the time Let the velocity-increments acting on M in the 

* See Philosophical Transactions, i8xi. 
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line perpendicular to the plane of (Wy y) be called the orthogonal 
velocity-increments. Let on =: p , the moon^s curtate radius- 
vector; NOM = the moon^s longitude; p'om'= B', the sun's 
longitude ; also let s = the tangent of the angle pon^ which is 
the moon^s latitude ; let p = the impressed velocity-increment 
on M in the plane of the ecliptic along ON^ and acting to di- 
minish ON ; similarly; let t == that which is in the same plane; 
and is perpendicular to ON; and tends to increase s = that 
which is orthogonal; and tends to diminish the angle poN; and 
thus to bring the moon nearer to the plane of the ecliptic. 
Then using the notation of Art. 367y if fx == m+Uy 


p ^ + cos(9(^) + sini9(^lj 


^3 


• n /^II\ 


fd^\ 


^dy- 


r 


And since as = p cos d, ] od' =■ r' cos 

y = psin0;) /=/sin0' 

and since s = taiiPONj so tliat 

= pS-, 


'H 


we have 


d'‘x . • a , „ 

^cos«+^sin9 + P 


»; 1 


d^w 

dP 


sin d- 


.g;<»,«+T = 0; 


d^z 

IF 


+s = 0. 


(184) 


(18S) 


(186) 


(187) 


Let us first consider the equations as they refer to the pro- 
jection of the moon’s path on the plane of the ecliptic for 
which purpose, from the first two of (187), we have 
d'‘p d6^ . 

Tt dt 

which equations are also given directly in (62), Art. 324. 
Multiplying the last of these equations hy p, we have 




dp do 
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... 2p^Tr?^ = 2p^~^^(p^-j); 
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therefore integrating^ and introducing an arbitrary constant 
the meaning of which will have to be determined hereafter^ we 
have . 2 _ T . 



p^TidO ■, 

(190) 

2/’ 

dP "" p^ p^y 

p^idO. 

(191) 

then 



dP 

f 4^^^- 

/ id 

(192) 


By means of this equation we can eliminate i from the first 
of (188) ; and let us assume Q to be equicrescent in the new 
equations. Since __ 1_ . 

dp 1 du 2 . 

•'* Tt'^~ Tb W 

(Pp _ j do dHi do _ dn ^ d0^^ 

TtW^Tt do dt ^ ^ W 
1 d'‘u dO^ _ ^ . 

~ ~dP ~ do u ’ 

tlicrefore from (188), 


yd^w \ dO'^ du 

(Tir.^-’‘)-dF*"‘Te 


= 0 ; 


(I {} * 

and substituting for - 7 ^ from (191), we have 


which is the differential equation of the moon’s curtate radius- 
vector in terms of the longitude. 

Again, takin g the third equation of (187), since 

0 z=z pS == - i 

dz / ds dt\ .do ^ 

db,=^^ro-^d^^ di’ 

'dp = ^'d^~'do^^ ip y'Tir'do) dt\^ dt)’ 
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and substituting from (189), (192) and (194), we have 
cPs 


d6' 


+ S + - 


S— T ds 
vP ‘Up d6 


/i“ + 2 




d6 


0 ; 


(195) 


which is the differential eq[tiation to the moon^s motion in 
latitude. 


415.] In respect of the three equations (191), (194), (195) it 
is to be noticed that the values of p, t, s, as given in (184) and 
taken from Art. 367, involve both the mass and the coordi- 
nates of the place of m\ the disturbing body : with this dif- 
ference however, that t is a function of these quantities only, 
and that p and s contain also quantities which arise imme- 
diately from the action of m on and thus, if the dis- 
turbing forces are omitted, the equations (188) become iden- 
tical with (10) and (21) of the present Chapter. Now when 
substitutions are made for p, t and s in terms of the polar co- 
ordinates of M and m'j the preceding equations are not inte- 
grable ; and we are obliged to have recourse to a method of 
approximation ; and for this end, the disturbing function n is 
first expressed in terms of the polar coordinates of m and wf, 
and its partial derived-functions are expanded in ascending 
powers of small quantities, the values of which must be given 
by the observed data of the problem; thus, for instance, the 
mean distance of the sun from the earth is nearly 400 times as 
great as the mean distance of the moon ; if therefore the dis- 
tance of the earth from the moon is assumed as the standard 
of comparison, the distance of the sun from the earth will be 
such that higher powers of it may be neglected. And when 
these expansions have been performed, the integration-process 
takes place. But it is beyond the object of the present work to 
enter on these investigations. 

Equation (195) however, when the disturbing forces are 
omitted, deserves consideration : for we have only 



whence integrating, s = >^sin(d— y), (196) 

where h and y are two constants introduced in integration. 
Now s is the tangent of the latitude, and 6 is the longitude 
of the moon measured from the first point of Aries ; and thus 
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y is tlie longitude o£ the ascending node. Suppose then^ in 

fig. 134, NMP to be a right-angled spherical triangle, p being 

the place of the moon, n the ascending node, and n m: the plane 

of the ecliptic, then nm = 6>-y, mp = tan“^5 ; and by Napier^s 
rules, sill mn =: tan mp x cot pnm, 

or, sin(^— y) = -sxcotPNM; (197) 

on comparing which with (196), tanPNM = that is, is con- 
stant j and therefore the moon moves in a plane making' a 
constant angle with the ecliptic ; or, in other words, the moon 
would move in a plane, if it were undisturbed. 


CHAPTER XII 


THE GOHSTEAINED MOTION OF PARTICLES, UNDER THE 
ACTION OP GIVEN FORCES. 


Section 1. — The motion of a ^^article constrained to move on a 
given curved line, 

416. ] The subjects of motion thus far have been particles 
not constrained by any geometrical conditions ; they have there- 
fore been free to take in space such paths as are due to the 
action of the impressed forces : it remains now to investigate 
the motion of particles which are constrained; that is, in which 
the motion is subject to certain geometrical relations : such is 
that of a particle in a small tube, either smooth or rough, and 
the bore of which is supposed to be of the same size as the par- 
ticle : of a small ring sliding on a curved wire, with or without 
friction : of a particle fastened to a string, or moving on a given 
surface. The principles of the science which were investigated 
in Chapter IX are of breadth sufficient for this inquiry. For 
in addition to the impressed momentum-increments on the 
moving particle, there will in general be a normal pressure or 
reaction of the curve or surface, arising from the deflexion of 
the particle from the path which it would have under the action 
of the impressed forces alone : and this pressure together with 
the expressed momentum-increments will be equal to the im- 
pressed momentum-increments. 

417. ] In this section I propose to consider the motion of a 
particle constrained to move on a given curve ; such as that of 
a particle in a tube, or of a small ring on a wire, or of a par- 
ticle fastened to a string. And, to take the general ease, I shall 
suppose firstly the curve to be in space, and the motion to be 
free from, friction. 

Let the equations to the curve on which the particle, of mass 
is constrained to move, be 

Pi (■'p, y> = 0, Pj {io, y,z) = ^ ; (1) 
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1 -f qI fliG tiniG t \ A; z "bo tllG 

and let {^x,y, z) be tbe place o velocity-increments j 

coordinate components o 3, y be the direction- 

let » be ‘I'V ”»"n'«te;«aWof..otionare 
angles of its Ime of action , so tn 

mTt-ECOS/3, I 

® dP 

wz-ucosy;J 

1 etEir +be ecluations become expressed ui 
and dividing by m, wbereby tlie cc^ua 


cPcc 

= X — 

11 

cos a, 

dP 


m 


ddy 


11 

cos/3^ 

dP 




d'^z 

= z — 

11 

cos y. 

dP 


m 



,,e bee 01 aotjoo STf. - 

!iCto^.rol ;«oAi«eat. palb »t tbe 1-1- of ‘bo 

“ cos a+-!^o«e;S + *“‘b = 0; « 

acitte do *0 bn«« ‘f by *, <k. *. 

Now mnltiplymg tbe equations t ; 

and adding, we have 

dx d^x + df dy+dzj^'y, _ j. + ydy + '/- dz. (5) 

” ddp 

„ tbe cb— »* 1 W 
and t.i integration; and lot V and V. be tlio 

r.o:;X vll«- tbon integrating 10 ). bate 

_ y dx + Ydy+ K dz ) ; 

avhcroby the vdoly ia fonnd by dmplo integration at an, point 
of tlie path. . tbe normal 

Vi'sVot'tZr in it; because tbe particle moves per- 
tot“Sti„n-llno, and it dooa no t.orb. 




■ 




■ 


15 .1 



WMTOSifioif iw fmwm. 




H 


■■ 
wHI— ^ 




+ 2 Pi P, {cos Oj cc« a, + eo« CM ^, + iHW y, tnw y , } 
*!«*•*♦•••••••*§*§* 

+ 2 P„_,P»{ 008 a._i 0 O 8 a, + C»8^*_, »*^« + «»8y*„, OMyJ ( 87 ) 

S= 2.p“ + 2 a.? p' cos (f, f), (88) 

■where P,f' are the sysatwis for any two of Uhj fon-*'**, and j!t>M(p,?') 
is the cosine of the angle hetwwu tlieir liiie<i of cintiun. And 
from the forms, whioh the iwoIvchI jiarfa of u take ijt •Hiiialioua 
( 64 ), it follows that tibe geometriw! ro|»ri»«'»tiitiv<> of it w « 
times the length of the line joining tln» iioint of apjiliofttion of 
the forces and the centre of moiui distamw of tin* imfrimutits 
of the geometriodl representativiw of them. This theorem is 
dne to M. Chaslos, and is the true gonoralizution of the imml. 
lelogram of forces. 

M.] If the form are in equilihritim, n bb « j in which mo, 
by reason of (68), x sb 0, ¥ » 0, x as o j or, 

a.scoso ES 0, m 0, a.ecMy m 0} (69) 

that is, the sum of the resolved part* of the fitrwa along each 
of three coordinate axe® k equal to aero. 

36 .] We have thus &r employed rtHstangnlar twrilimito axes, 
and have in referenos to them provi'd that n forew may be 
resolved into three eomponenta whose lines of ttotion arc at 
right angles to each other, and that thcao three fonmi ci|uiva» 
lently replace the given fore®. A force »aay however Iw «iuiva. 
lently replaced hy three forore whose action-lini'a meet «>n a 
point in its aotion-linc, provide*! that the wtioii-limn tif there 
three forces are not in one and the saroti plane. T«i deimmstnito 
this theorem, let i> Iw the forec, ami lot x, v, r. I«< its axial 
eomponentej and let {/i, «i» 1*4) {A* >*„»,) {/„ «(,,»,) la* the 
three straight lines along which tlie ft»WM !•„ r„ e, ur«* to art, 
and which are eipiivalcntly to rephwe l* ; tlton 

X = y, f, 4 Pj fg+P* 4* 

■'f == >*i»i + Pi «, + ?,«•„ 

X = p, /,, 4 .p, », 4 ,p^ 

from which equations, if they are indoiwiuh*»t of oat-h other, 
1, P„P. can be dctcnnincd. If however the uetioo-liiies of 
I, P„ P, are m the same plane, and tl.e aelhm-lioe uf e , 1 ..,-. not 
m IS plane, then, employing the symhol-H of .leterminanf-., 
_ 1 «, »5 _ 0, and p„ pjj Pj are intlnite, nmt the propowd 
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d'^B 

Jp 


's.dx+Ydy+’Ldz ^ 


.(7) 


and is therefore independent of the resistance of the curve ; the 
velocity-increment therefore of the particle along the curvi- 
linear path is the same as if the particle were moving freely 
along that path. 

ds^ 


Since 


dP 


y we have 


dt 


-\-ds 


{vP-{-2f (xdx+Y dy-j^zdz)}^' 


( 8 ) 


whence the time may he found in terms of the coordinates of 
the particle at t and 

The normal pressure on the curve may thus be found : mul- 
tiplying (3) severally by cos cos j3, cos y. 

Now suppose the line of action of the normal pressure to 
be the principal normal: then if p = the radius of absolute 
curvature, 

d dx ^ , d dy 


cos a = 4“ p — 7 - > 
ds ds 


d dz 


cos^=±p^^> cosy=±p^.^ 


the double sign referring to the value of p, and which is to be 
positive or negative, according to the direction in which it is 
measured, so that it may finally bear a positive sign, because it 
is an absolute length. And replacing in (9) cos a, cos /3, cos y by 
these values, we have 


m 


: X cos a+Y cos j3 + z cosy 


C d'^x d dx d^y d dy dH d dz ) 

- ^ dsls dp'^'^ ^ dP ds ds] 


( ) 
R = m|xcosa+Ycos/34-zcosy + — 


( 10 ) 


— is the centrifugal force ; see Art. 326 : thus if the normal 

p 

pressure on the curve acts along the radius of absolute curva- 
ture, it is equal to the algebraical sum of the resolved parts of 
PRICE, VOL. III. 4 E 
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the impressed momentum-increments along that radius of abso- 
lute curvature and of the centrifagal force. 

And the normal pressure is along the principal normal when 
the curve is described by the moving particle without the action 
of any continually impressed forces : for in this case. 


cPx 

Ip 

d^y 

dP 

dH 

dP 


K. 

cos a, 

m 

cosiS, r 

m 

R 

cos y ; 

m 


therefore 

d!cd'‘x+dyd^^j->tdxd‘‘z _ _ i cos a + dy cos ^ + dz cos y } 

dP ^ 


dP 


= 0; ^ 

= (velocity)® = a constant = say. 


Therefore dt = Teds, and therefore s and t are simultaneously 
equicrescent : and cos a, cos jS, cos y are severally proportional to 

d^sc ^ dH ^ therefore the direction-cosines of the 
ds^ ds> dP 

principal normal. . 

E is, it will be observed, 'a pressure or a momentum; and is 
therefore compounded of two factors, of which one is mass and 

the other is velocity ; and as e varies directly as m, — is velo- 


city. Thus equation (9) is homogeneous, and is formed in terms 
of velocity : equation (10), on the other hand, is formed in terms 
of momentum or pressure. It is convenient to have a distinctive 
name for the velocity, which is lost or gained by reason of the 
motion being constrained, and I shall call it the reaction of the 
curve : so that reaction is the pressure on the curve of an unit- 
mass ; and the pressure of m on the curve is the product of the 
mass and the reaction. 

Equations (7) and (9) or (10) are the tangential and normal 
components of the velocity-increments, and the result is there- 
fore equivalent to a tangential and normal resolution. 


418.] If however the motion takes place wholly in one plane, 
we may take that to be the plane' of reference, and the general 
formulae are simplified accordingly. 

If the motion is referred to rectangular axes of x and y, and x 
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and Y are tlae axial-components of the impressed velocity-incre 
ments^ the equations of motion are 

^ ^ dy dH B dx 


tn, ds’ dP ^—mdi 


( 11 ) 


If T and N are tke tangential and normal components of tlie 
impressed velocity-increments, 
dH 


dP 


= t; 


— = N-l 

p ~ m 


( 12 ) 


If the system of radial and transversal resolution is taken, and 
n and q are the radial and transversal components of the im- 
pressed velocity-increment, then 


d^r . _ p 4. ^ • "I 

W'''* dt^ ~ ~ m ds ’ 

1 d / de-. ^ dr 
r Id m ds 


(13) 


The ambiguity of sign of u in aU these cases arises from the 
a ^triori uncertainty of the side of the tube against which the 
particle presses. 

419.] The equation of vis viva, or of work, may be deduced 
from the preceding expressions in the following manner ; 

Multiplying the equations (11) respectively by mdx and md^, 
and adding ; we have 

Jxd^x+dy^ = r^iiid^+Tdy)-, 

dt^ 

, . , mdsd'^s 

the left-hand member of which is equal to consequently 


integrating with limits corresponding to t and ^o, we have 

= r m{^d<s+^dy). (14) 

2 »'(o 

Also from (12) we have 

(15) 

And from (13), 

(16) 

2 d 

All these values of vis viva are in strict agreement with the 
remarks made in Arts. 259 and 325 ; and the reaction of the 
curve, viz. E, does not appear in them, because the motion is 
always perpendicular to its action-Hne, and consequently it does 
no work. 


4 B a 


680 


CONSTRAINED MOTION OF A PARTICLE. [420. 

420.] The pressure of the particle on the curve may be de- 
termined as follows from the preceding equations : 

Prom (11) we have 


'B> z=. 

\ dy ^dx dyd‘^x—dxd^y\ 

^ ds dsdt^ ) 


= + 1 


( 17 ) 


[ ds ds p ) 


From (12); 



1 


(18) 


i p 3 


Prom (13)j 



K =1 ±m 

( dr rdB 

ds ^ ds ^ p i 

( 19 ) 


We proceed now to give examples in which these principles 
and equations are applied. 


421.] Ex. 1. I will first take the ease of rectilinear motion; 
and the most simple is that of a heavy particle moving on a 
smooth inclined plane. The motion of it along the plane has 
been fully considered in Section 2j Chapter by means of the 

equation of the tangential component^ viz. ^ = ^sina. For 

the normal component we have ^ w.g cos a ; that is^ the 
pressure on the plane is the same at all points of it^ and is in- 
dependent of the velocity of the particle. 

. Ex. 2. A particle moves within a smooth rectilinear tube 
under the action of a force varying directly as the distance 
whose source is in a given position outside the tube. Determine 
the motion. 

Let the line of the tube be the axis of and let the centre of 
force be on the axis of a? at a distance a from the origin ; let i 
and y be the distances of m from the origin when = 0 and 
t r=zzt respectively ; and let r be the distance of m from the 
centre of force when t z=zti then 



and as this is the equation of harmonic motion^ see Arts, 279 
and 283^ the particle oscillates through a distance .2 viz. 
through b on each side of the origin ; and the time of an 

oscillation is 
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Ex. 3. T1 i 6 circmnstanccs of constraint and reference bein^ 
the same as those of the preceding example, the particle moves 
under the action of a force which is any function of the distance 
from the source outside the tube, and makes vibrations of small 
amplitude. Determine the motion. 

In this case the equation of motion is 



ifyW denotes the impressed velocity-increment along r. Now 
= a‘^+y '‘ ; 

r = a(l + 




••• /W =/(«+£) 

if we omit powers of y higher than the second. Also 

I - y =^(l + 


-I- 


di‘‘ a 
_ /(«) 


!{/w+£/'w} 




which is the equation of harmonic motion; and consequently 
the particle oscillates through a distance 2 i ; viz. througli b on 
each side of the origin; and the time of an oscillation 


=’{7fer- 

Ex. 4. Two equal particles move in smooth tubes which in- 
tersect each other at right angles^ and attract each other with a 
force varying directly as the masses and inversely as the square 
of the distance. Determine the motion of each. 


Let the lines of the tubes be the axes; let a and 1 be the 
initial distances of the particles from the origin ; and x and y 
the distances at the time t : let < 2 ^ -f 5 ^ = < 52 ^ a?® Then 

the equations of motion are 
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tlat m having p^sed ttoongh o apoenda the othe. hmich of the 
»a SLea a point n' at the dietanco 4 above to hon- 

aontal line toongh o ; and to time et to aeeent h v(-)' i toe 

the time of a oomplete oscillation from K to a' is 2 v (p’, and is 
tlius independent of the point on the curve at which the motion 

THs property of a curve is called tautoeJiromsm ; and the 
cycloid is accordingly called the Untochronous curve of a heavy 

msult (27) may he arrived at hy the following process : 
Let us resolve tangentially : then 


d^s 


dx 


dP ^ ds ' 


dw 


s 

4a’ 


From the equation to the cycloid, — 8 ax, 
dP ■’ 

which is the equation of harmonic motion; and if 5 = when 
^ = 0 and the particle is at rest^ see Art. 279^ 

s = s,C0B{£)t-, ( 28 ) 


and the periodic time = 2'7r(-) * 

Also from (26), substituting hy means of the equation to the 
cycloid, E _ g{ 2 a + h—2x ) _ 

m ~ {2a{2a—x)}^ 

which assigns the pressure on the curve ; and if h = 2 a, that is, 

if m begins to move from the extremity of the base of the cycloid, 

R .4ca--‘2x\l ^ 

, 

and if « = 0, that is, at the lowest point of the curve, 

a = 2 ; 

that is, the pressure is twice the weight of the particle. 

If the plane in which the cycloid is, and in which m moves, is 
inchned to the horizon at an angle a, and is smooth, the pre- 
ceding results are appHcable, if we replace y by y sin a. 

424.1 A particle m may have the cycloidal motion of tlie 
preceding Article, if we suppose it to move in a smooth tube, 
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or an open oanal^ bent into tlie form of a cycloid. We may also 
obtain a path of tlie required land by the following arrange- 
ment. Let the particle m be fixed at the end of a perfectly 
flexible and inextensible strings which we shall assume to be 
without weighty of length and let the upper end of this 
string be fastened at a point c^ see fig. 135^ in a vertical line 
through o, where 00 = 4^; from c to b and from c to b' let 
two cycloidal arcs be drawn^ equal to ob or OB'"; then bob' is 
the involute of cb and cb' ; and therefore the end of a string of 
the length 4 a fastened at c and wrapping round cb and c b' will 
describe the cycloid bob'. 

Now when a heavy solid body oscillates about a fixed hori- 
zontal axis it is called a pendulum; and when a heavy particle 
is attached to the axis by means of a string or a rod^ without 
weight and inextensible^ this instrument is called a simple pen-- 
dulum; and although such a system never can be perfectly 
attained^ yet approximations may be made to it which are near 
enough for practical purposes^ and by means of it the incidents 
of pendulums may be compared. 

Suppose then the particle m to be fixed at one end of a string,, 
whose length is 4^j the other end being fastened at c^ fig. 135; 
and suppose the plane of the curves to be vertical ; then if cBj 
cb' are such surfaces or cheeks that the string may be wrapped 
round them^ m will move in a cycloidal path^ and we shall have 
a cycloidal pendulum. The time of the oscillations will be the 
same^ whatever is the point whence m begins to move ; and if I 
is the length of the strings 

1 i 

the time of an oscillation = tt • (29) 

Also the tension of the string corresponds to the pressure on 
the curve of the preceding Article^ and we have 

2 I — 2 ic 

the tension of the string = mp ; (30) 


and therefore^ if x == 0^ 

the tension at the lowest point 


{2a(2a--x)}^^ 


mg 
' 2a 


(2 <3^4- A). 


If h^2a^ which is its largest value on the cycloid^ the tension 
= 2 mg, that is, is equal to twice the weight of the bob ; so 
that the string must be able to bear twice the; weight of the 
bob. 

425.] As another example of cycloidal motion, let us suppose 
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a cycloid to be placed in a vertical plane witb its base bori- 
zontal^ as in fig*. 136 ; and let us suppose m to be projected from 
tbe highest point with a given velocity along the convex side of 
the curve : it is required to determine the subsequent motion 


of 

Let p, {x, y)] be the position of m at the time t', let = i^ghf 
be the velocity of projection. Then 


dP 

dy 

m ^ ds 


— — 2g{/i+x); 


^2 

P 


g 2a--Ji — 2x 


(2fl)i {2 a— x)^ 

So long' as e has a positive sign, m is in contact with the 
cycloid ; hut when E = 0, the particle leaves the curve ; and 
being heavy and moving freely describes a parabolic path ; this 

takes place when x = a— | ; in which case = 2^ (a + -) ; and 
the line of motion of m at that time makes witk a horizontal 
line an angle whose tangent is ( 2 ^ Ip j ) ^ latus rectum 

of the subsequent parabolic path is ^ 

436.] The motion of a heavy particle in a circular tube in a 
vertical plane. 

Let the radius of the circle be a, and let the origin be taken 
at its lowest point, the vertical diameter coinciding with the 
axis oix: so that the equation to the circle is = 2ax—x^: 


dy dx ds 

a — X y a 

Let {k, h) be the initial place of m, and its velocity at that 
point •, then {x, y) being its place at the time t, 

^^=.v- = 2g{h-x)+v,\ (31) 

Hence the velocity is a maximum and = {2gh when 

a?=:0 ; the velocity is a minimum when x has its greatest value; 
that isj at the highest point of the circle^ if the particle makes 
a complete circuity in which case v'^ = 2g ; and if 

the particle does not describe a complete circle^, it comes to rest 

when X = h+ — ‘ And if the particle moves from rest at the 

highest point of the tube, then = 0, and Ti = 2a\ and (31) 
becomes v^ = 2y{2a-x). (32) 
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m as p 

= |{« + 2^+^ 3®}; (33) 

whicli is greatest when w = 0^ and has its least value when co has 
its greatest value. 

If the particle starts from rest at the highest point of the 
circle^ then at the lowest point the pressure = 5 ; that is^ is 

five times the weight of the particle. 

If the centrifugal force of the particle at the highest point is 
exactly equal to the weight of the particle^ that is^ if = agy 
then the pressure at the lowest point = ^mgy that is^ is six 
times the weight of the particle. 

To find the time taken hy the particle in its descent to the 
lowest point; if op = 5^ so that s decreases as t increases^ 

^ i (34) 

{2^(^— a;)+'»o“P 

^ (35) 

This element-function does not generally admit of integration. 
In the case in which vJ 

H^-g = 

that is; in which the particle comes to rest at the highest point 
of the circle;, (35) becomes 

dt = — — ; (^b) 

0?) 

whence by integration^ and observing that i =z0 when x z=: 7iy 
we have 

427 .] Let us however return to the general expression (35) 
for dt ; and to simplify it^ let us suppose the initial velocity to 
be zerOj and h to be the vertical abscissa to the point whence m 
begins to move ; then 

dt r (37) 

(2 g) ^ {k — (2 ax — x^)^ 

this expression does not admit of integration. If however the 
radius of the circle is large^ and the greatest amplitude to which 
m moves is small; we may expand (37) in a series of terms in as- 
cending powers of - > and thus approximately find the integral ; 
a 


4ie a 
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and it is necessary to liave recourse to this method^, because 
the problem is that of a circular pendulum ; and in the appli- 
cations of it to the purposes of tim.e-measuring it is desirable 
to know the extent of error .which arises^, if we assume one term 
of the series to be the measure of the time of descent of m from 
its highest to its lowest point. Let t be the time of an oscil- 
lation^ that is^ from x = 71) through x to x^h', then 

T = - (-\^ r "— ( 1 - 

J]fi, (llfY* ^ 




{JhX — 

2 2a 


x^^Y 

X 

2.4 

hi 

2 A.,, 271 


1.3 /O? n2 

+ — (^ + 


■•■(2^-1) /^ 

! 4 . 9.n \ 


dx 


(38) 


i 


^2a-' ■ i 

This series consists of terms each of which is of the form 
x'^^ dx 


0 (kx—x^^ 

P x'^dx 
^0 (/ix—x^)^' 


and by Art. 5L Integral CalculuS;, 

2m— 1 ^ P x^~~^ dx 
•^0 Qix—x'^'f 

3). .,5. 3.1 


2 m 

(2m— 1) (2m- 


2m(2m — 2)... 6.4.2 
(2 m - 1 ) (2m-3)... 5.3.1 j, 
2m(2m — 2)...6.4.2 


■f 


dx 


0 (Ax — x^)^ 


yClA C /’1\^ ^ I 

= G) ) ^ ( 2 ) 2a ^2a) ' 


•+( 


1.3.5...(2»— 1) 


■ /l \ W 


) (“) + 




(39) 


2.4.6...2^i 

which is the complete expression for the time of an oscillation.'i 
If h ip very small in comparison of a, and if we neglect all 

powers of ^5 ; (40) 

which is an expression of the same form as that for the time of 
an oscillation of a heavy particle on a cycloid; see Art. 422; 
observing however that a here is equal to 4^i^ in that case. And 
if we include the first two terms of (39)^ we have 

If 2 a is the angle at the centre of the circle which is sub- 
tended by the am of the oscillation^ 

-COS( 


Ji = A(1— cosa) = 2ix(sin|) = | (chorda)^ 
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Sf 


»'l. ‘'l 


l» * 11- 


equivalent substitution is impossible, . .j 

are indeterminate if tbeir uction4mes and that td » m* 

same plane. 

Section ^.^Comli(km» eqdlibmm nf m „ 

curve. 

361 Let us first take the eas«» of a smmith surfint*, ami 
suppose a particle actol on by many form to Im in eontaot u Uh 
it at a given point. As the surfuw is smimth, the only dm'O” 
tion along which it can oiler any resiatanw to the partiele « 
motion is that of its normal j and aa it i« conceived to have no 
active power of its own, but only a capacity of mwiing any 
force that acts against it along its normal, so must the r»»suUant 
of the impressed forces act along the normal and towards the 
surface: these conditions therefore are suiflciont for the «pu- 

libiium of the particle. 

Let the otpiation to the surface b« 

F(.r,y.r) = 0; (7") 

and employing the same notation as in Art. 33*i, Vol. I. 
ferential Calculus), and Art. 236, Vol. IL (Integra! t’lileuhis), 

0*'^’ A-w. (H) 


u» + v* +W* *= Q* ' 


so that if X, f*, V are the direotion-cosiacs of th© normal at *)• 


cobX 


0 V w . 

cos ft s= -» cose as • 

Q, ^ H 

then as this line is to ho eoineident with the line «'f in tum .»! 
the resultant of the acting forces, wheuw diwtisui.ciwjmM are 
proportional to x, v, z, tin* c(>inUtitais t»l iHpiilihrium are 

tJ V w 

and if these txiuations are not, and eanncit l»e, aatisllwl, «nii- 
librium on llu* surface <-nniu»l exist. Conawjiiently the |s»int on 
a given surface, at which a particle under the Bclion of gi»»M 
forces will rest in e(inilibritmi, i» th© iwint on the atirrare at 
which the preceding equations are aatblled. 

The normal pressim* tif tin* stirfae©, which wnws from the 
action of the impressctl form, may thui b© dctcriinnrd. If<‘l 
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th.i) (!i.- (lilli'V.'tu".* ItftwrtJU the osinvHsiwi, i\.r t {••ivcn in 
; 1 ". :tu.l ihat i» (11) varies as the snunre of (he ehord of 
hall ili>‘ ani'h* «<!' u.-aaliatiuH. 

CiH.] ’riiiM of a iu'Hvy juirfiele in n eireiilar arc in 

a|.|.tH\i!UiiteU reali/.eil hy ultia-hinii; the imrtiele to the end of a 
\ii r< thill iiiid lif'ht straij'ht. rod, whieli, turning ahout u fixed 
j-.-uit at ilN other enst, lutives in a vertieul plane. Thi.s instru- 
ment ill its peil'ee! state, whieh however ean never he attained, 
iH railed <( »im/4h- t irt iilai’ iiviiihilum. If / is the leuffth iif the 
red, the time uf an siseiUntiuu is aiiiiroxinmteiy ijiven hy tlio 
h.rmula / j 

T«wg), (42) 

when the itnifle of nseiilatinn is very snialL 

11ie |ii‘es»tire «n the eiirve Iwenmes in this ease the tojmion of 
the rwl. 

The lhrm»l(»(l2) is applied to the determination of gravity 
lit the difl’erenl phiees of the eurih’s surfuee. lad i, he the 
length «»f a peiidtdnm whieh vihruies HeeoiulH at llu' plaro to 
whieh y applies ; tlien 

I = y = TrM,; (43) 

ir«iii fliiti furiiiiilji // ItiiM hvm ralrultifwl at laiiny plawH on tlio 
riirtli, Till’ liirllititt n iioonratoly will bo invoati* 

ltnlo4 ill t!i«* Ii4{iiwiii|^ volnmo. 

Kumiliiiii (4J) in iilm onuibijoil ftir tlio tli^oriiiiiiatiori of (1) tlic 
}irig}il i*f a iioniiitiiiii, aitil tho dojith of ii mint*. 

It) l#rt f Itio limioi-rudinii t»f tlio oarth'^H Hurbioo oonnidoml 
n|4i«i'ira! ; Irl 4 br lli«* liltitmb* tif tim nmuntaiii ubitvo ilic Biir- 
and mill f/ l!n^ %ii\nm t»f gravity on ilio oiirlhV Hurfaoo 
^iii4 t!m lM|i Ilf liio mmmtmi roitjtootivoly : thoijj by Art. 

i/ \ f / 

L‘ t . Ibr iiiiiitbnr pf iwrtlkiknw wliirb tin* HoroiulH* |mniln- 
lum .3,! fliv !.i|i Ilf liii* imniiif-itiii ntiikoM in 2-1 litinw; 


I 




•i 

i I X liii X r.n r+J/Ul 

X * Hy) = * , (pi 

SlxtlOxfiO , 

. * . ^ 1 1 

r m 
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whereby h is given in terms of r, the radius of the earth. Let 
us, for the sake of an example, suppose the pendulum to ^^lose 
10 seconds in a day that is, to make 10 oscillations less than 
it would make on the surface of the earth. Then 
= 24x60x60 — 10, 
and r = 4000 miles (approximately) ; 

... ^ = 4000S 


= 4000 

4000 


\ 24x60x60-10 
1 


{O 24 X 6 X 60^ } 


h = 


24 X 6 X 60^ 
approximately 


24x6x60 
= .4626 of a mile. 

(2) Let r be the radius of the earth's surface, as in the last 
ease ; and let I he the depth of the mine : let g and / he the 
values of gravity on the earth's surface and at the bottom of 
the mine. Then, by Article 198, 

L — -I—. 

/ r-A' 

Let n = the number of oscillations which the seconds' pendu- 
lum at the bottom of the mine makes in 24 hours j therefore 


24x 60x60 
n 


f 


r 




A 

2r 


24x60 x60 
% 


-1; 


whence li may be found in terms of r, the eartVs radius. 

439.] If the arc through which the lol) of a circular pendu- 
lum vibrates is very small, the time of an oscillation is deter- 
mined by means of tangential resolution more easily than by 
the preceding process. 

Let 2 a be the angle which the arc of oscillation subtends at 
the centre of the circle ; let Q be the angular distance of m from 
the lowest point at the time t ; and let s be the arc corresponding 
to 6, so that, if a is the radius of the circle, 

$ = a6; 


(44) 
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lli. ii, if MV * to ilw’rraso mt i increanes, tho equation of 

ali'O*' th*' tsitsgi'Ht tH 

(46) 

urn! in ..f <1, (46) 

.Mu!U!.1uu|» !>y 2«/rt, iulv^friitini', anil taking tho liiuitH such 

I lift 

tllilt ss i» iHiril It ss 

i/ll« if. 

.//• “ « CwHfi-uOHa). (47) 

'Ha# ^•!l{.r•w^^io!|^ wtmuit. Iw again intogratml in tho form in which 
n ; i'«iK 0 umy hottwor li« «xpr««m?d in a Horios, and tho 

intvgral imy h< »|»j»r(»*i«infcly found. If tho omtillations aro 
Miwll, mt that 0 and u am antall, then expanding: conO and cos a 
in jwwont Ilf d and a ri'npiH'tividy, and omitting terms containing 
the foiirtli and higher jKmvrs of tJiiw quantities, we have 

If. 

tfni ~ v*-' ‘ ' 

and nincv |l as « when f 


= «», 


/ 


II Ilf n il 


i m » wliicli. ii tlwi timci of iim (wcillaitioiu 

r'iiiii^ llir iiiiliiiiiitt, liy Ihi' of tlio normal oom** 

jiiOiiiifi**# wlifti tlio {larlii’to mnvm m flut of a pondulum^ 

II m fliij toiiftmn of tho rotl 

I .» * I 

M » I y u ^ I 

y mtj I ll mn ll 2 t*fi» a | * 

tf hi j*r»»jrrtril foon llo’ hi^hoMi point fif tho oirt*lo with a 
vr!»*filv I'O tin* l,iiii»i iiloni^ tho ront*avo wtlo ul iho 

if In iini|!o wulitomki! at tho ooniro of tho 

l»i flo* .Iff iiliO'h m ilr«*rilioi iti tho limo 

ftir %rh«'|tj / |/| I rl -«f#rOllll| } 

I 'i/i 


# o \ I 0 
t I oo« * ^ : 

Cl 


It ri>/ , ■■ -t .1 Otw i 4 * 

' I *.l I 

thn*.- j! a|.j«ar» that th«» partieln will leave the enrve if/? 
.ui4 .t»<* «ii«*h itiat file fidlntting ivimlition in {Hwsihle; vi/« 

•J i i<t 
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If E = 0 wten the motion begins^ then ^ ; in which case 

at tlie lowest point of the circle^ n = 6 mg. 

430.] The following are other and more general problems in 
constrained motion : 

Ex. 1. A parabola is placed with its axis verticalj and its vertex 
the highest point ■, a heavy particle is projected from the vertex 
along the concave side of the curve with a given velocity : it is 
required to determine the subsequent circumstances of motion. 

Let h be the height to which the velocity of projection is due ; 
and let the equation of the parabola be y“ = 4aa;. Then if {x, y) 
is the place of W/ at the time ty 

(the velocity)^ = 2y + 




mga^ 


]h-—a 


Therefore the pressure on the curve = 0^ if h^a\ that is^ if the 
velocity of projection at the vertex is eq[ual to that ac(juiied in 
falling from the directrix ; and in this case the pressure is zero 
at all points of the curve ; the parabola is therefore the trajec- 
tory of m moving freely. This is apparent from the investiga- 
tions of Article 350. 

Ex. 2. A heavy particle descends down a curve in a vertical 
plane : it is required to determine the equation- of the curve^ 
when the pressure on it is the same at all its points. 

Lej} R be the constant pressure : h the altitude to which the 
velocity of m at the origin is due ; a = the angle which the tan- 
gent to the curve at the origin makes with the vertical line; 
which I shall take to be the axis of x \ then 


= 2y(/i + i»); 


R 


= m i — 

t p 


+i7”; 




ds j 


If ^ is equicrescent; then from equation (18); Art. 285; Differ- 
ential Calculus; 1 ^ ds , 

p ds^ dx’ 

and substituting this in the preceding equation; we have 


TSidx 

2 




dx d> jj ] 

2(/i+a;7 * i ’ 


therefore integrating, and taking the assigned limits, 
% {{7i + —h^} = my {(^4-a;)* — /i® sin a} ; 
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_ R ^(m^sma— r)^ , . 

ds mg 

whence^ if ds is replaced by its equivalent in terms of dy and dwy 
the equation to the required curve may be found. It is called 
the curve of equal pressure. 

Ex. 3. A heavy particle m moves from rest on a eurve^ and 

the pressure on the curve varies as the nth. power of the vertical 

distance through which the particle has moved ; it is required 

to determine the nature of the curve. 

In this case^ v^ = 2 gxy 

, „ 2 ^?? dy 

z== — + -f , 

p ds 

if h is conveniently assumed : and by a process similar to that 
of the last example^ we have 


whence we have 


2^^ + l 




which is integrable by rationalization^ see Art. 44, Integral Cal- 
culus, whenever ---- - ^ or ^ is an integer. 

2n 2n ^ 


Let ^ = 1 j and let : then (49) becomes after integration 
{y±^y-\-o!^^ == a^. 

If ^ = — 1, the resulting equation is that of the catenary. 

Ex. 4. To find the equation of a curve, which is such that a 
heavy particle m moving on it may descidbe a given arc in the 
time in which it would describe the corresponding chord. 

Let us take polar coordinates, and let the origin be the point 
at which the motion begins : let (r, 6) be the place of m at the 
time ty the prime radius-vector being vertical. Then for the 
motion on the curve we have 


= 2gr eos 6 ; 


= _j_ r__ 

(2ayJo (n 


dt (2g)^Jo {rcosO)^ 

and the time in which m would describe the chord 

^g cos 6^ ^ 

Mdr^+r^de^y^ _ r J 
^0 (rcos0)^ ^cos 
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and differentiating^ 

(<^^2 ^02^^ ^QQs 0^h dreoBd + TsinOdd ^ 

{rcosef ~ y r ^ (cos ey 

eos2 0 dr 

— — dS = — ? 
sin 2d r 

sin 2 6 ; 

which is the equation to a lemniscata^ the axis of which is in- 
clined at an angle of 45° to the vertical line through the origin. 

Ex. 5. From a given point on a parabola a particle is pro- 
jected with a given velocity u along the concave side of the 
curve^ and is acted on by a force in the focus which is attractive 
and varies inversely as the square of the distance ; it is required 
to determine the circumstances of motion. 

The equation to the parabola in terms of r and ^ is = ar. 
Let b be the initial distance of m from the focus ; then as Q = 0^ 

and p = ^ ; from (16)^ 

(1 1 ) 

== u^ + 2ix ’ 

whereby the velocity is known at every point of the curve. And 
from (19); 

E, _ fM . 

m p ds 2r^ ^ ^ ^ ^ 

and thus the pressure is known at every point of the curve ; 
and since m is to move on the concave side of the curvC; vP" 

must be greater than ~ ; and if is less than ? m must 
o 2 u ^ 

move on the convex side ; and if v? = the pressure on the 

■ 1 1 

curve is zero at all its points; and rightly so; because 

is, see Art. 284, the velocity acquired at the point of projection 
by m moving from infinity under the action of the central force ; 
and thus under these circumstances the parabola would be the 
unconstrained orbit. 

Ex. 6. A particle moves on the convex side of a parabola^ 
and is tied by an extensible string to a point in the focus ; the 
unstretched length of the string is equal to the focal distance ; 
the particle is placed at rest at the extremity of the latus 
rectum : it is required to determine the subsequent circum- 
stances of motion. 

Let T = the tension of the string at the time so that t is 
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the central force acting on th j then^ if t is the distance of w, 
from s at the time t, and if e is the coefidcient of elasticity, 

r = a (1 +«!); 1 =.- — 

ea 

and therefore from (16)^ 

rr^_y, 2C rM 

— 2 / dr = — < ar v . 

ha ae l 2 3 

Let the equation to the parabola be 


1 +eos d 


; then ds^ 


dt=z- . 

{(r—a) (2a— r)}^' 


j 1 2r—3a 

t = (ae)^ cos"*^ — ^ — ; 

therefore when r = aj t = tt (ae)^, and this is the time which the 
particle takes in passing from the extremity of the latus rectum 
to the vertex ; and the velocity is a maximum when r = so 
that the particle passes on from the vertex to the other ex- 
tremity of the latus rectum.,, at which point it comes to rest ; 
and this oscillatory motion continues^ the period of an oscilla- 
tion being 27r(ae)^. 

Ex. 7. A particle moves on the convex side of an ellipse 
under the action of two forces parallel respectively to the axes 
of ^ and and which vary respectively as the cubes of the cor- 
responding coordinates : the particle is placed at rest at the 
point h ) ; it is required to determine the pressure on the 
curve. 

In this case, x = — ~ ? y = ; 

y^ 

therefore from (13), 



y’^ A" A" * 

Let the equation to the ellipse ^ 4" ~ ^ 


E 

m 


1 Cii . 


ja A a*i* 


Ex. 8. A particle moves on the convex side of an ellipse, and 


is under the action of (1) two central forces varying inversely 


4 G 2 
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as the square of the distance and whose sources are at the foci^ 
and (2) a central force varying as the distance and whose source 
is at the centre of the ellipse; it is required to determine the 
pressure on the curve. 

Let /xi, juta, }x be the absolute forces severally of the foci and 
of the centre ; and let the centre of the ellipse be the origin. 
Let fi, T be the distances of m at the time t from the two 
foci and from the centre respectively, and let t\, / be the 

initial values of these, that is, when = 0 ; and let Vq he the 
initial velocity. Then 

ixz{x — ae) 

v = — ax ’ 


Y 








— X 2 [Xq / 2 fXi 2 


Also y'* = and p 


ah ’ 


K, , , , 

p = pj-jr s+ 

m 1 




a/o 


—^0 


If V, v„ Vj are the velocities with which a particle ot , being 
projected from the given point would freely describe the pre- 
ceding ellipse under the action of the preceding forces acting 


singly, then 

V'' = pr'if'.j, 




ar\ 


M 2 ^ 1 . 
aT\ 


so that ~ = v'^ + Vi^ - 1 - Va^ ; 

if therefore = v^ + v^^ 4 y/, 

then n == 0, and the particle would describe the ellipse freely. 
This result is a particular application of the general Theorem 
of Article 362. 

481.] I proceed now to the investigation of curves which 
possess certain general properties, and which are suggested by 
the preceding inquiry. And first of the general equation of 
tautochi'onous curves. 

It appears from Article 423 that the cycloid, in erther a ver- 
ticle or an inclined plane, with its base horizontal, is such that 
the time taken by a heavy particle in moving down the curve 
to its lowest point is the same whatever is the point on the 
curve from which the particle begins to move. Our object now 
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is to inquire whether any other curve besides the cycloid pos- 
sesses this property of tantoehronism for heavy particles in 
vacuo ; and we shall also extend the inquiry to forces of other 
kinds. 

Let the impressed forces be resolved tangentially; and let t 
be the tangential component at the time t of the impressed 
velocity-increment, and tending to diminish « as i! increases ; 
let s be the are measured from a certain point on the curve 
chosen as the origin, and let a be the initial value of s and 
correspond to the point at which m is at rest : then 

= (50) 

and the time of passage from a to ^ is given by the following : 

Now this definite integral must be independent of a when 
s = a; and thus the equation must be of the following form : 

/*{/*''*}'**= * 0 ’ 

of which taking the ^-differential, 




and again taking the ^-differential, 

which is the relation between t and the equation to the tauto- 
chronous curve. But the equation to the curve must be inde- 
pendent of a ; and therefore 

must be independent of a ; whence we infer that 
( 2 a* 

1 (a)^ - " I ’ 


where ^ is a constant. Substituting this in (52), we have 

T = (53) 

whence we infer that the tangential force which acts on the 
particle must vary directly as the length of the path to be de- 
scribed by the particle to the origin ; that is, the tangential 
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equation must be tbe equation of harmonic motion ; wherein 
the periodic time is independent of the amplitude. 

From (53) and (50) we have 

|l = yfc(a=-.^); (54) 

let us suppose that the particle is moving towards the origin ^ 
and that r is the time from ^ = a to ^ = 0, then 

-ds 


dt = 


(a^ 


r = 


rcos-^-l'' = 

L aJa 
and ^ = 


so that from (53)^ 


TT 

T = 


TT ^ 
2 ’ 
7T^ 


4t2 




(55) 


432.] Some examples of tautochronism are subjoined. 

Ex. 1 . Let gravity he the acting force ; and let us suppose 
the axes of coordinates and the origin to he taken so that the 

dx 

axis of iT is vertical, and 5=0 when w = 0; then t = 

and thus from (55), ^ J therefore integrating, and 

replacing the constants by another constant 8 a, which is chosen 

conveniently, ^ 

1 {2a)^dx 

- Sax; 5 = 2 {2axy^ ; ds — 


y — a versin-^ - + (2 aa? — 


x^' 


whence 

which is the equation to the cycloid ; and which is therefore the 
only tautochronous curve of a heavy particle in vacuo. 

Also since only the length-element of the curve and the 
vertical distance of the initial above the terminal point of the 
particWs motion are involved in the preceding investigations, 
the result will be the same if the vertical plane, in which the 
cycloid is, is wrapped round a vertical cylinder. 

Ex. 2. Let the origin and axes be taken as in Ex. 1, and let 
the force be parallel to the axis of x and = fix ; 


dx 


fxx^ — 




whence we have ultimately y = (BXj where /3 is an arbitrary 
constant : this is the equation of a straight line. 



KaUlfclBtlUM OP 

N represent tlie nomai pr^in*,- th«j tiw f**4i.t4 
along tije coordinate aw 


and these together with the f«rr«is 

hriuffl: therefore 

a.f(!Oia«iXM s*'', 1 


a.Peo«y»i»» j I 
whence, squaring and wlding, ^ 

M* Ml* 4. 114 at. 

If the normal r^wtBn<» of the auiteo tote 
the rwultant of the acting form Mia4 
opposite to that of the wwstwtw. Wt m 
of the preceding formulae. 

Ex. 1. A particle is 
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Ex. 3. Let T = uis” - 5 - ; and let the origin and axes he the 

* //o 


same as before ; 


ds 


iix^dx = ^^^sda j 

^ 4x2 


= ^ p 

8 /XT" 

where is substituted for other constants. Now if iv is small, 
^ will be imaginary, unless n — 1 is negative. Let n — 1 = — 5® j 

dy = ^-^{k^-x-fdx, 

2—m 


which is integrable by rationalization, whenever either 


1 1 2 
— is an integer. Thus let - - 

Yjfi 

dy = y 


2 m 

1 ; or let m = -^ j then 

O 


or 


y z=z —{Jd^ — x^ 




which is the equation to an hypocyeloid. 

Ex. 4. Suppose the force to be an attracting central force 
and to vary inversely as the square of the distance ; it is re- 
quired to find the equation to the tautoehronous curve. 

Let r and ^ be the radius-vector and the perpendicular on 
the tangent of the path of m at the time t : and let the central 
attracting force be — 




also ds = 


^ dr 


therefore differentiating (55), and substituting, 
ju, . .1 '^'dr 




4r^ 


1 a . vi TT^ a dr 
d. ^ (r“ -p^r = TT 




whence integrating, and introducing the arbitrary constant 


*71^ fX ( 1 

r® ^ ^ 2r^ I c 




ll, 

r 




7j.2^5 


2/jlct‘ 




which is the equation to the tautoehronous curve. 

433.] The simple problem ol tautochronism under the action 
of gravity in vacuo may be solved by the following process ; 
Erom (25) we have 

v „2 1 r* ds 


dP 


( 2^)4 -'o (/t—O!)^ 
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therefore expanding the denominator, 
(2a"S^ 2 2.4 


. . . + ^•^•••/!- iK»/i-(«+i) + ...}*. 

2.4. ..2» J 

But this series must after integration be homogeneous in terms 
of m and and of no dimensions, because under this circum- 
stance only will Ji disappear in the definite integral. Therefore 
taking the general term, 

Jx'^ds = 

ds = ? •> --— dx \ 

2 

.-. s = (2w + l)^a?^; 

which is the equation to the cycloid with its base horizontal. 
The cycloid therefore is the only tautochronous curve for gravity 
in vacuo. 

434.] If there is a family of curves similar and similarly 
placed, all of which originate at a common point, and if heavy 
particles move down these curves from the common point, the 
locus of the points, at which all of them are at the end of a 
given time, is called the synchronous curve of the family of 
curves. One and the most simple ease of this class of curves 
we have had already in Art. 344, where the circle is shewn to 
he the synchronous curve of a series of straight lines in either 
a vertical or an inclined plane originating at a given point. 

If the given point at which the curves originate is taken as 
the origin, and the axis of x is vertical, and that of j^horizontal, 

then {X, y) being the place of m at the time t, and being its 
velocity, 

. (56) 

Jo (2yx)i 

whereby the time may be found, when ds is expressed in terms 
ofr l>y means of the equation of the curve._ Now the equation 
of any one of the curves contains an arbitrary parameter, by 
the variation of which the several individuals of the family are 
deiermiued; and by the elimination of this variable parameter 
between the equation of the curves and (56) the equation to the 
synchronous curve will be found. 
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For an example let us take a series of cycloids^ placed in a 
vertical plane with, their vertices downwards^ with a common 
starting-point^ and with their bases along the same horizontal 
line : then the equation to them is^ a being variable^ 


y z=: a Yersin“^ ~ — ( 2 ^ 0 ?— ; 


( 57 ) 


and if t is the common time down aU to the synchronous curve^, 

fas\ . ^ X 

T = ( - ) versm~^ - ; 

a 

between which and ( 57 ) if a is eliminated^ the resulting equa- 
tion in terms of x and y will represent the required synchronous 
curve. 

435.] We proceed now to a problem of a more interesting 
character : viz. the general problem of Brachistochronism : the 
object of which is to determine the nature of the path which 
a particle under the action of certain given forces takes^ when 
the time of that passage is a minimum : or if the particle moves 
in a smooth tube, it is required to determine the form of the 
tube, when the time along it is less than that along any other 

tube. 

I shall suppose the motion to be along a tube, and not on a 
surface, and if x, y, z are the axial-components of the impressed 
velocity-increments, I shall suppose ndx-^-^dy + zdz to be an 
exact differential : so that x, y, z are functions of y, ^ only. 
The meaning of this restriction will be explained ^ 
lowing Chapter. By equation ( 6 ), Art. 417 , if the velocity a 

the initial point is zero, 

- ^ = 2 r (^<^ix+Yd^+2dz); ( 58 ) 

d^^ Jo 

usiBg the notation of the Integral Calculus to indicate the limits 

of the definite integral. , ^ i Vori-f.-Hnns • 

The problem evidently requires the Calculus of Variations, 

ds 


and since 


ds 

dt 


dt = 


ds 

-'-Jo IT’ 


( 59 ) 


, x- r « V aceordinff to the assumption 

and t is the function oi w,y, ^i^en hy the 

above made, which is to be a ^ j Some 

equation ( 58 ) ; and no other general conditaon is give 

PEXCE, VOL. Ill* 


602 


BEAOHISTOCHEONISM. 



conditions must be given at the limits ; for the curve may be 
drawn either between given points^ or from one given curve to 
another given curve. 

Let {xoy y^y Zq) be the terminal and initial positions 

of m j which^ if the points are fixed^ do not admit of variation : 
but if they are on given curves^ the variations to which they are 
subject must be consistent with the equations to the curves. 
Taking the variation of (59)^ and equating it to zero^ because t 
is to be a minimum^ we have 


Jo ^ 

P C 1 rdx ^ - i 


cli8 ') 

— — + ^ j 

because from (58), 

vbv = x5rr + y5y + z5;2^; 

and integrating by parts the former part of (60), we have 
ds 






dx xds\^ /, dy 




vds 


and of these, the integrated and the unintegrated parts, each 
must separately be equal to zero. As to the integrated parts, 
if the limits are fixed points, they admit of no variation, and 
the expression vanishes identically. If the limits are on given 
lines, the expression shews that the brachistochron cuts both of 
them orthogonally. 

As to the unintegrated part; since no relation is given be- 
tween Xy y, and Zy the coefiicients of hXy 5y, 5^? must separately 
vanish : and therefore 

^ dx xds 

d.-j- q — = 0, q 

vds 


and expanding the first terms of these equations, and multiply- 
ing by Vy we have 
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cl 


dx dx dv 

ds els V 

dy cly dv 

' ds ds V 

dz dv 
ds V 


'K.ds 


, dz 


+ 

^2 

1 

Yds 

“T 


+ 

zds 


= 0, 

= 0 , . 

= 0. J 


(64) 


Let p be the radius of absolute curvature of the path ; then 
by Art. 377, Differential Calculus, 

(65) 


dx ^ dx dy , dy dz , dz 


alsOj 


0. 


Therefore multiplying* the equations (64) severally by d 
d.^, adding and substituting, we have 


dx 




. ( 66 ) 

p-^ t)2 ( ' ds^ ds^ ds^ 

But if X, p, V are the direction-angles of the radius of absolute 
curvature, or, which is the same thing, of the principal normal. 
Art. 378, Differential Calculus, 

so that (66) becomes 

— -|-(xcosX-l-YCOSju+zcosv) = 0 ; (67) 

p 

and therefore, in absolute magnitude, the centrifugal force at 
every point on the braehistochron is equal to the resolved part 
of the impressed velocity-increment along the radius of absolute 
curvature. This is a general property of brachistochronous 
curves, and is one by which the path may in many cases be 
found when the laws of the acting forces are given. 

If the braehistochron is a plane curve, the centrifugal force 
is equal to the normal component of the impressed forces. 

This general property of the unconstrained braehistochron was 
discovered by Euler. 

Also multiplying the equations (64) severally by 

7 7 % ,7 dz 

d,d.-£-dyd.^^,---- , 

adding, and reducing, we have 

x{dzd^y-dyd^z) + Y.{dxd^z-dzd^x) + z{dyd’‘x--dxd^y) = 0; 

4 H 2 
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which, shews that the action-line of the resultant of the impressed 
velocity-increments is perpendicular to the binomial; and con- 
seq^uently that action-line always lies in the osculating plane. 

436 .] We will now consider some particular cases of brachis- 
tochronous curves. 

(1) Suppose the velocity of the particle to be constant ; so 
that X = Y = z == 0 : then also dv = d; and from ( 64 ) we have 




X — Xq 


ds 

- 


7 c^ 

d.-r- = 0 ; 


which are the equations to a straight line. 

(2) Let gravity be the only acting force ; and let its line of 
action be parallel to the axis of z ; then x==y==0, z = y; 
therefore also 

And equations ( 63 ) become 


d. 


dx 


0; 


d 


.4=0. 


dz (j ds . 
d . — j — h — — 0 ; 
vds 


/ 3 ; 


’ vds ' Vi 

integrating the first two^ 

dx ^ _ 

vds 
dx ^ dy ^ 

and thus the motion tabes place in a plane perpendicular to 
that of {X) y ) ; let the plane of motion be that of {x, z ) ; so 
that all the terms involving y disappear, and we have 

dx , dz 


d.- , 
vds 

from the first of these 
dx 


, v*,.,. ds 

d* — — h g — r — 0 ; 
vds v^ 


— 7- = a constant = 7 , 

^ds (4 gaf 


(say). 


where a is an arbitrary constant : 

dx _ ^z--Zo'^t ^ 


dx 


so that ^ = 0 , when z^z^; that is, the curve is vertical at 
ds 

the point (.^o, ^0) of departure of m. 

And since ds^ = dx^-\-dz\ we have 
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_ {z—z^tlz . 

{ 20 ( 2 : — 2 ^ 0 ) — (2 — 2 o)“}^’ 

= a versin.-^ — {2« {z — z^) {z > 

cc 

le equation to a cycloid, whose base is horizontal, 
g-point is (a;,, z,). Let (ce,, s„) be the origin ; then 
n becomes 

X a versin'”^ - — y 
a 

mdetermined. It is however to be sneh that the 
J may be on the curve^ so that for its determination 

x^:= a versin'"^ (2 
Cl 

ind the braehistochron when the force is a central 
force, and varies inversely as the square of the 

I 1 _rdr _ 

jase ); 

/X p 

rmal component of the impressed force = — — * 
by the general property (67) we have 
2dp r.df _ ^ . 

/. log— 4- log — - — = 0; 


5 an undetermined constant. 

hus far the tubes or curves on which a particle has 
trained to move have been fixed ; the tube however 
in the time during which the particle moves in it, 
e actual motion of the particle in space will be com- 
f the motion of the tube, and also of its own motion 
oe. This is indeed a case of relative motion, and its 
.epends on the principle explained in Arts. 317~319j 
dll however first solve some examples from first prin- 
d in the following Article apply the equations of 
I shall suppose the magnitudes of the particle and 
30 be such that the particle just fills the smooth tube, 
inciple of solution is the same in all cases ; the reaction 
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of the tube will be alon^ the normal_, and the motion along the 
tube will be the effect of the tangential component of the 
impressed velocity-increment. 

Ex. 1. A tube bent into the form of a plane curve revolves 
with an uniform angular velocity about a vertical axis in its 
own plane ; it -is required to determine the form of the tube^ 
when a heavy particle placed in it remains at rest in all parts of 
the tube. 

Let the vertical line be the axis of Let z) be the 
place of m at the time t ; let -\-y'^ = 6 = the angle between 

7' and the plane of {x, z) ; (o = the constant angular velocity ; so 
that 6 if 0 and t simultaneously are equal to zero. 

The impressed velocity-increments on -m are (1) gravity^ 
(2) the centrifugal force due to the rotation of the tube about 
the vertical axis : resolving these along the tangent to the tube 
at the point {r, z)^ we have 

^ di' dz 




dB 


( 68 ) 


d'^s 


and as the particle is to be at rest^ = 0 ; therefore 

2 Q 

0 ) 2 ^ adz; z, 

0)^ 

0, when ^ = 0 ; and this is the equation of a parabola^ of 


if r : 


2 a 

which the latus rectum is ~ • 


Since also 


d^s 
dV ^ ' 


; 0, when the particle moves with a constant 


velocity^ the preceding solution is applicable, when the particle 
moves along the tube with a constant velocity. 

If the equation to the curve of the tube is given we may by 
means of (68) determine the point at which a particle will rest. 

Also if the velocity of the particle is a function of the path 
which it has passed over^ equation (68) may be integrated. Thus 
if t;2 =: ^2 ^^2 . ijliQXi 

^2 < 2 ^) = o)^7'^ — 2yz + c, 

where c is undetermined ; and this is the equation to a conic. 

Ex. 2. To determine the motion of a heavy particle placed in 
a smooth rectilinear tube which is attached to a vertical axis 
about which it revolves with a given angular velocity. 

Let a be the angle at which the tube is inclined to the ver- 
th^al axis, and let <*> be the constant angular velocity : let the 
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vertex of the cone described by the tube be the origin ; {x, y, z) 
the place of m at the time t j let r be the distance of m from 
the vertex of the cone : so that the centrifugal force at the time 
t is <sy^f sin a ; then taking the components of the velocity-incre- 
ments along the tube^ we have 

(sin ay — g cos a. 


(IP 


dr 


Multiplying these by ^ integrating on the supposition 

that ^ = w when y = 0, we have 
at 

'ip = a)V2(sina)^ — 2yr cosa; 

dP 

whence the final integral may easily be found. 

If the tube revolves with an uniform velocity co in a hori- 
zontal plane; we have 


if 


dr 

dt 


Hence we have 


= 0; when r = ^. 


a 


438.] Many of these problems however require for their com- 
plete solution the equations of relative motion which are given 
in Art. 332. 

Ex. 1. A smooth rectilinear tube revolves uniformly in a hori- 
zontal plane about a vertical axiS; and a particle moves in it 
under the action of an attracting force which varies as the dis- 
tance from the point where the axis pierces the tube ; deteimine 
the motion of the particle. 

Let the moving axis of ^ coincide with the axis of the tube j 
and let coz5 be at the time t the angle between the axes of £ and 
X : then; since rj = 0, the equations of motion are 

Let ju, be greater than and let /x— c*)^ = ; and let a be 

the initial distance of m from the origin : so that the equation 
of motion is 


^2 e . 
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and thus we lave all the incidents of harmonic motion relatively 

to the tuhe^ the time of a complete vibration being • 

If the absolute path of the particle in the plane is referred to a 
system of polar coordinates r and e, the e(ination to the path is 

(fl— 0)2)*^. 

T ■=^ a cos ^ j 

0) 

which is the equation to a revolving circle such as we have 

explained in Art. 385. i a- 

If CO^ is greater than v, if I then the relative 


motion is given by ^ == a + e-”*). 

The pressure of the particle against the tube is in all cases given 
by the second equation of (69). 

Ex. 2. A heavy particle moves in a smooth rectilineal tube 
which revolves uniformly in a vertical plane about a horizontal 
axis passing through it ; it is required to determine the absolute 
path of the particle. 

Let the plane in which the tube revolves be that of (x , ;»), the 
axis of y being that about which it revolves with the uniform 
angular velocity w : let us suppose the tube to be vertical and 
the distance of m from the origin to be a, when t-0 ■, the axis of 
f coinciding with the axis of the tube; then the equations of 

motion are 

2co^ = R+^sina)i{; 

from the first of which we have, a and b being arbitrary con- 


stants, ^cos«^+Ae“‘-|-Be-“‘; 

^ 2<o“ 

but when i = 0, ^ = a, ^ consequently 

f= — ^cos a)i{-f (« -f 7^)®“*+ 
t 2ci)“ ^ 46)“' 4 6) 

and this assigns the motion of m in the tube. The mean d^is- 

tanee of m from the origin is given by the last two terms, the 

first term assigning a periodical quantity, of which the maximum 


value is — , by which m is sometimes nearer to and sometimes 

2 CO^ . , . n 

farther from the origin than its mean place ; the periodic time or 
this nutatory quantity being ^ . If ^ is the angle between the 
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tube and tbe ^-axis at tbe time the absolute path of Tifi is given 
by the equation 


Ex. 3. To determine the motion of a particle placed inside a 
smooth circular tube which revolves uniformly in a horizontal 
plane about a vertical axis which passes through the tube. 

Let 0 ) he the uniform angular velocity of the circular tube ; 
oc = CA = «; OA being the diameter of the circle which is co- 
incident with the axis of x when ^ = 0 j so that aox = w Let 
p he the place of ® at the time i; op = r ; poc = cpo = e-, 
therefore poa = 2 d. We will moreover suppose the particle to 
he absolutely at rest at a on ox when t = 0. Let oca he the 
axis of and the line through o perpendicular to it the axis 
of j; j then the eq[uations of relative motion are 

= — — cos20; 
dP ^ cU m 

^!I_co^, + 2a>^^ = --sin20; 

cU m 

and ^ z=i a (cos 2 0+1); rj = a sm2 6 ; 

:==■ — 2^sin20<"?0^ = 2<3^cos 2 0^‘/0 ; 

dt'^ 
dcr^ 

IF 

since ^ = 2 a co^ when r = 2 a*, 
at 


(71) 


— 00^ (r^ — 4^2^ = 0, 


d(T 

(U 


= ot)r ; 


but d<T =2 add, and r = 2acos0; conseq[uently 


d6 , 

— = (0 COS 0 ; 

dt 


log + 


l+sin0 


sin 0 




sin 0 = 




-Oit 


e“*+e 




(72) 


which gives the angle 6 in terms of t ; aird as the relative orbit 
is of course a circle, the circumstances of relative motion are 
hereby determined. 

In the absolute path of m, if OP = r, POiK = <p, we have 
e + <p = a>i, r=2acose, and also (72); and if we eliminate 0 
and cot from these equations, the resulting equation in terms of 
r and (f> will be that of the absolute path of w. 
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Section 2. — Motion of a particle constrained to move on a given 
curved surface^ 


439.] The particle which has been the subject of motion in 
the preceding Section has been constrained to move in a given 
tube : we proceed now to investigate the equations of motion 
and the results of these equations when the particle is con- 
strained to be in contact with a given surface^ but is free to 
describe on the surface such a path as is compatible with the 
forces to which it is subject. 

Let the equation to the surface be 

z) = c; 

and let z) be the place of m at the time t. Let u, v^ w ex- 
press the several partial derived-functions of and let 


— xj2-{-v2+w=^ ; 

let Xj z be the components along the coordinate axes of the 
impressed velocity-increments ; let e = the normal pressure of 
the surface on m at the time t : the direction- cosines of the line 
of action of e are ^ y ^ 

— 9 —3 — : 

Q Q 

so that the equations of motion are 


d^x E u 

dt^ m q 

d^y ___ E V 

dP ^ ^ — m Q 

d‘^z E w 

.. — — 2) __ 

dP m q 


(73) 


if we eliminate e from these equations taken two and two to- 
getlier^ three equations will result^ which together with the 
equation to the surface will determine x^ y^ z in terms of t ; 
and if t is eliminated^ two equations will result^ which determine 
surfaces^ the line of intersection of which is the line of motion of 
the particle. 

Let us suppose iLdx-\-i.dy-^zdz to be an exact differential; 
and let us multiply equations (73) severally by dx^ dy, dz, and 
add : then^ remembering that v dx-^Y dy^-w dz = 0, we have 

dxd^x-{-dy d^y-\-dzd'^z ^ 

— X + Y + z ; 
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End integrating between limits corresponding to i 
t = we have 


^2 

~2 


= \ {iLdx^xd^'Y’Lch]^ 


t and to 


(74) 


if ®o is the velocity of m wten t = t^. 

IVom this equation the time taken by m in passing from one 
to another point on the surface may he found. 

Again, multiplying equations (73) severally by -> -> and 

adding, we have 

IT xn + YV+zw , B _ 

Q - m 

whereby the pressure on the surface is given. _ _ 

If the path which the particle is taking at {x, y, z) lies in a 
principal normal section of the surface at that point ; and if p is 
the length of the corresponding principal radius of curvature, 
then by (12), Art. 399, Differential Calcidus, 

. (76) 


so that (75) becomes 

+ K = m 


( xp+vv + zw 
( Q 



(77) 


that is, the pressure on the curve is the algebraic sum of the 
normal component at that point of the impressed momentum- 
increment and of the centrifugal force. 

If the particle moves on the surface, and is under the action 
of no force, so that x = v = z = 0, then equations (73) give 


d‘x 

~AF _ dP ^ df^ _ J_. (78) 

■g V w — m 0, ’ 

but the velocity of m under these circumstances, as (74) shews, 
is constant; and therefore the numerators of (78) are propor- 


, . d'‘x 
tionalto^, 


d^y 

ds^ ’ 
d. 


d^z 


dx 

ds 


■ and we have, if s is not equicrescent. 


% 

’ ds 


d. 


dz 

ds 


(79) 


w 


which are the equations to a geodesic line on the surface; see 
Art. 336, Integral Calculus ; the path therefore of »» is a geodesic 

line. 
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440.] In application of these equations^ let us consider the 
motioD of a heavy particle on a sphere ; and, to fix our thoughts, 
let us suppose the particle to move on the inside of the sphere, 
and take, as in fig. 139, the horizontal plane through the centre 
of the sphere to be the plane of {x, y)^ and the axis of z to be 
vertical downwards through the centre. Then if a is the radius 
of the spherej 

+ (80) 

so that the equations of motion become 

_ J!. £ ^ ^ ^ « 

dP m a' cU^~ m a’ 

Mnltiplying these respectively by 2 dx, 2 dy, 2 dz, adding and 
integrating, 

= c+ 2 y 2 , (say), (82) 

where c = v^^ — 2ffz^ ; % and being the values of v and of z, 
when 2 ^= 0 . 

Also from the first two of (81), — Q • 

^ ’ dP (IP ’ 


(jcdy—ydx = kdt, ( 83 ) 

where k is an arbitrary constant. Let the angle nom:=(J!), ON=p; 
so that x = pcos<ji, y = psm^i and p and are the polar 
coordinates of the horizontal projection of the path of the par- 
ticle j therefore, as in Art. 379, 


p'‘d4> = kdf; (84) 

and therefore p describes equal sectorial areas in equal times. 

To find an expression for the time in terms of z; from the 
equation to the sphere we have 

xdx+y^ = —zdz; 
also X dy —y dx = 7c dt ,• 

. • . {dx^ + dy>) («“ +y^) = z^dz^ Jr k'^ dP ; 


dP 


= cJ^2gz = _ a^dz'‘ Jr k'^dP 

dP ~ {(P—z'^)dP ■ 


dt 


adz 


{{cP-z^){c+2gz)-k'‘y^ ’ 

-whence might the time be found in terms of if the expression 
were integrable. 
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Also, since from (84) we have 


S<p = 


hadz 


( 86 ) 


wliicli expression does not admit of integration in a finite form. 
(85) will give the time taken hy the particle in passing from 
^ to ^ and (86) will give the curve described by m on 
the spherical surface^ which will be a kind of spherical spiral. 

If we eq^uate to zero ^ ? we shall have the values of which 

render ^ a maximum or a minimum if there is a change of 
sign^ and to which in all cases corresponds a horizontal motion 
of m. And since — + = 0 is a cubic equation, 

it has always one real root ; and as a factor of the first degree 
will correspond to this, so will the curve always be such that z 
will have a maximum or minimum value. 

Equations (85) and (86) may also be reduced to elliptic func- 
tions, and their properties may be studied in that relation; 
but it is beside our purpose to proceed further with the inquiry 
in that direction. 

The constant c is known in terms of the initial velocity and 
of the ; 2 ?-ordinate of the initial position of m. As to ; let po, 
be the initial values of p, v ; and suppose the line of to make 
an angle a with the parallel of latitude at the initial point ; then 
the component of the velocity along that parallel of latitude is 
Vq cos a ; and po is the radius of that parallel of latitude ; there- 
fore po Vq cos a is twice the sectorial area described in one unit 
of time by po on the horizontal plane ; and from (84) this quan- 
tity is equal to therefore 


Ic PqVq cos a. 

As to the normal pressure on the surface ; multiplying equa- 
tions (81) severally by w, y, z^ and adding, we have 


? cPx H-y + z d^z ___ ^ 


dP 


m ^ 


and from the equation to the sphere, 

xdx-^y dy -\~zdz = 0 , 

, \ X d‘^x + y d’^y + z d"^z = — {dx^ + + dz’^) 

= — 


m , , , 

R = — (?;^ -^-gz). 
Ch 


( 87 ) 
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® “ is the centrifugal force of the path described by m, and 

“ IS the cosine of the angle between the radius of the sphere 
and the line of action of g, is the normal component of the 

weight of so that the pressure on the surface is equal to the 
sum of the centrifugal force and the normal component of the 
weight of m. 

44^1.] The motion on a sphere can of course be effected by 
means of a heavy hoi or mass m attached by a string or thin 
rod of a given length to a point about which it can turn in 
all directions ; and thus the preceding investigations become of 
importance^ because they are those of the motion of a spherical 
pendulum : and although the expressions do not generally admit 
of integration^ yet when the distance of m from the vertical line 
does not exceed a small quantity^ we can expand in ascending 
powers of that small quantity^ and obtain results which are 
approximately exact. 

Let and let a be the initial value of d ; a and 0 being 

always so small that we shall omit all powers of them above the 
second ; and let us suppose the initial velocity to be in a 
horizontal line^ so that k = therefore 

0 = a cos d 00 =: a cos a 

— ^ a • 


c = Vo‘^--2ga-\-gaa‘^, 

so that (85) and (86) become^ after simplification by putting 


dt = y ; 

{(a® — ^') { 0 ^— 13 '^)}^ 


d<p = 


-a/3 do 


(89) 


(90) 


6^ {(a"-^2) 

from these it appears that 6 must always be intermediate to a 
and /3; and therefore i£ ^ ay ox == gaa^^ 0 is always equal 
to a ; the pendulum^ that is^ describes a circular cone^ of which 
a is the semi-vertical angle^ and the bob moves in a circle ; and 
dividing (89) by (90)^ we have in this case^ 

dt = (p%; 
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and if ^ = 0 when = 0^ the time of a revolution is 

(91) 

which is twice the time^ see (40)^ Art. 427^ of an oscillation, 
when the pendulum vibrates in one vertical plane. If therefore 
two pendulums of the same length a start simultaneously from 
the same line oa, which is inclined to the vertical at the angle a, 
the one from rest, the other with a velocity equal to a {gd^ in 
a line perpendicular to the vertical plane containing OA, both 
will return again simultaneously to the same line OA. 

Let however a and /3 be unequal : then from (89) we have 


dt = (-)^ 


-6dd 


whence integrating, and observing that 6 = a when ^ = 0, 




(92) 




a®4- 13 ^ 


+ 


■ cos 




(93) 


= I cos 1 0^1“ + /3^ I sin t • (94) 

Hence it appears that 6^ is periodic, and that its greatest and 
least values are and /3^ ; the time elapsing between 6 = a and 
0 = /3 is 

For the azimuthal motion of the vertical plane which contains 
the pendulum we have, from (89) and (90), 


TT 

2^g) ■ 




6^ 




aj3 dt 




integrating wbieb, and supposing tliat <p = 0 when z!=0, we have 
a tan <f) = ^ tan t (0°' ; (95) 


(p therefore does not vary directly as the time, as is the case 
when /3 = a; but the plane revolves through 90°, during a time 
which is equal to ^ a-A 

2 V ' 


616 


MOTION OP A PAETICLB 


From (95) we have 
(cos (py = 




* (f )’}’ +^' I ' (f )’}’ 


^»{sini!(|yj 

>■ 

> 



1 ^ 1 



(sin <j)y = 


= {a^—z‘) (cos (f>y = 6^ (cos cj^y, 1 

y'‘ = (a^—z^) (sin (py = (sin <i>y jj 
therefore from (96) (97) and (98), 


[441. 


(96) 


(97) 


(98) 


(99) 

whieli is the equation of an ellipse^ of which the semi-axes are 
aa and h^. Hence we infer that the projection on a horizontal 
plane of the path described by the bob of the pendulum is an 
ellipse^ whose centre is in a vertical line drawn through the 
centre of suspension^ and one of whose principal axes lies in the 
vertical plane perpendicular to the line along which m is at first 
projected. Now an ellipse may be described by a particle moving 
under the attraction of a central force situated in the centre of 
the ellipse and which varies directly as the distance; we may 
therefore suppose the bob of the pendulum to move under the 
action of such a central force. Let /a be the absolute central 

force j then by Art. 382, the periodic time = but from 

above, the periodic time = 2w(-) ; therefore ja = - ; so that 

if p IS the central force, p = - p. 

a 

And this is the resolved part of the tension of the rod along 
the direction of p referred to an unit-mass; as may thus be 
shewn : if a = this tension^ then the resolved part of ii along p 

= — a — reason of (87)^ 

q p2 

= (i+^»+a» 

and omitting cubes of small quantities^ if p = this resolved part^ 
p but from (98)y = ^ 2^2 . 


that isy varies directly as p. 


p = ^ p ; 
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In the Mecanique Analytique^ second part^ Sect. VIII_, Ch. 

§ the approximations are carried on so as to involve powers of 
a and j8 higher than those which we have taken account of; and 
M. Bravais; after correcting some errors of M. Lagrange^ shews 
that the angle between two successive points corresponding to 

6 = a and to0 = /3is ~(l + instead of being ^ ? as it is 

in the preceding investigations. Hence there is a progressive 
motion in azimuth of the apse^ in the direction in which the 
pendulum moves. 

442.] As another example let us consider the motion of a 
material particle on a surface of revolution^ and acted on by 
forces in a plane passing through the axis. Let the axis of 
revolution of the surface be the coordinate axis of z; and let 
= p 2 . so that the equation to the surface is 


p2 == =/(^); 

^) = = 0; (100) 
u = V = 2^, w = {z) ; 

=z 4:p'^ + {/' {z)}\ 

Since the impressed forces act in a meridian plane only^ let 
them be resolved parallel to the axis of z^ and perpendicular to 
that axis; of which let the components be severally z and p; 
then of p^s line of action the /??- and y-direction-cosines are 

- ? - ; and let the pressure on the surface^ be resolved in a 


similar way : so that its components are 

(Iz X dz y dp 

R -= ? R — = j R “rj- ? 

ds p ds p ds 

where ds’^ = + ; and the equations of motion are 

__ ^ '2. dz X ^ R cfex X 

dP ~ ^ ^ ^ p “ V + ^ p ^ 

dP' p m ds p ^ m ds^ p^ 

d‘^z R dp 


— — — 2 "4- r — 

dt‘^ m ds 


( 101 ) 


From the first two we have x 


dP 


d^x 


0; 


xdy—ydx^hdt} (102) 

so that the projections on a plane perpendicular to the axis of 
revolution of the sectorial areas described by p vary as the 
times in which they are described. 
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Again, 

(hd^x+d^d'^y + clzd^z xdx+vdv 
= p -^+zdz 

= p dp -j- z dz j 


■■• ~2 ^ =J^ {^dp + zdz}. ( 103 ) 

WitTiout carrying these general investigations farther, I shall 
apply them to a few examples. 

443.] To determine the circumstances under which a heavy" 
particle will describe a parallel of latitude when the axis of 
revolution of the surface is vertical, and the velocity of projec- 
tion is a function of the coordinates of the point of projection. 

In this case p = 0, z = — ^ ; the particle is projected in a 
horizontal plane, and along the tangent to the parallel of lati- 
tude. Then the equations become 

— = — ^ _ -R dz 7J 

dP m ds p’ dP ~l^dsp’ 

d^z __ -& dp ^ 

dP m ds’ 


^ = d{^o-z)-, 


. %- 

“2 2 

where Vn and z^ are the initial values of v and z; but z = z^, 
because the particle describes a parallel of latitude j therefore 
the velocity is constant. 

Let us consider the equation to the meridian curve as it is in 
the plane of (je, z) : and let the initial velocity at the point (x, z) 

then resolving along the meridian curve the 
centrifugal force and gravity, we have 

^fff{x,z)dx dz 


( 1 ) Let /(;r, a) = a. 

2dx 


X ds ^ 'ds ’ 

so that the velocity is constant ; 

dz 1 

- — > «“ = ce 


( 104 ) 


(2) Let /(», z)=—; 

Cb 

2xdx 

= az. 

444.] To complete the subject of brachistochronous curves^ 
we must consider the properties of those paths which a particle 


40 jequilibeium of fokobs. [ 

by )/, makes the particle to rest at a distance / from the Im 
point, then M _ .5L • 

that is, the absolute values of the repulsive forces at an t 
distance vary as the cubes of the distances from the lowest j 
of their positions of rest. 

37 1 Next let us consider the circumstances o( pri'ssnrc 
partide resting, or (to fix our thought, s) of a small ring slic 
on a given curved line which is smooth and oilers no resist 

to motion along itself. „ , . i « 

As the curve is smooth, the resultant ot the impressi'd 1, 
is manifestly perpendicular to the tangent oi the tnirvc at 
point of equilibrium; therefore if the curve is of double ei 
ture, so that the direction-cosines of its tangent arc proport 
to dx, dy, dg, the required condition is 

= 0 ; 

and if N is the normal pressure, and K, g, v are the direc 
angles of its line of action, 

NCOSX = X, NCOSg = Y, NCosa = z; 

whence N, X, g, v are known. If the equation (73) cauu 
satisfied at any point of the curve, equilibrium is imposi 
and if the forces are given, the point, at which (Hpiilibnum 
place, may be determined by means of (73) and the cqui 
to the curve. 

If the curve is s. pl^ue curve; (78) beconies 

And if F(ar,y) = 0 is the equation to the curve, this k 
expressed in the form 



Also (75) becomes 

Ex. 1. A ring is capable of sliding m a HnuM^h helix, 
acted on by a constant fonte perpc‘ndicnlnr io the axis; 
that equilibrium is impossible, unless ihe forcH' paralltd 
axis of 0 is a:ero* 
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moving on a curved surface under the action of given forces 
takes^ when the time of passing from one point to another^ or 
from one curve to another^ is a minimum. 

Now on referring to Article 435, the investigation is the 
same as far as equation (62); and as to the integrated part, if 
the initial and terminal points are given, it vanishes identically ; 
if the curves on which they are to be on the surface are given, 
the equation shews that the brachistochron cuts both curves at 
right angles : this result is evident from general reasoning. 

As to the unintegrated part of (62), 8^, hz are no longer 
independent of each other ; but if the equation to the surface is 
F (a?, ;2) = 0, (105) 

and if u, v, w are the partial derived-functions of it, we have 

u 5^ + v8y + w8^=:0 ; (i^^) 

and as this relation exists at all points of the brachistochron, 
we have from the comparison of it with the unintegrated part 
of (62), 

dx yids , dy , dz z 

_ yds 

u V w " ^ ^ 

which are the general equations to the brachistochron ; because 
the integrals of these equations will give two surfaces, the in- 
tersection of which is the brachistochronous curve. 

If no forces act, x = Y = z = 0, and the velocity is constant : 
so that (107) become 


which are the equations to a geodesic line ; in this ease there- 
fore the geodesic joining the two given points, or that which is 
orthogonal to the two given curves, is the brachistochron. 

In these investigations I shall suppose x<rfe+Y^^y + to be 
an exact differential ; then since, see Art. 435, 

= 2 {x^iT + Y + ; (109) 


V V V 


.dv^ 


Now is a function of x, y^z, therefore «; = <? is the equa- 
tion of a surface; and since, when ^ = 0, x^ii? + Y%-l-z& = 0, 

4 K 
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I shall as in Art. 232, call . the equilibrium-surface : it is 
ew en j such that at all points of the braehistochronous path, 
the resultant line of action of the impressed forces is normal to 
tne equilibrium-surface. 

445 .] It IS also convenient to consider the braehistochronous 
lines with reference to lines of another property which can be 
drawn on a surface. Suppose the particle m, which is the sub- 
jee of rnotion, to be at rest at a given point on a surface, and 
to be under the action of given impressed forces ; then, if the 
particle is constrained to move on the surface, the first element 
of Its path will be that length-element on the surface which 
makes the least angle with the line of action of the resultant of 
the impressed forces ; and at the end of this first length-element 
another element will have the same property; and so on: thus 
tor the system of forces there will be a series of such elements 
on the sm-face, and we shall have a curve, which I propose to 
call a Ime of easy motion on the surface. Such a line will at all 
Its points be normal to the curve of intersection of the equi- 
librium-surface and of the given surface. Its equations are 
lound in the Jfollowing manner : 

T nf t, XT. 1 

Ts' 1^' airection-eosines of the length-element 

of the line of easy motion ; then if are 

tke direotion-cosinss of tte line of notion of E; andlf 5 Jthe 

angle which is to be a minimum^ 

If dx 

COS^ = -n|x — -fY- 


also 


Rl ds^^ds^^Tsl’ 

0 = TJ$ + V^ + W^- 
ds^ ds’ 


tWore differentiating these, and equating to zero ^.cos we 


0 


dx y dx 

Ts^-'dk^ 


[jdy dz dz 
‘ * ds ds^ ' ds^ 


If I- 
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, ,dx ^ ^ clx , , dif s T dy , ^ dz , . ^ dz 

(l + i ^ +^„, J. ^ + (V + i -jj- + (^ + X g +im)i. j; = 0. 

Let x + X^ + |txiT == Oj "" 

y + A-™4-/xv = 0^ > (112) 

^ dz: 

z + A ^^-+/xw= 0 j J 

tlien multiplying these severally by dxj dy^ dz^ and addings we 

have^ by reason of (1 1 0)^ 

, T ^ dv 

vdV’\‘\ds :=: A= — 

so that (112) become 

V dv dx 


da da 
vdv dy 
da da 
vdv dz 
da da 


+ = 0^ 


+ fXY=:0, 


+ fiW-0; 


therefore replacing z by their values from (111)^ we have 


/dv\ , dx 7 

(e)*-** 


(I)*- 


^av\ 7 az 7 


^dx^ ^dy^ ^dz' 

from which; by integration^ two functions of x, y, z may (theo- 
retically) be found : the line of intersection of the surfaces re- 
presented by which are the lines of easy motion. 

The paths taken by water in its descent towards a lower 
level; by avalanches in their descent; by balls in their descent 
through bent tubeS; are all cases of lines of easy motion of 
heavy bodies under the action of gravity. 

When gravity is the only force which acts on the line of 
easy motion is called the line of greateat alojje. In this case let 
the axis of z be vertical; so that 

aIv\ ^ Avs. ^ /dvK 

whereby (114) become 

— dx^-^dy^ ^ (iis) 

which are the equations to the line of greatest slope. 
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Thus on the ellipsoid whose equation is 

^2 ^2 ^2 

we have^ from the first two of (115)^ 
a’^dx ¥dy ^ 


y 


log— = 52 log — ; 



which is the equation to a cylinder perpendicular to the plane 
of {Xy y) ; the line of intersection of which with the ellipsoid is 
the line of greatest slope. In the sphere^ = and the meridian 
line is the line of greatest slope. 

Also in surfaces of revolution^ whose equations are comprised 
in the form, —f {z), 

and where the axis of revolution is vertical, we have 


/d^\ yd^\ 

and thus the first two of (115) become 

dx ^dy ^ ^ ^ . 

X ~ ‘ ' ®0 ~ yo ’ 

which is the equation to a meridian plane : the meridian there- 
fore which passes through a given point on a surface of revolu- 
tion is the line of greatest slope at that point. 

446.] The general equations of the brachistochron (107) may 
be expressed in the following form by means of (111), 


vds 


d 1 
dx V 


dy 


d.^d^-ds^^ 

vds 


d 

dy V vds 


d_l 
dz V 


(-) 

\dx) 


C— 

\dv) 


\dz) 


^dy' ^dz 

which may again be expressed in the form 


vd 


dx rdv^ T dx ^ , dy 

( 'od.-f 

ds ^ ^dx' ds ds ^ 

^di?\ ydi^\ 

\d^) W 


(-) 

\dJ 




dy 

ds 


dv 


vd. 


(Ch. 


0 

i (I)*' 

+ 


dz 


dz 


ds 


- dv 


^dz) 


(116) 


( 117 ) 
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HOW these equations are satisfied, if we have simultaneously. 


d 


dx 

ds 


d. 


ds 


d. 


dz 

ds 


(£) 


and 


(-) 

W 


(-) 

^dz-f 


(118) 


j-di\ , dx 


dv 




ds 


dv 


,dv\ 7 

(&)*- 


dv 


(I) 


\dj 


A 

\dj 


(119) 


\dx^ ^dy^ ^dz'> 

hut these are severally the equations to the geodesic, and to the 
line of easy motion ; therefore a curve which is at the same 
time a geodesic and a line of easy motion is also a hraehisto- 
chron. Hence also we conclude that of curves which have the 
properties of being geodesic, lines of easy motion, and brachis- 
toehronous, any line which possesses two of these properties 
possesses also the third. 

The brachistoehron at the point whence m starts, and gene- 
rally at all points where the velocity of m, is zero, touches the 
line of easy motion. 

For if we take equations (117), iiv = Q, we have only the 
second members of each j so that at the points where v = 0, the 
brachistoehron is identical with the Kne of easy motion. 

447.] I proceed, lastly, to consider the case where gravity is 
the only acting force, and particularly when m moves on a sur- 
face of revolution,_the axis of which is vertical. 

In this case x = y = 0, %= g ■, 

v^=2g{z—Zo); 

so that the first two of (107) become 

dx dy 


d. 


d. 


r U / . 1 

ds{z — z^. _ dsi^z—z^'^ 


(-) 


\d.J 


( 120 ) 


<dx^ 

Ex. 1. Let the surface be the vertical plane of (a, z ) : so that 


^dx> 


i-') 


0 


d. 


dx 


0 ; 


dx 


= a constant. 


ds{z—z^^ ds{z—z^^ 

which is the ^fferential equation to a cycloid whose base is 
horizontal. 
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Ex. 2. Let the surface be the inclined plane, whose equation is 

y 

b~ c’ 

fd'S\ _ ^ ^ ' 

W“~e’ 

so that from the first of (120), 

— — — — = e (a constant), 
ds{z-z,)i ’ 

which will he the equation to a cycloid on the inclined j)lane. 

Ex. 3. Let the surface he one of revolution, of which let the 
equation be 

so that from (120)^ 

T dx T dy 

^^xd, ^ = 0 ; 

ds {Z’—z^Y ds (z — ^o)"^ 

whence integrating, 

ydx--xdyz=z eds{z--ZQ)^^ (121) 

where c is an arbitrary constant. Let ^ ^ 2 ^ £?? = f cos0, 

= r sin ^ ; then (121) becomes 

r^dd = cds{z--z^)^. 

If V is the velocity of m at the time t, 
ds^ 

= 2ff r^d0 = Av^di; 

so that the sectorial area described by r in a horizontal plane 
varies as the square of the velocity of the particle. 

If the equation to the generating cmwe of the surface is . 

then d^ = f'{z)dz-, 

.-. ds^ = dz'‘+d/r^+r‘‘d6'‘ 


so that 


dQ 


dz^{l + {f'{z)y} + {f{z)Yd6'‘ 

{l + (r(g))n(^-^o)l* 


_ 5 

~f¥) I 


^Z—Zo))i 

-^ 0 ) 3 ' 


( 122 ) 


(/(«))’“ -^“(^^-^ 0 ) 

whence the equation to the brachistochron may be found in 
terms of 6 and x. 
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St- I )<-,*< :i, n/ mntetkl partkla in 

rmafin^ meilitt, 
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which, is a linear differential equation of the second order with 
constant coefficients ; and of which the general integral , is^ see 
Art. 471^ Integral Calculus^ 


( 124 ) 


^ r= 4a/ ^ 

where and are undetermined constants. 

Here we have three cases ; viz. according as the radical in the 
exponent is imaginary or possible or vanishes. 

(1) Let the radical he imaginary^ that is, let . 

= (a I cos M -f a 2 sin M)y 

where <3^1 and az are undetermined constants : to determine them 


we have the following data : when ^ = 0, 5 = a, ■^ = 0; therefore 

a=^ I 

0 = ; ) 


ds 
dt ' 
<3^1 = a, 
lea 

a, = ^; 


s e~''‘*^{h(iC)sht + ksm.M}. ( 125 ) 

Let T = the time from the point where 5 = a to the lowest 


point; therefore 


tan^T = — 

k 


( 126 ) 


which is independent of a, and is therefore the same whatever 
is the point on the cycloid whence m begins to descend. The 
cycloid therefore is tautochronous in a medium wherein the re- 
sistance varies as the velocity, as well as in vacuo. 

On comparing the results of this problem with observed facts, 
they are found so nearly to coincide, that the resistance of the 
air seems to vary nearly as the velocity, when the arc through 
which m moves is small, and when consequently the velocity is 
small : in this case also Ic is small, and if a is not very large, 

which is equal to , is not small ; 


^T = taii-q-^) 

TT . h 

“ ^ 4- ^ (approximately) ; 

© I 4fl5 , 


( 127 ) 
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on comparing wHcli with (27)^ Art. 423/ it appears that the 
time of descent to the lowest point is greater than it is in vacno, 
by a quantity which varies as the coefficient of resistance. 

Again^ from (125) we have 

*=-- 4 — 

therefore -^ = 0, when t=:0^ t = j ^ ; and the time of a 

Uu ^ fb 

complete oscillation is ^ , And substituting these values of t 

successively in (125), the amplitudes of vibration successively 
become Ji 

Ct^ CL & ^ ^ CL C ^ ji***'**^ 

so that the amplitudes decrease in geometrical progression. 


(2) Let 


— = 7^^ ; then (124) becomes 
4^ 

ds 


(129) 


(130) 


and since when = 0, 5 = a, and ^ = 0, we have 

ulh 

in which expression ^ = 0, only when j{=oo ; that is, the particle 
never reaches the lowest point of the cycloid. 

d^ s 

And differentiating twice (130), it will be found that ^ =0^ 

ds . . 

that is, that is a maximum, when ? = ^ log - 


dt 

4a 




(3) If = y , that is, if two roots of the auxiliary equation 


of (123) are equal to each other, then the integral of (123) is 


= ae~ 


*(1 j 


(131) 


which formula shews that « = 0, only when ^ = oo. 

449.] Let us in the next place consider the motion of a cir- 
cular pendulum in a resisting medium, when the resistanee varies 
as the velocity, and when the amplitudes of vibration are small. 

Let a be the radius of the circle, and thus the length of the 
pendulum ; 0 = the angle between the pendulum and the ver- 
tical line at the time t-, a = the greatest value of 6-, then the 
equation of motion is 

d'^Q -.do g • n n 

+ + -sin0 = 0; 

di^ dt a 

4 L a 


( 132 ) 
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and as 6 is always small^ sin 6 may be replaced by 6^ and we 


+ 2/^^ = 0, 

dt a 


gp ‘ . > ( 133 ) 

wHcb is of the same form as (123). Now h is in this case small^ 
so that is less than - ; therefore let 


1. 

a 


- r= 7^2 ; 

thus the integral is the same as (125), and we have 


^ = - e-'^^ {h cos }it-{-lc^\nht'\y 


and 


h 

do a(Ji^ +^^) 


e~'^^ sin lit ; 


(134) 

(135) 


dt Ji 

whereby the position and the velocity of the pendnlum at any 
time are known. 

= 0, whenever t = ^ : so that the time of an oscillation 
dt h ^ 

~ I “ ^ ^ ) 

and is independent of a. Thus, see (40), Art. 427, the time of 
an oscillation in vacuo is to that in the resisting medium as 

1 to (l — amplitudes of the oscillation, as it has 

been shewn in the last Article, diminish successively in geo- 
metrical progression. 

On these results M. Poisson remarks in Art. 187 of his Traite 
de Mecanique, Vol. I, 2nd edition, that experiments in air shew 
how the amplitudes of the vibrations (approximately) decrease 
in a geometrical progression. In an experiment made by Borda, 
where a was one-third of a degree, the amplitudes were evidently 
reduced in geometrical progression, and the greatest amplitude 
was reduced by about two-thirds after 1800 oscillations. 

450.] Let us assume that the resistance of the air varies as 
the square of the velocity ; so that if H is the coejfficient of re- 
sistance for an unit-mass, the equation of motion is 
d^d . . g 






37-] A COl^STRAINED PARTICLE. It 

The equations to the helix are 
X = acos<l>y 

y = asin^, dy = xdcpy 

Z'=^ha^y dz:=.had<^\ 

and a fjL a is the constant force which acts towards and perpen- 
dicular to the axis, 

x=:— Y=— /xy; 
and therefore substituting in (73), we h^ve 
jxxy — fjLxy'i’Zia = 0 ; 
which can be satisfied only when z z= 0. 

Ex. 2. A small ring, capable of sliding on a smooth ellipse, 
whose equation is ^a 

^ + gF = 

is acted on by forces parallel to the axes of x and y represented 
by fJLx'^ and jxy"^ ; find the position of equilibrium. 

In this case (77) becomes 

n-H r n+1 ^ n+1 \ 

= ^5 w— 1 n- 1 4- J w-1^ ; 

and a similar value may be found for y. 

Ex. 3. Two weights p and Q are fastened to the ends of a 
atring, fig. 14, which passes over a pulley o ; and Q hangs freely 
when P rests on a plane curve ap in a vertical plane ; it is re- 
quired to find the position of rest when the curve is given. 

The forces which act on p are, (1) the tension of the string 
in the line op, and which is equal to the weight of Q,, (2) the 
weight of P acting vertically downwards, (3) the normal reaction 
of the curve, viz. r. 

Let P (^, y) ~ ^ equation to the plane curve, o being 

the origin, and the axis of x being vertical. Let om:=^^ MP=y, 
OP = f, POM = By OA = Then 

dv • ^ . 

X = P — QCOS0— Y = — QSin^+R-^/ 

therefore from (76), 

(p — Qoos0)&?— Qsm^% = 0, 
xdx-hydy 

p^-Q = 0; 
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FAcademie des Sciences de Paris^ tome XI ; (2) a paper by Pro- 
fessor Stokes of Cambridge^ and contained in the Transactions 
of the Cambridge Philosophical Society^ VoL IX^ Part IIj 1851^ 
in the introduction to which will be found a succinct account 
of all the investigations which had been previously made on the 
subject. These inquiries however are hydrodynamical^ and pro- 
perly belong to a future part of our treatise. 

451.] It remains for us still to investigate the general equa- 
tion of tautochronous curves in a resisting medium ; and with 
this object I shall inquire into the most general expression for 
the tangential component of tautochronous curves. 

Let o be the common extremity of the arcs^ which are to be 
described in the same time r; let s = the distance along the 
curve of m. from o at the time and let cr be the initial value 
of And let t be the tangential force for which the curve is 
tautochronous ; let ^ be the velocity at the time ; then 


T 




(138) 


T d ds dv 

also T = = = 

dP . dt dt ds 

which is to be determined. 

By reason of the property of tautochronism, r is to be inde- 
pendent of cr ; therefore 


dr 

dor 


0 . 


( 139 ) 


Let us in the first place so transform the right-hand member 
of (138) that the limits of integration may be constant. For 
this purpose let s = \lr (z% where . 2 ^ is a new variable^ and where 
= 0, when 0 = 0 ; and let z ^ where u is another new 
variable^ and where z is the value of z^ when 5 = cr ; so that 


S = ir(z) = ylr(uz) ; (140) 

therefore u=: I when 5 = or, or when z = z; also o- = -v/r (z). 
From these we have, z being independent of Sy 
ds = \lr'(uz) z du ; 
yl/{uz)zdu _ ylr'{z)zdu ^ 

Jq V. Jq V ^ ^ ^ 

therefore 


dr 

d(T 


=-i 


'1 


dv do ds) 
dxT ds drn 


du. ( 142 ) 
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Now 


^ = .3- = M (say), 

d% 


oecomes 


dig. (143) 


so that (142) becomes 

// N 

/■.//''/' yy rf' A-^yi/ ( cf\ ^f\ O'i Z ”1 

dr _ ] 

dcr z./o 

Let the quantity under the sign of integration be repre- 
sented by d.f{s, <t) ; (144) 

also from (140)^ 

dz 1 ^ _ ^"(^) . 


ds ~ ’ 




and let be represented by /, A respectively : so that 

ds^ 


= /= 


t»=-75 


(145) 


therefore, since = 0, we have, substituting in (143), 
d(T 


dv , zt: m , / \ . 


JZ' 




<^) _ 


V* = 0 ; (146) 


which is a partial differential equation of the first order, where 

— and — are partial derived-functions of let it be divided 

d^ d(T 

through by z'j then by (84), Art. 384, Integral Calculus, we 

havQ / . /, dv . 

-d<T = -ds= —j, riTTZ y 

z z z^\ d. f{s, a) 

ni-7r)-7— &— 

and our object is to find two integrals of these equations. Let 
us take the first two of these three equalities ; and let 






dcr 


ds 


<#>(«) 


so that we have 

■■■ / 

and (149) becomes 

d.o) (v) — d.a (s) = 0 ; 

Q) (v) — <0 (S) = Cl j 

where c, is an arbitrary constant of integration. 


>(*); 


(148) 

(149) 

(150) 

(151) 
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Now let us take the last two of (147) : from (148) we have 


1-77 - 


i ^ (cr) e A 


so that we have - ^ ; 

0 (« 5 ) — (p^a) e~^ ^ 

■•■ = ( 152 ) 

in the right-hand member of this equation let cr be replaced by 
its value in terms of s from (151)^ and let the indefinite integral 
of the quantity after the substitution be {s ) : then integrating 
(152) we have ^ / a 

+ (153) 

where is another arbitrary constant ; by the general theoiy 
of the integration of partial differential equations^ <?i = {c^)j 

where Pj is the symbol of an arbitrary function : therefore in 
this case we have 

to(<r)-(»(s) = (154) 

Fi being such that v = Q, when s — a-} and this is the general 
integral of the differential ecjnation (146). 

Let us take the ^-differential of it, and replacing d.a> {s) from. 
(150), we have , 

1 A/'.', 

-J(7) ^ -X»}- 

let = (155) 

■ ’S = '=59)p{«(«#'>-x(.)) + ifi^-^.(.)xW}l (156) 
which is the most general expression for the tangential velocity- 
increment, where i', ^ and ^ are s 3 Tnbols of arbitrary functions. 

As a particular case of (156), let us suppose x W = 0 ; then 

{^(s)}“ ( A ^ (157) 


{<^(«)}“r^ « r 

Let <#>(«) = £i = 

V p(s) 

^(s) V ) ~ ”("^( 4 .)) ~ n is the symbol 

of an arbitrary function : then (157) becomes ' 
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T=^|n(|)+^|; (158) 

wliicli formula was given by Lagrange in tlie Mem. de 1 Aca- 
demie de Berlin, 1765, 1770. The general formula (156) is 
due to M. Brioschi, and is given by him in Annali di Scienze 
Matematiclie e Fisiche eompilati da B. Tortolini, Roma, 1852, 
p. 362. For the preceding references I am indebted to M. 
Jullien, ^'Problemes de M&aniqne rationelle,"^ Vol. I, page 393. 
Mallet-Bachelier, Paris, 1855. 

452.] As an application of formula (158), let ns investigate 
the cases of tautochronism relative to a heavy particle, which 
moves on a rough curve in a medium, of which the resistance 
varies as any function of the velocity. 

Let the axis of os be vertical, let (v) he the resistance of the 
medium, and let jjl be the coefficient of friction; so that the 
tangential and normal components of the velocity-increments 
are respectively 

das dy 

gj--f{v), and 9^^ + y 

and as tlie friction varies as tire pressure on tlie curve, we have 

i /isgi 




P 


and this expression is to be identical with the right-hand mem- 
ber of (158). 

If in (169) T is differentiated thrice with respect to v, and 
once with respect to s, the result = 0 ; so that 

-^=0; (160) 

dv^ds 

the particular form of (158) must therefore he consistent with 
this condition. 

V ,v-. 


V 

?"(?) 


^ Os 

so that (158) becomes 

and as s is a function of (160) becomes 

J^ = 0-. 

dv^d^ 

applying this to (161), we have 

PRICE, VOL. III. 4 M 


= x(Oj 


634 THE TATJTOCHEON IH A EESISTING MEDIUM. [ 45 a. 


and if j we have 

^""(0 + 6 C^"'iC) + 6 ^"(C) = 0 i 
wlienee integrating, we have 

C"w'(C) = a^^+bC+c j 


w(^‘) = AC+slogf— ^ + d; 

where a, b, c, d are arbitrary constants. Substituting this in 
(161) we have 

*2? 'V^ ^ ^ ^ 

T =-Bz;log^ + D?; + -j-(A+ ^) — of. (164) 

That this and (159) may be identical, we must have 

(1) B = 0, (2) T>v=f{v), (3) ^(a + ^|) = ^ 

(4) -0f = ,(4-|); 

therefore from (2) tlie resistance of the medium varies directly 
as the velocity; and from (3) and (4)^ after all reductions^ we 

AC 

and this is the equation to a cycloid. 

Thus the cycloid is tautochronous both in vacuo and in a 
medium, of which the resistance is proportional to the velocity^ 
and with friction ; it is also the only case of tautochronism with 
friction which is given hy (158). 

If a is the radius of the generating circle of the cycloid^ and 
a is the distance from the lowest point of the cycloid of the 
conunon extremity of all the tautochronous arcs^ then from the 
equation to the curve we have 

dx 5 + a 

ds ’~Xa * 

Since all the arcs are tautochronous^ a is evidently the distance 
along the arc from the lowest point of that point on the rough 
curve at which m being placed will remain at rest. 


CHAPTER XIIL 


GENERAL THEOREMS IN THE MOTION OF A PARTICLE. 

Section 1. — The principle of vis viva^ or of work. 

453. ] In the present Chapter I propose to investigate certain 
theorems which are either generally or under certain circum- 
stances true of the motion of a material particle. And also to 
explain a method of investigation by which, when direct pro- 
cesses fail, approximate solutions of certain physical problems 
may be obtained. 

Firstly, let us consider more generally than heretofore the 
principle of vis viva or of work in its application to the motion 
of a material particle. It will be hereafter considered in relation 
to a system of moving particles. In previous parts of the work 
particular forms of it have been frequently met with, and we 
are consequently now in a condition to appreciate the use of the 
principle. 

Let the equations of motion of m moving freely be 
d^y d^z 

let (tv, y, z), (»oj y<» ■®o) the places of m, v and he its velo- 
city, when t=.t and t respectively : then multiplying the 
several equations of (1) by dx, dy, dz respectively, and inte- 
grating, we have 

^ = rmixdx + Ydy+zdz); ( 2 ) 

2 2 JfD 

of which the left-hand member is the increase of vis viva during 
the time t — ta, and the right-hand member is the sum of the 
works done by the several forces during the same time. 

454. Now if the right-hand member of this equation has a 
meaning and admits of a physical interpretation, the element- 
function of the right-hand member must be an exact differential 
so that the integral may be found, and the definite integral may 
be determined. Let us suppose xdx+Ydy + zd’Z to be such an 
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exact differential^ and to be the differential of a function of 
which we will call v ; so that 

+ = DVj (3) 

in which ease z must be functions of z only^ and must 
not involve i exjplicitly ; then (2) becomes 


mv^ 

"T" 




^^(v-Vo), 


( 4 ) 


where and Vo are the values of v and v^ when m is at Zq), 

its place at the time 

Thus the increase of vis viva_, which is also the work done by 
the acting forces on m during the time t — to, depends only on 
the positions of m at the times t and and not on the time 
occupied in the passage from one point to the other^ nor on the 
path taken by m during that interval. This theorem indeed 
follows immediately &om the principle on which work is esti- 
mated. It is called the principle of vis viva and the principle 
of work. 

Hence whenever the point (Wy y^ z) comes to {Xq^ y^^ z^), the 
right-hand member of (4) vanishes^ and consequently no work 
is done : that is^ the work spent or lost is exactly equal to the 
work gained; and in this case there is no change of vis viva. 
Thus whenever the moving particle passes through the same 
pointy the vis viva of m at that point is always the same. 

If X = Y = z = 0, that is_, if no force acts on the parti cle^ the 
vis viva is always the same ; that is^ no work is done, because 
no force acts to do work. This theorem is known as the prin^- 
ciple of conservation of vis viva of a particle. 

If the function assumed in (3), viz. v = represents a surface, 

so that (^) = X, (^) = Y, (^) = Z, then at every point 

on this surface the action-line of the resultant of the impressed 
forces is normal to the surface, so that in reference to the system 
of forces the surface is an equilibrium-surface; see Art. 232; 
and the particle would be at rest under the action of the forces 
at every point on the outside of the surface supposed to be a 
rigid shell. Similarly Vo = c^ may be another equilibrium- sur- 


mv^ 


face : and thus 

II Lu in:§i ^ " 

( 5 ) 

Consequently tlie gain of vis viva is always the same whatever 
points on the fii-st and second surfaces are taken to he the ter- 
minal and initial positions of ; the relative positions of these 



IN THE MOTION OF A PAETICLB. 


637 


455 -] 


two places are determined by the forces. Hence also whenever 
m is on the same equilibrium-surface^ whatever is its place on 
that surface, the vis viva is always the same. 

455.] Now since this function v = c is such that its x-, y-, z- 
partial derived-functions are the axial-components of the im- 
pressed momentum-increments referred to an unit of mass, v is 
the potential of the resultant of the forces which act on the 
unit-particle at («, y, z), and is the work done by the forces in 
the passage of the particle from a given point to the point 
(«, y, z) : thus the right-hand member of (4) is the work done 
by the forces in the passage of m from {x^,y^, z^) to {x,y,z). 
This being so all that has been said generally of the potential 
in Section 2, Chapter VI, in reference to statical attractions is 
true of it in reference to dynamical force, and the equilibrium- 
surface above mentioned is an equipotential surface. Plence 

also y is the component of the impressed velocity-increments 

alonff and ~ is the resultant of the impressed velocity-in- 
° m . 

crements^ and acts along the line normal to the eqtiilibrmm- 

surface at the point {x,y, z), if cU is an element of the normal line. 
Thus there is a series of equilibrium-surfaces no two of which 
intersect each other, and at every point on the surface of every 
one the action-line of the resultant of the impressed velocity- 
increments is normal to the surface. And a curve is formed 
which cuts orthogonally the series of equilibrium-surfaces, and 
the tangent to this curve at every point of it is coincident in 
direction with the action-line of the resultant of the impressed 
forces at that point. Thus this line is identical with the line of 
force, see Art. 232 j and is identical with Sir W. H. Hamilton's 
Hodograph, see Art. 306. 

If the system of forces is such as to admit of derivation from 
a potential, then -S-clx+rdy+ziz is an exact differential. When 
this is the ease, the following conditions must be satisfied ; viz. 



and X, v, z and also the potential must not explicitly contain t. 

These conditions are satisfied under the following circum- 
stances : 

(1) Whenever the particle moves under the action of one or 
more central forces, the intensities of which are functions of the 
distance between the centre and the place of the particle. 
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Thus if p is a central force and = where r is the distance 
between z) the place of m at the time t and {a^ g) the 
centre of force^ so that 

= (x^-ay-^-iy^-hy -{-{z-^cy^ 

irdT=: {os--‘a)dx-^{y’^i)dy’\~{z—c)dZ) 

then x&?+Y% + z&? =/(r) Sz^ 

=:f{r)dr, 

which is an exact differential. If v is the potential of this func- 
tion^ and Vo is the value of v when r = Tq. 


V-Vo 


f{T)dT, 


If m is under the action of many similar forces^ then 
xdX'\-Ydy-\’Zdz = 2 •/{t) dr, 

and V— Vo = 2 / f{r)dT\ 

J^Q 

and (2) becomes 


“2 ^ 


i^(v— Vo) =zm^ f{r)dr. 


(2) If is acted on by a force whose line of action is always 
perpendicular to a given plane^ and which is a function of the 
perpendicular distance of m from the plane^ the condition (3) is 
also satisfied. Thus let the equation to the plane be 

iTCOSa+^eos^+^cosy— = 0 j (10) 

then if u is the perpendicular distance from y^ z) on (10), 

u =: xeos a-fy cos /3+^ cosy— j!?. ( 11 ) 

Let TJ represent the function of which expresses the force ; 
then X = u cos a, y = n cos /3^ z z= u cos y ; 

, X Y Jy +z dz ^TJ \dx cos a-{-dy cos p^dz cos y} 

= vdu: 


- 1 --— 

( 3 ) In the ease of gravitjj x=0, y = 0, z=^j 


2 2 ~ ^ ^ 


and if v is the potential of this system of forces^ 
V— V, = my 


( 14 ) 
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but since . xdw = rdr ; 

’sdx^-q.dr = 0; (79) 

and this condition must be satisfied by and the equation to 
the curve. Also 

e.2 _ p2 — 2pqcos^ + q®. (80) 

(1) Let the curve ap be a hyperbola of which 0 is the centre; 
then 

:=z x^--b^ ; T df X dx ^ 

^ f = 0 ; 

^{p® — 

(2) Let it be required to find the equation to the curve, on all 
points of which p will rest. In this case (79) must be satisfied 
at all points of the curve ; therefore 

p ii? — Qr = a constant 

= (p-Q) ^, (say), 

if the curve passes through a, and oa = a ; therefore 



Q 


which is the equation to a conic section, of which the focus is 
the pole ; and is an ellipse, parabola, or hyperbola, according as 
p is less than, equal to, or greater than, Q. 

(8) Let the curve be a circular quadrant, convex downwards, 
with a horizontal radius passing through o, which is also a 
point on the circle, and let p = 2 q; then the equation to the 
circle is, if a is the radius, 

r=2asind; 

and therefore (79) becomes 

4 (cos 0)^— cos — 2 = 0 ; 
whence d may be determined. 

(4) Another form of the problem is. The length of the string 
being given, and Q always resting on a given curve, to find the 
curve on which p shall rest in all positions. 

Let the tension of the string be equal to T, and let / and 0 ^ 


f 
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i J) h* t. / M'vmlly t*t' iiuuiy U*rnw, and if any 

I ..I iIk mi, »ay a,, t,,?.,, an' mn-ii llmt 

% , th 4 V , i/f .f t(: * 0, 
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l»rm«tirv mi tin* itirfiirt*, utal if v» w, m in Ari»439y are 
l*» tlii^ uf if.^ Utw of actitm, 

SI Ii-.Ij'-i vi(f ( 15 ) 

iliiil ilir Ilf %s% vivii y fritn iiliiit ftir ii pgriti'lo moving* 

i*u II %iii*i»*ili mifhm mt far m llw urtiiiii nf tla^ «urlkoo in non- 
r«’fiirt!, It %» ^imiliirly Iriitf iilmi for it piirtiole moving* in ii 
#iii*«lls Itikt. Hill St in iml iiiwonnirilj trtm wlien ilia Btirfacn 
lliit tillin’ ill ivliioli till’ |iiirtirla itttivw in for in those 

rmm*^ f I It isiiy tmi fiiisHiimi* of 

If llm jiiirtirlo umvm nil ii «moot!i mirfacc^ then all 

Itiff III ilis filth iitv mt t!it» mirfiM*i% amt the eomHlinates to 

jwiiii# mUdf tim to the Hnrfiu‘e : uml thus if 

1,1,1% iirr tlw* jaitliiil 4 rnv'rft finirthatf^ of the equation to the 
|; V ilf I %v l/** SS 1 '^ I ( 111 ) 


iiliiTP ill', 'tf:- iiri* the oil tie* ii%e« of the element 

Ilf III** *4' ilio f lirt It’ll*, l#rt tliia he moltifliwl hy an tin- 

i!rtrfiiiinr 4 |i mill iphltal to il/ + V #^ «{- } then it is 

«ii|liririil ttml 

i%i I (f + gW)r/^ ( 17 ) 

»lii,iiilil Im ail liiffereiiliah W}iea*liy we have 


HWItss j {%+iAV), - 


(18) 


I lull ii. 


» 




o;d 




^1; 

"(fS 

^ n <(r t/x'l ’ 


('/i 

yf/X,j 


■ C'D ' 


(IB) 




tUr,"** ...inliii.m* an* whtn (17) >** a>» 
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ferential. Since liowever on multiplying these respectively by 
u, V, w, and adding, we have 

this is a condition requisite that the principle of vis viva may be 
true of a particle moving on a smooth surface. 


Section 2. — The ^prinei^le of least action. 

456.] Closely connected with the preceding is another prin- 
ciple known as that of Least Action, and which is applicable 
when X -p Y % + z is an exact differential ; that is, when the 
system of forces is potentially derived. 

Let us suppose a particle m to be moving either freely or on 
a smooth surface, under the action of forces x, t, z, which are 
potentially derived j then the vis viva acquired by m in an 
unit of time, the increase of velocity being constant during 
that unit, is called the action of the particle in that unit ; and if 

is tlie vis viva acquired in tlien — dt is tlie ctctiofi ac- 

quired in dt ; so that 


m p 

T A 


v^dt 


( 21 ) 


is the action acquired during the time of motion. The principle 
of least action consists in this. The definite integral (21) is 
for the given forces less for the path which the particle actually 
takes than it would he for any other path in space when m 
moves freely^ or on the surface when the motion of m is con- 
strained. 

Equation (21) may he expressed in the following form : since 

( 22 ) 


^ ^ dt^ 
dt = vds. 


mu 


( 23 ) 

Xiet — represent the definite integral; and let the limits he 

expressed as in the Calculus of Variations ; then 

w = / vd,s', 

•Jo 

and taking the variation. 


( 24 ) 


, i 

fim mtmmM or least action. 
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(25) 

(2C) 


\ If y* 
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r r f 

(27) 
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0 j (30) 

(31) 

(32) 


wHcli are the three ordinary equations of motion. 

(2) Let the motion of m be constrained to a surface whose 
equation is p z) = e, and of which the partial derived- func- 
tions are w; so that hy, hz are connected by the equation 


x.ds Q 

V ‘ di ““ ■’ "IT 

7 

zds ^ vdz 

V ^ ds 

d dx 

d dy 
^ dt dt ’ 

d dz ^ 



and if t is equicrescent^ 

d^x 

dP 

d^z 

X == -^ j 

dt^ 



U6r??-hv53^4-w5^ = 0 ; 


Jidt’—d, 


TJ 


dx 

dt 


Ydt — d. 


dy 

Tt 




w 


dz 

dt 


d dx 
, d dy 


(S3) 


= A.Jz5(say); (34) 


(35) 


, d dz 

^ mTv 

let^ as heretofore;, q,^ = xj“ -f- v^ ; then multiplying* these equa- 

u 


tions severally by 
crescent;, 




V w . ... 

- j - ^ and addings we have^ if t is eqm- 


A = 


ux + VY+wz ^:^d'^x~\-yd'^y-^^d-z 


(36) 


so that A is determined. And Aq, is evidently the normal re- 
action of the surface : for if the motion of m were unconstrained^ 
then a comparison of (32) and (35) shews that A = 0 ; so that A 
is a force which is introduced by the surface : and as xi^ v, w are 
proportional to the direction-cosines of the normal to the sur- 
face at the point {x^ z), where m is at the time the line of 

action of A is the normal to the surface; so that if n is the 
pressure of m on the surface^ 

E __ ux+VY-hwz vd'^x-^^d’^y^wd'^z^ 


(37) 


m 0, 

and (35) become the three usual equations of motion of a particle 
moving on a surface. 
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integrating wMclij and supposing x = 0, when y = 0, we have 


wliicli is tlie eq^nation to a parabola^ and is tlic samo as eq[uatioii 
(67), Art. 350, if = 2(]fk (43) is also satisfied hy (46). 

459.] Let us also investigate, by means of the principle of 
least action, the path of a particle moving freely in space under 
the action of a central force which varies inversely as the square 
of the distance. 

In this problem we will use polar coordinates ; let Vo 
initial value of v when r = a, so that 

/I 1\ , 2ju. 

-) = c+ — ? 

* \r a'' r 

2n 

if C = ^0 7 

a 

... u = f^\c+^fck, (47) 

where = dr^ ; (4B) 

dT do TdO'^ 

so that 5 . & = >y* 8 . dr 4 — — 8 . y ^ i 

ds as as 


and taking the variation of (47), and equating it to zero, we have 

and equating to zero the coefficient of 80 under the sign ot 
integration, we have 




2 ii'A dQ 


a constant = k (say ) ; 


whence ii u we have 

f 


^ ^^ cos(e-y); ( 50 ) 

which is the equation to a conic section. 

460.] If the velocity v of the moving particle m is constant, 

and u is twice the action, 

ut, mv I ds = mvSy (51) 

-'o 

and thus is proportional to the length, of the path. The path 
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tlierefore of an unconstrained particle is in this case a straight 
line. If however the motion is constrained to take place on 
a given surface^ the path of least action is the geodesic on the 
surface which joins the two given positions^ viz. the initial and 
the final places of the particle. If the surface is closed^ as that 
of a sphere^ there will he at least two geodesic paths joining 
the initial and the terminal places of m ; one of which will he 
a maximum^ and the other a minimum; thus in one case the 
aa^ion also will be a maximum^ and in the other a minimum ; and . 
the action also may be constant^ whatever is the path,, provided 
that in this case = 0. Tor suppose the two points to be on 
a sphere : the great circle of the sphere passing through these 
two points will he the geodesic ; one segment of which will be 
a maximum, and the other will be a minimum ; and if the two 
points are opposite poles of the sphere^ there will he an infinite 
number of great circles passing through them^ and the lengths 
of all the arcs joining the two points will be the serai-circum- 
ference of a great circle^ and thus the same for all. In this case 
u is constant; and thus 5^ = 0. 

If the velocity is constant, 

X{h-j-Ydy-\-zd0 = 0 : ( 52 ) 

this is satisfied by x = y = z= 0; that is; when the particle m is 
acted on by no force. Also when all the impressed forces act 
along lines, which are perpendicular to the path of m at every 
point of it. Thus if a particle moves on a smooth surface, and 
is subject to no force except the normal reaction of the surface, 
(52) is satisfied, and the path of the particle is a geodesic line. 


Section 2>,—TU method of variation of parameters, 

461.1 In some problems which have been inveskgated in the 
preceding Articles (and there are many of the kind), the inte- 
grations have been performed without difficulty in t e more 
simple forms of the questions; whereas the integrations have 
been impossible in finite terms, when another term, which 
generally expressed an additional impressed momentum-inc^- 
Lnt, has been introduced. The most salient instance of tAis 
Icumstance occurs in equations (162) of Art. 367. When the 
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exiDressions involving the disturbing function r are omitted^ the 
equations become those marked (138)^ and admit of integration; 
and the complete integral is a eonic^ say^ an ellipse ; but equa- 
tions (162) cannot be integrated in their complete form. A 
method of dealing generally with such questions has been dis- 
covered by Lagrange^ and largely applied in Physical Astro- 
nomy. It is called the ^nethocl of variation of parameters j and 
will be most conveniently explained by means of an example ; 
and for this purpose I shall take the case of Ai't. 367, and shall 
for the sake of simplicity assume all the bodies to be in the 
plane of {Wy y); so that the equations of motion are^ when 
obvious substitutions are made^ of the form 


= Y+Y . 


Let us suppose that these equations admit of complete integra- 
tion, when x' and y' are omitted : and that the integrals of the 
equations 




are x '=f{ay a, t), y = <#> ft f ) ; 

where a, hy jS are four constants, as yet undetermined, intro- 
duced in the process of integration. Let us suppose the solu- 
tions of ( 53 ) to be of the form (55)^ in which ay ay h, /3 are no 
longer constant, but functions of t ; and let them be determined, 
so that not only shall the particle, whose motion is represented 
by (53), have the same place at the time t as that whose motion 
is expressed by (54), but also that the axial-component velocities 
shall be the same in both cases : in which case 


Now from (55) we have 


^ ^ 4. — 

dt ^dt^ ^da^ dt ^da^ dt ’ 


dy __ rd(^ 
dt '^^dt 


^d(j>\ dh xa<p\ aj^ ^ | 


therefore 


dt dt~ ’ \ 


(^\ ^ j. (^\ ^ — n 1 
^db) dt dt ~ 


( 58 ) 


'' i THK VAlllATJON l»F 1‘AttAMBTBllH. 

if' till %h II liavr 
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' ^ (// ■*' Kt^iti' til ’ 


ai( ! .lit iii!lH!ii!j» lii«-*«' in 53 \ vvii !iiivn 

ii' t , i/»i j tl f kiIu. 


<i-t da . ,// .ilu , A 

\L,dl^d( ' \,i»dtKlt - j 
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(59) 


((SO) 


1% '.«! *n*l (liii) thn four i|Maiitttii?^ «, tt| i, ^ art* to be doter- 

tmnwl, 

Hnim* the wiiiijioni'Mt*! tif tbe veUieity are tlie Hiune iu both 
riirtip* at their mimnnij jiuiiit at the j^iven iimtuiit, it. ie evident 
that the rMrii** at that j«.ml toiieh eiieh other, and tlum have a 
r«n«>tn«>ri tantfenl Anil a« the jtiirainelere, it, t«, h, /t, which do- 
irfinsn*- iIk- i.tbil, vary willi the time, wo doe« tlie form of the 
.nti.- . lOmmilly nmlery.i chunwe, lletsee the carve in whj(!h 
ll« j h- lo.ii 1«> imaKined to move huH m-eiveil ilas nuiiMS 

ami the loreeH which produce the 
rlnan.fje of Uie iieitantwmimn oihil arc called liinturhiiiff Jhri'S^. 
'Ho- aeiual orbit therefore in the cHvehijH' nf nil tlieae iimlaiita- 
iic.rti* ..ft.ita, t pMjawri l*i illu»tr«t«' the nwlhnd by one or two 
aiinple rA8i«jtW; ImiI the «H«l inijwirtniit application, vk. the 
one, w the wiijte of our prcKent work. 


I*»« J A heavy juirtrcln fall# from rent in a mctlium the rc- 
•tsianee .»f «hi«h varh’# »*• the atjimre of the veloeity; it ia 
rrvjiiirol to th trfiniiie the circiimotnitee# of motion. 

In shiK ni'.,- rhe t#|Uatii>ii <4 motion i# 



I soi!nn„* !h.- belt term, the ciiMiitHin lawmen 
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if the velocity is the same in both the paths represented by 
(61) and (62), then 

(65) 


^ + A = 0: 

dt dt 


and from the former part of (64) we have 
d‘^x- da ^ 

dP~ Tt' 

substituting which in (61), we have 


( 66 ) 




'di^~‘''^dt' 

and adding g to both sides of the equation, and dividing by 
g—/cia-]-gt)\ we have 

da-\-gdt ^ 

g--Jc{g-\-gtY 

integrating^ and taking limits such that a and t are simul- 
taneously zerO; we have 

= (67) 

Also from (65), we have, integrating by parts, 
ai/ ^ adtf 

_ gi^ _ (is 
”” T" 




-iJtgYi 


\7J A ^+Tlog^^ ; (69) 

so that a and a are both known in terms of t ; and substituting 
in (63), we have a result the same as (111) iu Art. 294. 

463.3 Another problem, on account of its importance in the 
theory of gunnery, may be solved by the preceding process. 

To determine the path of a particle projected with a given 
velocity in a line inclined at a given angle to the horizon, and 
moving in a medium the resistance of which varies as the sq^uare 
of the velocity. 

In this case the equations of motion are, as in Art. 374, 


d^x , ds dx 


d’^y 

IF 


di dt 


( 70 ) 


If there is no resisting medium, the equations are 
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38.] 


43 


refer to the curve b Qj fig'. 1 5, on which Q rests, and of which let 
the equation be 

where f is the symbol of a known function ; then we have 
from (79) = 


also p&?— T(^r=0; 


and since ^4-/ = 2<? = length of the string ; (83) 

dr+d/ = 0; qdi/ + 1^ Sx := 0 ; (84) 

and by means of (82)^ (83)^ and (84)^ / and are to be elimi- 
nated, and the resulting equation in terms of r and 0 will be 
that required. 

Let the curve on the left-hand side in the diagram be a 
parabola of which o is the focus ; then 


r = 


2d 
1— cos 


(85) 


and from (84), qx' + vx = 

where ^ is an arbitrary constant ; therefore from (85), 


/— / cos O' 


2b; 


^ 2>^q-prcos(9 
Q 

2(c — 

p ^ 

1 cos 0 

Q 



which is the equation to a conic section, of which the focus is 0, 
38.] In review of the preceding results it appears that, (1) if 
the particle on which certain forces act is entirely free, so that 
three variables are independent, the forces must satisfy three 
conditions; (2) if the particle is constrained to be on a given 
surface, there are two equations of equilibrium; and (3) only 
one condition is requisite, when the particle is on a given curve* 
That is, if a particle is entirely unconstrained it has three 
degrees of freedom ; if it is constrained to a given surface it has 
only two degrees of freedom, one degree being lost because the 
particle cannot move in the line of the normal to the surface ; 
and if it is constrained to a given curve, it has only one degree 
of freedom, as it can move from an assigned point in the direc- 
tion of the tangent of the curve, and along that line only. 
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l/f 


(73) 
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(76) 
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(76) 

(77) 


iii 
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m 


(78) 

(79) 


rr«»in whii'h fwar wjiiiitiwji* a, o, h, (i aw to Ih) foujul in tormH of t. 
Klitiiii«tinif t {72), w« li»vo 

.A. (80) 


wtorli i* th»' winalitin t« lh« iiwtonstonwnw {nitli, and lliiH ih a 
|.i»ft»k4a; »f ivltich, if tl»e latua witnin >« -ip, and if {^, ^) is 
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From (82) it appears tliat the latus rectum of the parabola 

ds 

continually diminishes ; and since v=i we have frona it by 
integration^ 

so that the logarithm of the ratio of any two later a recta varies 
as the length of the arc between the points to which they 
correspond. 

464.] This method has also been applied by Mr. Airy ^ to the 
calculation of the alterations produced in the amplitudes and the 
time of oscillation of a cycloidal pendulum^ when a small dis- 
turbing force acts on it. 

Let the forces be resolved normally and tangentially ; and 
let the disturbing force be and act along the tangent to the 
cycloid^ and diminish the velocity of the pendulum in its descent. 
Let a be the radius of the generating circle of the cycloid ; then 
the equation of undisturbed motion is^ see Art. 423^ 
d’^8 ^ g 


Let — = where 4 be it observed^ is the length of the 


pendulum, see Art. 424, and we have 
d^s 

and the equation for the disturbed motion is 
d^s 


dP 




(85) 


.( 86 ) 


The general integral of (85) is 

s =z csiii (87) 
where c and a are arbitrary constants ; and where c is the am- 
plitude measured along the cycloidal arc ; and where ~ — — is 
the time at which s = c. 

From (87) the expression for the velocity in the undisturbed 
path is ds 

= C72, cos (izt 4- tt) ^ (88) 


and as the velocity is the same in the disturbed path, when c 
and a vary, we have 

dc doL 

■^sin(a^ + a) + ecos(^^^;+a)■^ = 0; (89) 


See the Transactions of the Cambridge Philosophical Society, Yol. Ill, Part I. 
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If s is expressed in terms of (93) and (97) may be used ; but 
if s is a function of then from (87) and (88) we bave 

sin(?^(^4■a) = -> cos(^i^ + a) = L, 


and dt = 


. the increase of amplitude = Jsds ; 
the prop, increase of time of vibration = — — f- 


ssds 




(98) 

(99) 


465.] Two examples are subjoined : 

Ex. 1. Let the pendulum make small vibrations in a circular 
arc; then the tangential impressed velocity-increment is 


-^sin^, 


C S 'i 

which is equal to ~^\a~ 6^ 

and omitting powers of above the cube^ we have 


s = 1^; and :=-• 
’ a 


Therefore the proportionate increase in the time of vibration 
^ B^ ds . 

Jo (c2 — 16 

which result is the same as (41), Art. 427. Also 
the increase of the amplitude = — - / ds 

C 7 b %J ^ d> 

= f-- r..T = 0. 

24:C?i^a^ L J_c 

Ex. 2. Let the friction at the point of suspension be such as to 
cause a constant tangential retardation ; thus suppose s = —f ; 


the increase of the amplitude = • 


cn’^ 


L 


ds 




= 0. 


The proportionate increase in the time of vibration is 
/ sds 

Other examples will be found in the memoir of Mr. Airy, 
which is referred to in the note of the preceding Article- 


CHAPTER XIV. 


ON YIRTUAL YELOCITIES. 

466.] In Section 8^ Chapter 111^ Arts. 108-110^ it has been 
shewn that when a body or a system of material particles is at 
rest under the action of forces, these forces satisfy the condition 
expressed by tb.e equation 

2.pSi? = 0; (1) 

and the enunciation -of the theorem contained in this equation is 
as follows : _ 

If a system of forces, acting on a rigid body or on a system 
of particles which are at relative rest, is in equilibrium, and 
the body receives an infinitesimal displacement of the most 
general kind, whereby the points of application of the forces are 
displaced; but the forces act along lines parallel to and infi- 
nitesimally distant from their former lines of action ; then the 
sum of the products of each force and the projection on its line of 
action of the displacement of its point of application is equal to 
zero. 

This theorem is called ths ^princi^ls of virtual velodiios* In 
Section 8, Chapter III, it has been deduced from the six equa- 
tions of statical equilibrium, and consequently the demonstration 
of it as therein given depends on the composition and resolution 
of statical pressures ; and thus ultimately on the parallelogram of 
forces, and accordingly whatever undue assumption or faults of 
reasoning there may be, if any, in the proof of the latter theorem 
as given in Arts. 17-20, these faults are still inherent in the 
demonstration of the theorem of virtual velocities ; and as the 
theorem underlies the whole of statics and dynamics, the funda- 
mental equations of these sciences being directly deducible 
from it, I propose to give of it an independent proof; and one 
that is inherent in our primary notions of the effects of force 
on matter. 

As the meaning of the terms virtml velocity m^ virtml moment 
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of a forcOj and tTie mode of estimating tlie signs of these quan- 
tities, have been explained in Art. 108, it is unnecessary to repeat 
them, for the reader can refer to that Article for all that is 
requisite. 

467.] Wlieu a moving force acts at a point and does work^ 
that work is measured by the product of the moving force and 
the projection on its line of action of the displacement of its 
point of application; see Art. 259 ; and the work is to be esti- 
mated as positive or negative according as the projected line 
falls on the line of action of the force in the direction towards 
which the force acts or in the opposite direction. 

Now suppose a rigid body or a system of material particles 
to be at rest under the action of a system of forces p,, p^, . . . , of 
which let p be the type ; and imagine the system to receive the 
most arbitrary inhnitesimal displacement possible, so that the 
points of application of the forces may undergo displacements, 
and the forces may do work, acting along lines parallel to and 
infinitesimally distant from their original lines of action. Then 
the system in its displaced state must be in some one of the three 
following conditions ; the resultant effect of the forces acting on 
it may be either to remove the system farther from its original 
state ; or to keep it at rest in its displaced state; or to bring it 
back to its original state. In the first condition the resultant 
effect of all the forces as shewn by the aggregate of the work 
done is in the displaced state less than in the original state ; in 
the second condition the work done is the same in both states ; 
in the third it is greater in its displaced state than in the 
original state: consequently in the original state the work 
virtually done by the forces was balanced, and must be either 
a maximum or a minimum or a constant ; so that in all cases 
a small variation of it vanishes. Let H be the amount of work 
virtually done by the forces in the state of equilibrium, and let 
8 denote the change of work done by the forces during the 
displacement of the system ; let 8^3 be the projection on the 
line of action of p of the displacement of the point of application 
of P : so that pSj) is the work done by p in the displacement. 
Hence the above condition is mathematically expressed by the 
equation 8h = 2.p8j3 = 0 ; (2) 

which is the equation of virtual velocities, and thus expresses 
the condition that in all equilibrium-systems the variation of 
the work done by the forces vanishes. 
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468.] 


468.] The preceding condition is true absolutely and irre- 
spectively of any coordinate- or other system to which the points 
of application and action-lines of the forces may be referred. 

Suppose however the system to be referred to coordinate 
axes in space : and let p, y be the direction-angles of the line 
of action of p ; and let p at its point of application be resolved 
into three axial-components p cos p cos P cos y : then (2) 
takes the form 

Sh = 2 .P (cos aSii? 4-cosi36^ + cosy 5^) = 0. (3) 

Let us moreover suppose the arbitrary general displacement of 
the system to be compounded of a displacement of translation^ 
of which the axial-projections are rjy Cj ^ displacement 

of rotation through a small angle 0 about an axis whose direc- 
tion-angles are fy gy h, so that^ as in Art. 108^ 
hx = cos g—y cos h) By 1 

gy = rj + {x cos h—z cos f) Qy V (4) 

= f-h(ycos/— i??cosy)(9; J 

then substituting these in (3), and equating to zero the coeffi- 
cients of the six quantities ^y rjy Cy cosfy 00s gy cos 7 iy all of which 
are arbitrary and independent, we have 

2.Pcosa=0, 2 .pcos/3 = 0, 2 .pcosy = 0j 
:g.p (y cos y — ^ cos /3) = 2 .P (;s; cos a — cos y) = 2.P (x cos yS — ycos a) = 0; 
which are the six conditions of equilibrium, corresponding to 
the six degrees of freedom which a perfectly free system is 
capable of. 

If p expresses of itself a statical force, the preceding results 
give statical theorems, and are those which have been demon- 
strated in the early part of this work. The principle is applied 
as follows when a particle m is subject to dynamical action. 

Let mXy mXy mi. be the axial-components of the impressed 

momentum-increment, and let 




m. be tbe axial- 
dP 

Tbe dif- 


components of the expressed momentum-increment, 
ference of these respectively, viz. the excess of the impressed 
momentum-increment over the expressed momentum-increment, 
is that which p represents in the preceding theorem ; so that in 
this case (2) becomes 

and as 6 a:, 8y, are all arbitrary and independent, this equation 

is equivalent to 
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^ y_^ = 0; z-~ = 0; (6) 

wMch are tlie eq^uations already establislied. 

If 8iK, 8y, 8^! are the axial-projections of the space actually 
described by m in the time dt, as they may be, because bw, 8y, 
and hz are entirely arbitrary ; these latter maybe replaced by 
dx, dy, dz ; and (5) becomes 

^dx d'^x + dyd^y + dz d‘‘z\^ _ ^ dm+Y dij + zdz')', ( 7 ) 

. ^jaal-^^mrUdx+rdy+'^dz)-, ( 8 ) 

2 2 Jta 

and we have the equation of vis viva and of work. This subject 
will be resumed in the following volume when we shall treat of 
the dynamics of material systems. 




Oil AFTER III. 


COMPOSITION AND RESOLUTION OP HT.VTK'.VL PORCBS 
ACTINO on a RltilD WODY. 

Section l.—C^mimUioM a/ two funem rniing mt a rigid bodg 
l» me plrtHf, 

Before* wv «*nt<>r <m th« fomiiil inquiry into the mode 
and rmtItH of fht? winjtwitioii of forwa netiiif; im a rij^id body 
it JH nwt‘«i«»ry to explnin »om« itnuwrtinw of mudi hodiw, with 
the view of olitaining « juineijtle whitdi w lunwaary to the 
dineiWHion. 

A rigid Iwdy i* sutdi that it* t»uni»nent jiarticlw are in a, 
state of relative r«*sl l>y the aetion of unknown nutleeular forces, 
such as attraetbns, e«»hesioH«, &e. : and the intensity of these 
forw* is so great, that the relative equilihrium of tho imrtiolee, 
whioh is due to them, is not disturlu’d l»y the foiws which act 
on the kaly. 

When a fortw »et» at a definite jwint of a Iwaly and along » 
didiniti' line it imiduws a jirwisttre of the jiartiele on whioh it 
nets agaiiui the eoiiligiiiuw jiartiele in the line of its action, and 
the wintigiioiis jiartiele in the nniwisite diriadinu ; and this 
jiiwiMW on thesa jmrtieles, although infiidtinimal in eomparkm 
of the m«l««wtar foreea, b |int|wgatwl from one inirtiek to w-' 
Miter along the whole line of aetion of the aeting fimti } and is 
the same at all pointa In thia line, llwiee we infer thnf theefltet 
of a fotw on a rifidd hmly. acting in « ilefinite line, is uimlfwtd, 
whatever is the point in Its lino of iwlion at which if is apjdind. 
This prindjde b rulW that ofTriinsttiisnihility of l*re«mirc, «nd 
the truth of it depends on tlie rigidity of the ImwIv which ih- 
volves »M«*h a mode of wdioo as that dem rilH d (ibtve. 

Now two e(|ttal foreaa aMing on a jiartieh* in the sanw! line 
nnd in opporito diwetiona neiitraliite e«« h nlln r; ami thw pw- 
jierty may he satended hy ineana of the j-r.-rwling pfinrijile, » 
that, 'fivo wpiid fopem anting in the naim* hue and in njijswite 
direelions at any pednta of a rigid baly in !h;»! line nentraltJ!^ 
wteh other, lienee we infer, that when man) foreex arc^ftiii 
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PREFACE, 

requires new characters; and tlu-si' are supplied \*\ 

the Infinitesimal Calculus, 

A license has been taken, for which 1 imisf cr.i\t 
some indulgence; certain words ari' used whiid> an 
either new or are used in a new relation. In the ah. 
sence of generally recognised rulea for tin* ronnatiur 
of scientific language, I have nst'd eonqMUUuled wm-ds 
and have thereby obtained expresaivt', though suine 
what long, words. This course I fiminl niyaelf «t!>ligeii 
to take. For ideas which are in themselves clear ninl 
distinct have been so much ohataired by nmldgnit^ 
and indistinctness of language, that there is nn mnrn 
of error more fertile. Let mt^ eite an instjinee. Ir 
former books no word occurs more tV«Hjiu*ntly thni 
the word “force.” Indeed Mechanics has Iwn calhH' 
the science of forces. But what does “ fiiree” mean ' 
Will any one give an accurate tlellnition it ? a cleft, 
nition, that is, which will ho correct, when the wtml 
is applied to “the cause of motion,” h> '• nmderatifij 
forces,” to “ effective forces,” to “ forces lost and forcei 
gained,” to “ living force,” to “ labouring forct* if " 1 : 

some of these various luoaningH it indicatt's etreri, ii 
others it indicates cause. Surely h(*rein is confti.siun 
and herein too, as it soenia to me, is the win 

the principles of mechanical aeience, or the scirnci 
of motion, are so imperfectly un<U*rstoo«l Similar ii 
the ambiguity of the word “ motion it. is rrequenth 
used synonymously with the word nhrlhj ; thu 
‘^momentum” has been called “quantity of nudion ; 
it is quantity of velocity ; and it is at all events per 
plexing to most minds to have a thing cnlletl hy i 
name which means wluit it is not. Thus I Imv. 
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on a rigid body, any two which are equal and have the same 
line of action and act in opposite directions may be omitted ; 
and similarly the introduction of two equal forces along the 
same line of action and in opposite directions does not change 
the circumstances of the system as to resultant pressure. 

The effects of the forces which have been considered in the 
preceding chapter are a tendency to motion in a given straight 
line, and, so far as we have considered them, along that straight 
line only: these are called or forces of translation. But 

suppose a point 0, fig. 16, of a rigid body to be fixed, so that 
there cannot be any motion of translation of the whole body ; 
and suppose a force p to act on the body at a definite point M in 
the line mp; join om, and resolve p into two parts, om along, 
and the other perpendicular to, OM; then the part along om 
produces a pressure at o, which being fixed is capable of bearing 
it without the body having thereby any tendency to motion: 
but the other component causes a pressure on M in a direction 
at right angles to om ; but as o is fixed, M can only describe a 
circle about 0 as the centre ; the effect therefore of this latter 
component is a tendency to circular motion of M, or, as it is 
commonly called, to rotation about o; a foi’ce producing sucli 
an effect is called a pressure or force of rotation about or in 
reference to a given point ; and we have now to consider these, 
their measures, and their laws at length, and fully discuss them. 
Single particles are subject to forces of translation, but, having 
neither magnitude nor parts, not to pressures of rotation. 

40.] Composition of two forces acting at definite points on a 
rigid body in one plane. 

Let the two forces be p and q, and let them act in the plane 
of the paper at the points a and b, fig. 17 ; join ab, and let us 
assume that the lines of action of P and q are not parallel ; let 
the angles between ab and the lines of action of p and q bo 
respectively a and jB ; produce the lines of action to meet in o, 
0 being supposed to be in the. rigid body or to be rigidly con- 
nected with it ; then by virtue of the principle of tranBinisHibility , 
we may suppose P and q to be applied at o. Let a b(^ i\m 
resultant of them so transferred, and let the line ol‘ mium of ii 
intersect ab in the point o ; then we have to dctermiiuj iluj 
magnitude of ii, its line of action, and a point in that line ,* thc‘H <5 
last two will be conveniently known, if we find ao, and the 
angle between AB and CO, 
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refowMw to th# |tro|iMrU 4 M of momento ivhirh Imve bwn mw- 
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41.] 

p and Q produce equilibrium. Now this force may be applied 
at any point in tbe line of action of E ; let c be the point of 
application j and thus the system is in equilibrium^ and is as if 
c were a fixed point. Let us consider this in the light of the 
remarks of Art. 39 ; p and q severally produce a pressure of 
rotation about Cy and manifestly in opposite directions ; and 
they neutralize each other^ for the body is at rest : therefore 
their rotatory effects are equal. But what relation exists between 
them ? because we may thence infer a measure of their rotatory 
effects with reference to the point or centre 0. p and Q balance 
when (6) is satisfied ; that is^ the rotatory effect due to one force 
is equal to^ and neutralized by^ that due to the other^ when the 
products of the force and the perpendicular, distance from 0 on 
its line of action are equal. This product therefore may be 
taken as the measure of the rotatory effect of a force. And as 
it is desirable to have a distinctive name for such an effect^ it is 
called a forceps moment; and therefore we define as follows : 

Def. Moment of a force with reference to a given point is the 
rotatory effect of it with reference to that point; and is measured 
by the product of the numbers which represent the force and 
the perpendicular distance from the point on the line of action 
of the force. This is the algebraical measure of the moment. 

Two forces are said to be equimomental with respect to a point 
when their moments with respect to that point are equal. 

As the forces act in one plane we have spoken of the moments 
with respect to a point : it is more correct to say, with respect 
to an axis passing through the point and perpendicular to tlic 
plane in which the forces act, because it is about this line that 
the forces ^er se^ and all other things neglected, tend to make 
the body turn. Howevei', when the body, on winch the forces 
act, moves, we shall have a modification of this statement. 

A force may tend to make a body turn about an axis in either 
one or the other of two directions ; it is necessary tlierefoi’e to 
distinguish these, and to affect them with different signs : let 
therefore the moment of a force be positive if it tends to turn 
a body from right to left, that is, in the direction in which the 
hands of a clock revolve, when it is opposite to tis; and hd 
the moment of a force be negative, when it turns a body in tln^ 
opposite direction. 

As the moment of a force in reference to a point is the prodiat. 
of the perpendicular from that point on the line-reprcHcntativii 
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«r i\w iorco atul that line-rt'i>reHOutatlvo, itn j,n‘(vind.rieal repre- 
m'titativo, UH wo have obaervtHl in Art. 2H, w twioo tho area of 
tho t.rian-4o, of whioh the Kivon point w th<» vorfox, and the 
Uiu-roi.rm-niativo ia the lm»o. ilenco aa proportios td' forces of 
trunalntion have thoir geometrical atmlognea in UneH,Ho properties 
of monientK are tmnalateil (linHifly gotmuitneally into theorems 
coneerning arena. We ahall however hereatter that, momenta 
are uIho fmi«e«tly repnwntetl l.y linen vvhoae lengths are pro- 

iKjrtitmals to the momenta. 

Moments of fon-eii. Wing qnantitma measnrahlo hy number, 
are iimahle of mhlition ami euhtrnetion. 'rims if three forces 
are ommirlioiml to. ami m-t along, the mdes of a plane triangle ' 
in the «ume diividion. iw to trmislalwn they ncutraliKO each 
other ami the r.>s»lt is mem. But as to rotation, the resultant 
moment with refereime to any launf in the plane of tUo triangle 

is etiual to twim the area of the triangle. 

40 1 l#t ns return to equation 17 ). ami eonsnler e as a point 
at Zi hv means of the fur.*e it imting on it which is' in equi- 

W,S with r .n,l .!»•« n,.I,ln„ .■ .n.l « »„d 

1-*'' brm p«. 

,1,OT » l.r».«r« «W-I' “ ■'I''"' ■''“‘•""■"i >>»* 

r„ni»T wiwm'iit. pn«lu..» « "••“‘■■'y F''*"'” •'»«t ml 

Biuililimli. wlii'n M" iiwm™** “f Si" ''l““li ‘liS 

when jr p sin a «■ y ti win ^ , 

ami this is «niitlio» (f)- , , . 

Again, stipimse that the mimiaments are e, ami f., ami that 
the «l«ati»n- to their lines of action are given ; amt let it be 
«HiMir.Hl to fiwl that of the line of m’twii of the resnUant a. 

U 4 the minntioiia to the lines of m’tion of the eomponeuts b® 

<-eoBO,+y«‘n«.-/'' * <’ " “ol (9) 

j'eiiso,+y«n«i-/»» * « * “o' 
o ami «. Wing wmhoh. of notation f»r the h fi-haml inembum 

of action of wsmiliint, hy «iiiatioit (tt) we have 

.. ...... #1, * 




i«f 


I i| 






y tlie wiilAllon to ^ 
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iVlUiUJLUJ-. A V.V * v*-w— - 

Hence if r is the perpendicular from the origin on the line 
of action of u. 


r = 


{(?! cos tti + Fj COSUa)” + (Fi sinOi + Fa sin Oa)*}^ 


J0iFi+y,Fa 

“ {p/ + 2PiFa<50s(ai — a9) + Fa’'}* 

_ jPi^i+jJaTa . 

Br = jUiFi+iJaFa ; 

that is, the moment of the resultant is equal to the sum of the 
moments of the components. 

43.] Let us consider the subject from another point of view, 
and take two forces, whose lines of action are parallel, acting in 
the same direction on a rigid body. 

Let p, Q be the two parallel forces acting at a and b, fig. 18 : 
join AB, and let a be the angle between ab and the lines of action 
of p and Q; at A and B introduce two equal forces 8 and 8 which 
act along ab, and in opposite directions : the circumstances of 
pressure are not hereby altered. Let p' be the resultant of P 
and s at a, and q' the resultant of q and s at b j let the lines 
of action of p' and q' be produced to meet in o, o being sup- 
posed to be rigidly connected with the body: at o resolve p' 
and q' into the forces of which they were compounded j the 
components along the line parallel to ab manifestly cancel each 
other, and there remains p + q acting in a line parallel to the 
lines of action of p and q. Let this resultant be E, so that 

E=P + q; (12) 

that is; the resultant is the sum of the two parallel forces. 

Let AO = r, OB = y, ab = «; therefore r+y = a; then P' i« 
the resultant of p and s, and these pressures are parallel t^) the 
sides of the triangle aOO; 

... similarly - = 

r co' ■' y GO 

.■. pr = qy. (13) 

Let j» and ^ be the perpendicular distances from o on the 
lines of action of p and q : then = a sin a, ^ = y sin o, and 

thus (13) becomes (14) 

that is, the moments of P and q about C ' 

PBIcb, vox., in. H 
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itf = (18) 

the moments of p and q about o, and similarly about 
in the line of action of a, are equal. 


Again, from (13), 

^ .y _ (15) 

Q p P+q a 

whence x and y are known j and are reciprocally proportional to 
the forces at their extremities. Hence also when three parallel 
forces are in equilibrium, each is proportional to the distance 
between the action-lines of the other two. 

If P = q, y = ^ = -2> 

that is, the resultant is equal to twice one of the forces, and is 
applied at the point of bisection of the line joining the points 
of application of the forces. 

As (14) is independent of the angle between ab and the direc- 
tion of the forces, c is the same whatever that angle is ; o is for 
this reason called the centre of the two parallel forces. 

44.] Suppose one of the parallel forces of the preceding 
Article to act in a direction contrary to that of the other : then 
fig. 19, introducing as before two equal forces s, s acting along 
AB and in opposite directions, and compounding P and s into p", 
and q and s into q', let us suppose the lines of action of p' and 
q' to meet at o, o being rigidly connected with the body ; and 
at 6 let p' and q' be resolved into the forces of which they were 
compounded j the forces parallel to the line ab cancel each 
other, and there remain p and q acting in a line parallel to the 
original lines of action of p and q, the resultant of which is equal 
to their difference : let us suppose q to be the greater, then 

E=q— P. (16) 

Let AB = a, AO = a;, BC = y; therefore x—y = a; and let a 
be the angle between Ab and the lines of action of P and q. 
Since p' is the resultant of P and q, 


- = — ; similarly - = 

X oo’ •’ y 00 

.-. IX = qy. (17) 

the perpendicular distances from o on the 
and q j then jp = afsina, gisysinaj there- 
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Again, from (17) 

£ _ ^ = t; ( 19 ) 

Q ? Q,— P B 

whence a; and y are known, and are reciprocally proportional to 
the forces acting at their extremities. 

This theorem of the equality of moments, whether of parallel 
forces as I have demonstrated in this and the preceding articles, 
or of forces whose lines of action are not parallel, has been called 
the principle of the lever, and has been by many writers on 
mechanics made fundamental; and other mechanical theorem^ 
including that of the parallelogram of forces, have been derived 
from it. I, on the other hand, have derived the equality of 
moments from the parallelogram of forces, in the conviction 
that the latter proposition is more simple, and that the former 
follows more directly from it. The immediate _ application of 
the theorem is so easy, that it is unnecessary to insert examples 
at this stage of the work. 

45.] The equation to the line of action of the resultant of two 
parallel forces p, and p, may be determined as follows : — 

Let the equations to the lines of actions of the component* be 
a;oosa + y sina— 81 = 0 = Ui, *) 
a!COsa+y sin o— 8j = 0 = 0,;^ 

therefore by (14) or (18) the equation to the line of action of t^e 
resultant is 

(Pi+p,)a»cosa + (Px + Pi.)ysina— (8i»» + 8jP.) = 0 J 
that is, since p, + p, = % 

iKEcosa+ynsina— (8 iP, + 8jP,) = 0. (21) 

If Pi+p, = 0; that is, if the forces are equal and act in 
opposite directions, then 

(8.-8,)p, = 0, (22) 

which is the equation to a straight line at an infinite distaiico ; 
consequently the resultant of two equal and opposite forces acts 
at an infinite distance. 


Section 2. — On couples — their Ima emd empodUm. 

46.] These results arising from tihe eimultiinM>ai wMon of 
two equal forces, working in opposite direotions along two 

H a 
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paiaUel straight lines which are at a finite aiwtimre apart , r.*< juir^i 


cbseTconsiderationj for they open to iw a mwa t.f 

' ’ their mferenees iif vi*ry ifmil in tfn^ 
It ii iniliii ciii tltw 


in themselyes and in 

simpMcation of mechaiuij^A ”■ ^ - 

theorems that a large and distinct part of our aohjeot han htotn 
raised; and it is consequently neciwary to invent ijfiite llieni at 
considerable length. I will start frttjn the reunlta of Art. 4S 
which refer to the compomtion of two »n«j»»l fiirrtM »• anil <|, 
which act in opposite directions along jiarallid straight wiiif 
I will suppose q to be the larger of the two j lot snpjMw (ho 
difference between q and P gra<lually to diminish, and q ulti- 
mately to become equal to P ; then R bewmw loss j an«l # Ui-onjos 
greater; and ultimately, when qsap, »*«, and j*«iy«ifle ; that 
is, there is no single force of twuislation which will to* «niivaiofit 
to such a pair of forces; wid therefore then* i» no one forwi of 
translation which will be in equilibrium with thorn. It is also 
by the principle of sufficient reason maniftsfc that weh » syateni 
cannot hare a single resultant of translation j IsMjatijio suoh a 
resultant is migm; and whatever Is the proorwi of roMoiiing by 
which its line of action is araigned in reip«st of one of tlw 
forces, by the same will it he assigned la a similar {Nantlnn with 
respect to the other force. 

Such a pair of forces, equal and acting in parallel linw* ami in 
opposite directions, is called « etmpk* { ifai effect ia evidently m 
frame of rotation about a line perpcndieiitnr to the plane in 
ahich the forces act. Mid which line is wriied Al# amt tff Ih 
in static, as the motion is only riftmi and not 
(urbaalt the direction of the axis is fixed, but not the fiomfim of it ; 
it is tom line perpendicular to tire plane in which the foraes aot. 
If motion takes place the position of the axis, as well as its ib- 
rection, becomes fixed, as we rffiall tm henmfter. If tin* »,r 
couples are parallel, that is, if the plaowi of thiw* fon w art* 
paradel, the couples are coaseal. 

The perpendicular distance between the linw of a„i4,.„ pf |j„. 
forces is called the am of tie couple. 

The rotatory effect of a conple ia rallwl the -mmmmt of thi* 
couple. In estimating its measure we must examinr all 
positions of the axis. Let the txmple be that indimtwl in (ig a*, j 

im rnmmu « 4m ,%«« ,%«. | 

. A^ecamque. The tract is appontkfd ttt 
author, Sme edition, Paris, 1842. 
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and (5 5 l‘*t »*»• tin* »*w to pienw tJ»» |*l*ii«' t»f iIh* 

at th*' jwnnt «* wJiii’h Itw tJw fortm; thru 

tin* nntnn*nl «*t' tlw «auple m rxoa^rxuH 

m r*A8. i-H; 

(a) Huitin***!* tin* axw to |»a*i tiiroii|{li A, am of tho «)' 

th«* arm : th»*n tin* foiw whipb neb! •! * pitMlnew «« of 

rotation, awl w«* imvi* 

tin* iiwnwnt «f tb** mMpb w r m 4 ». t'«’t| 

(S) HijpjHwit* tbn a«w to pbrtw the plane of the wniple «l « 

», %. *il, ill the arm pnalitfled : tbeo 

Iba inuinetti t^f the oonple m pmom — raO* 

m Pn*», (M) 

In alt i*ai(c*a iberefwre the moment of tb« mtuple m m|onJ t» the 
produot of the numWre eiprmiwlii|f the force anil the lenirth of 
the arm. Thoa if the force eontaina ll nnita of prMmire, and the 
arm 3 unite of linear ienii^ii, the moment of the etoiple «« ea- 
premwi by l» ; that, in, 

the moment of miple m the fonre * the letiiflh of the arm. {3tt| 

A oottple may evkiintly tenil to make a toiily wmilip* in eithwr 
one or the other of two opjamito tlireetiona } that ia, in the dj« 
rwstion of the hanila of a wateh, aa we finw it, or in the oppnaile 
liirecttion j mnl it w d**«irahle to alllint theae dilNvnl dirmdlntta 
with dilfwrent aigna j for the pwaant, l*fc th# former Im pmdllre 
or right-handetl wwplw, and tha lattw, iMiptbe or i#A.ha.mled 
ooupim, In flgf. 20 and il rightolumded aouplMi are re}ti«. 
mtod. 

Two otwplm wh«» momenta are etpial are #aid t«« to* ry«n. 

TIte fori'es appli«l in turning the handle of a wirkiwfew, nf 
a gimlet and of an niigiT, are familiar in»tan> «« nf wniplwi. 

47.3 Tilt* lollewing thf«.e tiieorvma eoneem the Iranufereiire 

nf eniijilnH ; - 

Tjiwnirit 1, 'rin* illlwt uf » ronple on a rigid toaly la m 4 
alterwl, if the length nf the arm and the force being the oimr. 
the arm i« tnrwil atooit it* extremity tbnmgh any angle tit the 
jthtne of the roiijile, 

tod .t«, fig. yv% he ih,» arm «f the ortjfinal eoupl#, and r, r »i* 
forwtt ; through 4 dmn- aajr atmifht Um A«’ in the |diine of thi* 
ttwpie itpial to 4 », and at a and »' mpoidiv^ iwlwdmw «♦ tlo 
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plane of the couple two force* wpiitl tu i\ with Ihinr limy ©f 
action perpendicular to the arm ami t*pjkwit«* in to 

each other; then the original oireum*tttjui‘»« uf 
altered by the infeoduction of those fart****. I *«■( u 4 1»' s; <) ; j 
the resultant of f acting at a, and of i> aoling at t»', wli****. 
of action meet at % is 2 psind, and aid* al*»ug I ho line 44 ; 
sunilarly the resultimt of P acting at a prj«*jitljridarly t*. .%n, and 
of p perpendicularly to ab', is 2 p sin 9 , and acts nhmg f ho lin,* 4 4 
in a direction opposite to that of the f«rttn*r wstdtant j those 
two resultants therefore neutndijso ««ch tdher, and there mnains 
the couple whose arm is Ai'anti the fortw r, i*; and this is 
equimomental with the original coupb and r«*jda.*t** it, and e.iii. 
sequently the theorem is true. 

TaaoMM II. The effect of a wnplo on a rigid fualy is not 
altered, if the plme of the forces is trwwfiTOsl to any ,,(hwr 
parallel plane, the arm being parallel to its original line, and of 
an equal length, and the foroftt being nnaltowd in magiiitiule. 

Let AB, fig. 23, be the arm, and p, p the foro^ of the given 
couple ; let a'b' he an tnn equal and jiamllel to a» | at a' and 
I ri^ectively introduce two forces equal to »*, acting iierpen- 
Itcularly to aV, and in opposite diroctions, and in a plane 
paraK the plane of the original wnple ; the original mroum- 
stances of pressure are not altered by the introclntdion of these 
new forces. Join abba's; these Urm evido»% intemeot and 
|ise^ each ot^r m o j tlm p at A and p at if, aeting In |«wtllel 
and in the same direction, ar® eqniynlent to a fomi 2v 
acting at 0 : simiMy p at B and r at A% acting in parallel lines 
^d m the sme direction, are equivalent to ae aoting at u in a 

aS toll! ’• 5f nmtmlim raeh other ; 

and there remams the couple whose arm la aV, and who*,* 

ItlTi? 

wupie,m a parallel plane, md. with an equal arm* it is iLr,. 

„ '•®ss general case of the natBA nl««.« . *i 

tow thi. ..a The.™. I. »: faSr^Th; it 7; 

couple on a rigid body is not chanted wLto ! r**^*^* * 

of its plane, if the direction of the ■ - “ . 


and toe forces are equal, 


“awwnaaltorediattdilm »rrn 


l*{lKl-'ArK. '' 

(>i»!rtivtmr(Hl ill thuw j«irtH uf tin* ftvjitiH«- tii- t 

priiu-ipli's art’ «>xj«»un4i'tl, niui wiu'iv rlfunh "S 
laUKniaKf «'> cUairiu-HH nf ruitrcpfioii »■' r.> 

(piircil. toraU thiiiKH mnwA whirli an* i*\j<n-h-.in' 
n .mjiujinitwulA : «lthouj?h in thv man* |n>pnl3tr I'ai'f* 

1 huvi* UHftl wonia iti thi'ir anUnurv niiil U'Hh exact 

nieanhiK- **^‘’^* 4if!U’tilt. !'»if 

it luiH been nunU* liimetilt hs flu* nuisfe »•{' ititliHltiiri 
lunufuehitun* h.v uhirli its ruiuhtuunifnl natiauH liave 
been oliMcuretl. 

As in flu* pruvknts vc»luiut*», I niu utub't' ubiigatian 
to niiuiy frieiuls, ami to many writt*rs on t!u*se sub- 
jects. It is almost Hti|H'r{lm»us to meuti*»u ICuler. 

bnpbiee, Poisson, P*>inHot. .lur*»bi. M. Her- 
trnml, Sir W. It. Hamilfon of Ihiblin. nml now. 
Sir William Thomson iiml Prolessor P. fb 'lait. P»' 
nut hors of tlio tivntiso on N'nturnl Ihiilosopby. liio 
first vohiino of wliirh has lately been {niblisheil at 
the Plareutlon Pn*H.Hi beeiiUHe no one has a riitht 
to form a jmliimeiit, ami much less to eompose a 
hulaetie trt'atiae, on tho subject of M<*cliimtrs. with- 
out a previous ami preparatory study of tin* wmK.s 
of these eminent men. From tlu* wmbs of lb*. 
Wdiewell, lately t lie Master of Trinity f 'ullem*. f ’am- 
hridge, I have derived inueh aid; I know luh how 
nuu h ; for in the Appendiees to tin* second vttlume 
of hi.s Philosophy of tlie Inductive Seiem-es m* uoieh 
suKb'<*«ti'’‘‘ matter on MtH-hauica! Phihwophy is etm- 
taiiu'd, that opinions which appear t*t Is* «ine‘H uwn 
may perhaps owe their origin to those eH;.a>!i. The 
.fournals of (’relle and laouville have yivm mueh 
aHsistanee, To the editors of thow .lotirnalr^ and 

if 1 
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r»r. 


Thkorkm in. Till* t'fTfipt of A couplv on » rijfiil Ixnis u,,* 
altoml, whiitt'Vi'r in Um? {HHiition of itm pbito^ orm. «n 4 h.f,,.. 
provided that it* tt.xig and motneat m» unnlterwl. 

In li^. 21 , li t Att Ik> tho arm, mil r, r tlio forwn 
oonpli': Hf A nml u introcium uny oqiml foiw» * mimI # iii'iiojf 
alonff Ail and in opponito dirndiom. IM f bo tW «»i‘ 

p and « at a, and lot p' hIm) 1 »« tho mwltaiit of » anil « at ti : il«< 
linoa of aotioii of p' and p* aru of oounw j pnalmni p*,% 

^okwarda, and ft«m 1 draw 11 a' |ior]>i»iidioular to aa' : tiion I ho 
fow»»« p' and p' form a tamplo whoao arai w and r»ot» of 
whow fort« >« p'} lot«AA'aid| tJiOII A' 8 MiA«»iu#; p'«iPt'<(«»W»j 
8 ms p'wwi 0 m p cot 0 j and 

the momout of the new eoupb ■■ p' k a'a 

■t pooaoodx A»aiii# 
m PXAB 

■t the moment of the oriifiiial oottpl#, ( 37 ) 

It will b® obicrvod that « in arbitnipy, and lliat § aint o«ii. 
Becjucntly tlic loiifftb of tbo new afm, a# bIoi tSic fmtw of tti» 
now couple, du|Hmd on it ; roni<«t{Ui>ntly fbi-y arm alao arbitrary 1 
but they are anbjeet to th« eoiidition (37), wttioli r«<*niire« tba 
now wupb to Im iwjuimomonlal with thw oriifiMia one. And 
thus it ap|i««i* that a wuplo ia oquivaltnt U$, and may ba ra. 
plaiied by, aiiotlipr wupb, of which the moment b the inmm, 
the foiws are in th« same plane, and th« arttM have a wmmon 
extremity, 

(lombining this th»wm with th« praredinK. we etmelnde 
tlmt a eonple i« equivalent to, and may Iw replmwl by, any ..ther 
t'quimomentol and ooanal couple. 


48*3 Now in all thim* traiwformations, the ukis uf the rtmide, 
that is, this direction of the line abjiit whieh the ifoiple tend* 
to ttiiiki! tli 0 liiicij hm m»i Iwii ttlkwli iti# artii muj iini 

force have been ,dfer«l in ,HisitioM, i„ U^l,. 
and the plane in whieh the forvea act haa lawn ebaniretl JV„m, 
anyone mfo any other pamlW phu,*; but the norwwl to the 
plane, whieh >« the axis, Iiim conUntiMl umdtotwd i and the 
moment has eontinued the same j and th«w qnantitiea ««„ol 
ehitnyed Withont eh«n,r5«|f th« amwt of the coplej the 
former of these Uien hm »i fixed diPaetioo, and tlte biler ta »»i»e4 
quantity. It w convenient, a* of &n«i ^ m of 

fiiriw Clf Irtitallllll, t# itift 
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representatives j and such we slmll obtjiln, if ninny {It** wv 

take lengths eontaininf the same !iHm!H.r t»f linear nnitM jw thi* 

moment of the couple oontoina naite of pswwuw. Tfnig if the 
force of a couple -is 4 and the lonyth of the jirni in a, th,? m,,. 
ment is represented by the nnmWr 12 j b»h! if »h»«y the a\i»i 
12 linear units are measured, this length is it full Htnl liih'ijnute 
representative of tiie couple j and moreowr iw eonplos may he 
right-handed or left-himded, that is, have jsstifivo or ns-yniivc 
signs, so from a fixed point (the origin) on the as is tmy the 
line be taken in one or the other direetion, anil thns iinlimto 
the sign of the couple. Now this line is teehiiiiHiUy itillwl (Up 
axis of the couple, the word being nsrtl in a mtma* diflerent to 
the former one : there it indicated line of rotation only ; hm it 
indicates three things, viz. the line of rotation, u finite length 
of that line measured from a given point on it, ami the lUrertion 
in which it is measured. Ihis axis therefon* fully iletmnimw 
all tire ciroumstences of the oouple. Some wnfmiioii may arise 
from the ambiguous use of the won!, anti therefore I ahall 
always take care to qieoify axis as to rotation, ami axis as to 
rotation and moment, by tailing the former ami 

the latter moment-am, bearing in mind however that the latter 
is indicative of direction as well as the former j and when catu|tles 
are said to be ooaxal, it is with respect to the former meatting 
of the word only; and when two ttouple* ar« staUtwlIy wjwi. 
valent they are ooaxal and equimomtaital. 

49.] The following tiheorem* conwm the compesltion of 


t 

TmoBKM IV. The resultant of many mixai eouples is a c«ia*al 
couple whose moment is equal to the aJpbralea! sum of the m... 
ments of the component eoupUs. 

Let the forces of the seveml couplea !» r„ . . p, j w,d the 

lengths of the arms m that- tlmir moments are 

Let all, by virtue of fheorem 11,1*. tram*- 

toed to the same plane, and let all the arms have « mnmnu 

^treimty; agam, by virtue of Theorem HI, let all U- Imns- 

Wd mto eqmvalent couples with arms of the same length, 

equal to r, and let the forces thereby ohantrMi lut « ' « ' » 

so that ^ /wangBU m i, . 

bout their common extremity, and baotnim em«oid#iit ; thm 
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tin* *'t' it iw f. ami »t Much f»xtr«itiity then* uiv I'nnal ami 

t»t‘ wIhcIj |»t th« sum be a, where 

“"*•*'+ ‘•.'+ ( 29 ) 
m that tbi* »*f the nwuitani eouplo is 

Sf SB i*|V4- i*,V+ . . , 4-p,V 
m 1*,^, + P,/>, + .•• + »•« iP* 
m Z.Pfi! ( 80 ) 

iiist is, tlw (iiMnieiii »f the resultmit C!MU|>le is to the sunt 

of the tiiiiiiH'iits of the seveml tMuuiMiiieitt 

If jjtutio of the an* nepttive, the fun*** taftonging' to 

thent will in (*i0) have negative signs, anti a will la* tajuat to 
the liitferenoe of the forews wliioh hav« jaMitivo signs mul of 
tiuaa* whioh have negative signs : ami the same nwuli will 
a{*)*ear in (3t)), m that the rtght>hanti tnemWr tienottw tht* alge- 
himiml snm. 

The inoinetit>aais of the resultant is ntual to the stun of the 
momant-iuwi of the eointionont muiiles. 

Two ttjuimonwntal anil ®t«*al eonplw aeting in ojipiwito til* 
nwiions evkietiily neutntiiae iwh other. 

A elcNie aiiaitigy #*ists btlween {waUel fon« of translation 
appliutl at the same jwint anil emtaal oouplwi s in either wse tlm 
etfeot of the wwiiitmit is ei|Uitl to tlm algehimi«l sum of tlw 
elfeets of the w*i«|s»nenta. We shall t«<» this analo|0‘ Ihrthw 
In the sucoeeiling Artiole. As to th« grometrluaJ wpresimtativiw 
of the eBWts, in the t«*o of oouphw the moment-axis may bt 
transferrwl {larailel to itself in any nwtiner } in the ease of fon*i*8 
of tmnslation, the n^jirewentatlve line isin, by the prineiple of 
tmnsinissihiiity, hi* tiansferwd only along its own line of aetwm. 

fid.] Tmwwxm V, If two lines mtwtiug at a jioint reprew^nt 
the iiioti«*«t*a*t» i»f two «»Hples, tin* iliagtmal of the parallelo- 
gram originating at the same jpint, and of whieh the two lines 
are *i4|»i**-nt sides, will reproseni the moment-axis of a single 
wjuivnh'id, roiljtle, 

Hnppiw tw«« ronples to aet in planes which are inelimd to 
eai’h other at an angle yi let the ooupks be traiisfernsl In their 
own plttto's St* a#, to have the same arm lying along the line of 
intenssHlton **f tin* two plimes } IW the fiweee of the wnples thus 
twnsferreil Is* r and n. And, %, SS# let am b# thfi common 
arm, and let ns »upp«fi» it to lie » the plane of the tm,pt>r j then 
raivK, vot. m. ' * 


68 OT COKPOSITION or i:,i. 

oompomding p and Q at A iato a ainglf tt. md r mul y at 
B in the same way, since PAQ * y, w« have 

K>ap*+ 2 pqcMy+%’i ‘,;U) 

and the B at B is equal and parallel to the » at 4. At a ilmw 
Aa, Ah perpendicular iwo?®etiTely to the |da«.-« eiiu-, 
and of lengths equal to the momeiit-axw of t he 
plete the paraDelogram kaei, «ad draw the dbgiuwl j fhiut 
AC is the moment-axis of the rwultont wiijile wlw*w arni i# i tt 
and whose force is a. For sinw A««if x a», ami 
therefore ka and kh are proportional to r and <i, that is, to a p »m.! 
Aqj and tibey are also perpendicttlar to tlusw liiw^, aiwi Mr«« in 
the same plane with them | therefoi^ the diagunal Ae is |»-rj»»u»- 
dicnlar, and proportional in the aamo rati«, to as; tlier»*(l»re 
Atf e=RxAB, and is the moment-axw of the nwiiltant i«iH{4e. 
Therefore, if a» and Ail awt tho mon»«nt-a*« of tw«» Ae 

the diagonal of tho pMidl«l^fra»i of whieh *« anil aI «r» the 
two adjacent sides is the moment-axi* of the nwwltanl eonple. 
Hence if I, and M are the mo^wnt-axiw of two ixmidiw. and ar« 
in^ined to each other at an angle y, md if a in tb# nwiiiieiii* 
axis of the resultant eouple, 

■ 6 * as l^48Mf e«iy+«*. (Ml 

Attention must of course lx* paid to the direolioii of lh« etmple } 
thus, if AO is the momeat-«ds, to an eye planed at a and look- 
ing along AO, the couple k right-handed. 

Hereby also we are anthorixed to riwiolw a oowple whose mo- 
mwat-aads is given into any two oonpki, sMieh ttoit tWr iwiment- 
aMs are fire sid^ of the pawllel^pnoi of wWeh tb» irfven wo- 
ment-axis is the diagonal. And toe Bttwlwr of ways in whieh 
suto resolution <an he efetled m Infitiito. 

6 I .3 If the moment-as« of two eoMplea im pwi|sMidi«»nlar to 
each other, then y = UO® ; anil 

o*wf,»+ll»f (S 8 ) 

if \ is the angle between the rt»t*fioB«axii!S of 0 aotl a, then 

IsstjeosA, aiwOMnk, |. 1 li 

tan «» |Si) 

a couple therefore whose mitMiiut-axiA k n m.u U- i.-*- h. .i 
any two couples such that thi-ir »r. ?}.. i. . t 

the rectangle whose diagonal is tin- gi*,-!, 


iH«i> » «iu|>k% mum moment-wog m o«nuu t<» «, luit is 
in ttii nmitralixet h and «, and tlw whola 

mtem M in e<]uiiibriuin. 

AIm* f’r<*in (d;.*) by a prcwmt atmlogoua to that of Artinln 21 

wt* t>an »!«•» that if, tijr. 26, ot, om, on wpmwnt tho nioiiunit- 

aattsu wflliri'r i tntjdi** i,, «, H } and if MOHaia, Kotaa^, nun say, 

and if . 

I. « M 

attt a Mill (i *>n y ’ 


tluai iha thmi e«itiida« am in wiuilibnuw : and t'onvemlv’. if 







ooMmmoil or rARj 114 .ii. ? 


retperliwly. li«t Um* mm »r ih*«« j • , 

takes; »wl let t., v, i be tli» nwinem..**,, ,4 t|,„ . 

.wpet^ively ha?« dietr nit«ti»n.Mm mitwilrw nnh n„. 

.t,/, «, T 1 «w ail tiM etanpanmt o»a|»hM ««» ,,, 

whtt«. raMjw^ ai« |*fpe«dN-«W. 
other two, aad ofirhiMli ttw mmmtimtm •fP 
Let «* fiirthw eonpenad Umm llifoo «.m|»W 
nwHitanf monentHuiw dP i. nd m 1 tWa by j sa;, 

^ «>| , ,w.k 

w«» othwi if 0 M ^bt rewtlaiit 

a* at.* 4 - 0 ** 

Lit X, e b the dii*rti«B.«„^ «r IW «r « , 

«»«» fcaoeoiA, a 




M 

l» «i ■■■" I 

II 


If ^ *.*!? liw I .1. 

into thn* omp^t BwMotHu* m « 
to wk olk«. K h to H. IW.«, 

tlM Itiwit midlliailiai or. onklm .ku ’~™“ "» 
to MU i„ if «.,,u Ikm* “* “ “ 

analogy arhkh ban tbos baru twtou.i # , . 

udofco hX™ »»XT«™Zi2^ ■"' 

totokiwB, , Ml .,a . taoTSlilTi '';r"i»7«toi..« 

kuby kww. doohl,. 

^ to ...pK tt.t I., T. 

well aa with wiMa to — J. _ . ^ mmiiowp m 

*’««»» i» the othw^.la^^^^ iif tlie .fi«l.,gk„w 


Sionojt 3 .— 0 » ^ . . 

•«-. -Mck » rot 
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53-1 


Ijt't tlw* plaiu* in whifli the forces act Isc the plane of {x, ; 

and lei the erijfin o he, 27, any point which ie in, or rigidly 
eouiH'eled with, the body j and let the forces he p,, i*„ ... r„, of 
winch let I* he the type: let p„ p,, . . , jb„ bo the perpcndicuhu-s 
frtnn the tirigin on their litn's of action, of which let. p he the 
type-per{H‘ndi«‘«lar : let (x, f) Ims any point in the line of aetimi 
of the type-fom* e, and lot a l»e the angle Indwcen the line of 
actiiu* of I* amt the ani« of a* : then the etnmtitm to the line of 


action i>f I* is 


afsin a— ycosa—p aa 0, 


to that *»f I*, and acting In op{»oiiite directions, he introdneed nt 
the origin «>j w that instmd of the original foreo p, wo have 
e acting at o in a pitmtlel line and the same direction, and a 
wHiple wIhmo tnoment is vp and whoso rotation-axis is perjwn- 
iltenlnr to the plane of the force*. 

liot I* at (♦ he resolved into two forces along the coordinate 
axes, vix. petmo, »»»! Psinoj and let all the forces he siniilnrly 
traiisfornicil ; then, if x and v are the resultants of the forces 
severally along the axes ttf j* and y, 

X ** 1% ctis «4. p, e«wa4’ 4P»cos« 

a«e«w«a.t'; (38) 

V m p, sin a f p, sin a + . + P, sin a 

m sin a 3.P. (3P) 

Alw the moment of the tsmple mixing from p i« wiua! to Tp, the 

. M M ... 1 * i * j.. 1 . 1. . m. ... f m t 
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64] MW tibrt dl I1 m» forcw* iin« r*j^i.|r 

reduoefto « foiM ■! «f» in otkw wonii*, f Ji.,j „„„ 
for(^ a will hftv« tlw •#*#« eftnt on th** Uwly » alj ij|,, 
impressed fon«si taken k «»»y«atiatt. I#'t n b* tlir 
wMek tib line of aetioa <rf » is inolinod to tln» «^w «»l* #, *ij 4 |rt 
(S, I) be any piat in th# Mm of aoiioii of «. ami r iJn» fmjvu. 
dLcubw distaoeo from tike ong^ii on it- TTiow dt « 

two, forws, eaeh equal to 'li ndlli iMoie liowi of m^tMm jmmllrl tw 
that of &, aad aetlof k dtiortiona, w» Mow ft.rw 

of transIaMon a aetiaf at ^ Mk m%tn, muI m mupy « r ; m-htrnv^ 
resolviagBatthe oift|^ aki^ tib moidkato mutm, m$tl 
the resolved isirts to th# tna of tfee wwivoj j«fi# of ibp »m. 
pressed forw, we have 

; ^ , HOMO at 4f0ai« ai I 

Ksino as Aralno as Mnoa.P| I 

thmfore *1 ( 4 f| 

that is, the rMidtant k ^oal to th» aliivtinumi aom nf tho eom* 
poaeats, and its iino of Mdioa b {nuniMet to tkiM of iki iwvafii} 
components, 

Also the conple tf, dm to tho twuitiint t, mtwt W i*i|iiia to 
^ "*I“ so'* 

and thus the fhrw fii dototmiaid m to mafnitiwto. line «f 
aotioi), and dirtetiwt. 

lie equation to its lino iMjt tlttMi Mo fototd. Mo. 

pkeing r in («) k tonaa of f akl jp, tlw onnMit iwofdiwitoi of 
the line of ae^ott of a, w« ktfo 

KPil»«-.|00i«) as 0| (II) 

.% Imro-|«qi« ■ jj (IS) 

whik » the «qu»tit»a rwptiraC 

We may however employ tit tlrididi km of tin. o.|itiili.n, 
to a toght hm i m witieh omo kUbt •qMlIoim to tW him 
ofaotioaofp„r„.,.p^b» 

«)*»«, 0, ... ^ a e, , toj 

Whmaw^ length of the my r) 


h:?' 


56.3 ClOTHl OF PARALLEL TOftCES. CiJi 

which w tin* tmiiatinit Uy the lino of action of e; ihkI writtou ai 
leagt-h it 

j- fm n X. i* «in o a.p — a.pjo SB 0 j (IS) 

aiui thcroforo the perjunHUoulwr distiinco from th« origin on llu> 
lim* of notion <tf « it « 


W' 


Tlnw if the «}natit»n» of the lines of actionH of the sevi'ml 

jiarnllel fortiw nn* given, that of the lino of wtion of the «*- 

Militant it given hy (m) or (48): and it k the locus of point in 
the plane of the foroes with refereooe to which the sum of the 
moinenfs of the eomponent mtplee vankhiw. 

55.3 If the ftnwi a» in equilibriam, that i«, if the system is 
what we shall I'all an etptilihrium-gyatam, whatever {mint is 
taken m th# orifin, the partiol® at that point is at rest, and the 
moment of the c«m|>le {iKMluoing rotation about that {loint 
vanwhtw. If this is the eaw* we must have the two following 
conditions j via. 

R OS 3.1' = 0; (4!t) 

<» SB 3 . 17 ; *3 0 ; (50) 

and tln»« are the conditions of fKjuilihrium of a system of 
piinRilei forces. 

If 3 . 1 * m 0, and x.t'fl is a finite ({uantity, then r sa (), 7 ■» po, 
and the for«*s are mlueihle to a couple whose moment is a.pp. 


It will Iwt fdtwtrved that a.p which it ivjual to r is a (juantify 
independent of the poaition of the origin and of the eisinlinate 
a*i!sj imtl is awturdingly an invariant. Not so is x.vp or oj it 
dejsuids on the {Hwitton of the origin, although it is indeiwndent 
of that of the cotinlinato atM. 'fhe law of dependence will he 
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IMS Suppose that an equilibrium-Bystom coiwintB uf « i.amlK4 
forces of Lh of which the four iueulcul. utv -n.‘U : what 
conditions must it fulfil, so tlmt it shuuhl h.* uu .-Huathrum.. 
system, when, the direction and point, of app u'atn.n h..uar 
Lhanged, the lines of action are all turiual tu tho ^a»o- .hr.v 
tion in the plane of the forces through tho .an..* an^^r ' 

As the action-hnes of the forces art* all tuMwal thnaitfli tin* 
same angle, the system after the displwH'inent i*. id#.. of 
parallel forces. Let tj, he the toreea, ami let (x,, f,) 

v ) he their points of application, ami let « !..• the 

angle between "the new lines of action and the #-»*». Tti«n 
the conditions of equilibrium of the displmaHl system «r*» (1) 
2 _P — 0; (2) 3.pp ~ 3 ,p(* 8 ino^— yeostt*) ■ 0 ; the loimer ot 
which is satisfied because the system was orifinally in 
hrium; and as a' in the latter is indeterminate, we iiinst have 
a.P«=sO, a.pymO; (SI) 

and these together with a.J » 0 are the ectmlitbiw rmjiiiaife 
that an equilibrium-system of parallel force* should nimt W an 
llilibrinm-system when the linm of aotion of the forw vm «H 
turned through the same angle in plane «f the forces. 

Rom the^ conditions we have lie fidbwinir results. Isot ns 
suppose the equilibrium-system to wmist of « fonw* s,, i*„ . . P, 
whose points of applications are (#„ f,), (»„ #i) (x.j'J and of 
a force -a, whose point of appliwktion is (*, ft i then a, aeting 
along the action-line of — R, will nentmUsm —a, and i* wnso- 
quently the resultant of the » forties Pi, P„ , . P,| and the 
prece(^ng conditions become 

a =5 a. a, »1e m t.t*, %§ m t.tfg, 

' . a.PiS 3.P# 

KM,: ;* :. - ' tt ».P ' 

y .Hf; 

*' tt a.p\, 

which are the coordinates of tlie point of applhrntimi 
resultant of the n components, and are the sanm whnl»»v»'r k 
the angle through which the action-line* of the fofvos are tm itril 
in the plane of the forces. It is for this wis»«t tliat the j*«om 
(i^, y) is called the centre of parallel forewt. We shall Imrraftrr 
have many applications in which the jwiiiitbn of it i» of great 
importance. 

fthe centre of parallel form is at the >»npiu. li.u. 
f forces, and in tliat reference, » w. 


(Si) 



PREFACK. 

to their contributors, wliost* nainoH nn* fo tunti.v 
to be mentioned here, I teiuler in.v arlu.ouh-.h;. 

^^Rrferences are made to the wTond e.lifh.ns .4' 
the Differential and Integral Caleulns. uhuh nro 
the two preceding volumes of this {realise ; and 
also to the numbers of the Artirles and id th** 
equation as in these volumes, I'he ealluipiiHl etjli* 
has been retained. 


11, St. Giles’, Oxford, 
Nov. 3, 1868. 


OK KOttCKfi IN ONE Pf.ANK, 


If tin* wywlcm t'uitHinU of two ibm?H i>, and 1% aj>j)lk>d at the 
poiatw t,r,, y,S (.r,, /,) re«j*tK>tivoly, then 

r A _ ■+ . 

r, -I V, ' ^ " K, + 1‘, 

amt if 1% ss — f, , .r ssj/ ss sc 5 consofjuently, a« in ti«w caai* tlie hvh- 
Um is a couple, the centre of a e<ut|i!u i« at an inthiito difttance. 
If the fxireenri' all etpinl, viz. i‘, *s p, then 

#88 BS ■ • * — -I-.*, 

«l* « f 

^ (S8) 

and the ^•<*«tr»* of parallel f«r«^ is the oentrc of nieiin cliatancoii 
«if the {Mtiuta at which the fomja are applietl. 

nie following are examples iu which the centre of parallel 
foK«»« i« detertniniHl. 

Ex. !. Bupjwse «ix parullol prcffluroB proportional to tlu! 
nnmlHTs 1,2,., tl to not at points whose coorditmtes are sove- 
rally (~2, — I), (— I , <>)i (‘h !) •• (•'t, 1) l hud the resultant, and 
the centre of tln*w* parallel fori’es, 
u as a.e SB { 4 2 4 

83 2) i 

s. rx s3.«-2“24“t4 ltl4 IN 

as 28 J 

S.ry as-l +3 + 84-1S4 24 
-a 48 } 


1*. a. At the three angular point* of a triangle parallel 
forces arc appliwl severally proportional to the oppt>sitt> sides 


m GOMPOSmON OF FOBCES IX OXK PiaM:. 

tlie angles between their lines ofm'thm jii«i ibn !..f 

Pi,P» ••■P« be the lengths of the perpiiilienlorx •Ir.iwn iV/.iis fh,. 
origin on the lines of action: ami oftlim* n»iimtiltw Ift r, 
and jij be the types : so that 

^ jB = *8ina— jfcwo. {.’d' 

At© let there be introduced two fortvs ttpial S*i i*. wjU) shi jj- 
Knes of action parallel to tliat of i*, ami in «!tr«>rfi,»n *; 

so thatj in the place of the original fim>« i% w«* havi* r at 

0 in a parallel line and the same dim'tion, am! ii «!«»«* 

moment is rjj, and whose rotttbn-axw in pi'rprmlirntar t<» fin* 
plane of the forces. Ijet Fat 0 Ih* rmdwl into tbu 

coordinate axes, so that pcosa net* along tho «%i>i of #, timl 
rsina along that of j'j and let all the In* niiinbirly r<'- 

placed. Then ifx and t are the sntna of the resolve*! |>«rt« of 


the forces along the axes of * and jt nwiwvtively, 

4„!5= Pi cos Oi + f» 0 (M «| -f ■ . . + WNK 

csa.PccMsa, (8S) 

T ;?! Pi sin fti + F* «n «i 4- . • • + wn a.,, 

; =2.psinaj {ftil) 

and if a is the resultant of X and t, and a is the angle Iwlwwn 
the action-line of % «ld the #-axi», 

C8I) 

eosass-, tinaa-. (SB) 


Also the moment of the couple arisiii® from r i* p/ij the ten- 
dency of which is to turn the body the aaia of # t«w»ivl« 
that ofy; and as a siaaikf couple will arkt IVinn every one of 
the forces, aid as all these coaplea art* ooasal, the infwmnt of 
their resultant is equal to the w« of the Monionta «f iho r,.m. 
ponents. Let o be the moment of ttw wanltanl } thfn 

» Sifj: 

= 3.pa)8ma-3.»|feo#«. 

58.] Prom these results four eauoa ari«.} (|) tJiaf •» wldeS» w 
and G have both finite values; (2) that in whieh n i* huU. .nd 
e -- Oj (3) that ui wbieli it « p, « y 

rideratil" ' “*< 


t uMl’itfilTluN ur r«>Hi KH IX »»XK I I. \NK 


59*J 


I* I 


fir I in whii’li « ami « Iwvu bath l»in!<' i «!ur« i» I hat 

i» which tlH'Hf n^iiUanta arc wjuivalewl l*i « itiiiKh' ui 

traiwlatioli wSrii'h m’l» iih>ii}|' a tk'finit® Iiim’ kI ucIiimi. I »ir h i 
llii» wit«»tHJ juiiHu’iit IK Cl l»e lunit’c! abtiiit il» r«il«lM»n-n%i» 

uiiti! ilH arm in jxrjfmlicular to U»» artiaii-liio' «»r h ; ai>«! I« « 

I lit! h’Hiftli «»f I hi* arm of il m t, and lli» fam* m », •*» I hal 
ri! u. Alw* let I hi* cmijilB Iw ao idawd llial film «»f >1" <• 

iii'if! ahtiij' ihi* aHiaii-liiii* of till! raauitatit of traM»lali*»»i, at»4 
a (liri'rfiiiii iippumil*' l« that of that ntanllanl ; ami tlm «th#*r m-U 
ahtiiu « liin* jmrttllol to tlm rcwnllant, and at a dittamn r from it. 
Then om* fon**! <*f thw w nvulraiuuNi by lhi» nwollaiit of 

traiixhifioit, hilt i!m« otbor fom* romaina. and i* th« final aiiitfli* 
rinoiltant of Iniiwhitioii j and m ita aotiutt>liite m jai»IW tn that 
of the ofiKiniil nwiiltant niid at a diatatwo r fiwiii it, «rhi*r» 
itraisa, if # and y art* ita nnm*iit (iwunlmatoii, fap^aina-yrosaj 
and eitlicr jrKKtna— y kikwh aa ii, 

or bb a, iiii) 

ii the cxjUtttioii to tilt! iictioii-lirii! of a. 

If the ecjiiutioiia of the aelion-liinsa of the »»»vi*ral r«m|»ij|ii»nta 
are given in the tmliiiurily ahriilgt^ti forma of tiatation j that t», 
if Oi ■■ 0, 0 | M 0, . . . as n are the iniuMtiotw to the iiiiw along 
whieh r,, i*„ . . r, net, tlien the i*i|antioti to the iicrtioii*liii» of 

r, «. + 1 ', n. (M) 

m fill 

tif %fhmh dmUm ttiiil llw iif tli« 

m tlw liiriiii tif iminU tit !« wIiipIi tin? tiiiniiptil 

#f l!ii* nwltmiit t.«iij J# fmimhm* 

fifl.J TIttt mwtitl imm m thmi m wliirti i i# fiiiilp* iiii*i i« « «. 
Tlti« w tlifti fiiirtiriilif Ilf III# pftnmlmg ,%rtiri.% m %% liirli ilin 
liitf# il Ilf wn lfii» »« »if nlurli 

llii origin Imn hmm tiikrii* 

Jii III# t liiril iWf*.! U S il, mill n w fiiiitp. iirrp llir hmwm mm 

ri|nivfili»i:ii tij II I’litiji!# nin^tf iii<iit|p|ii t« mi4 ilir *4 

wliirli ill iiiilpjiriiiitiil iii’ lli# nf iIip iti lli*? 

til tin* 

ill fiir I'tiiirllt rii#r g -r «, iiml i, n , timl t#, ii<» 

rit tip* tO'lgill, I4l|ti ig Hi* Ittfrr I*f 1^*11 lr||€i|fi|| ||f#H 

lip* Ilirtilit III! 11^1# h* lllp j4sllw« >*f lit# fm§r*'^^ 

llinl ii| %B iiij |•rl’##llrl’ uf iin ilnt »ri^in, *tiil fi*> 

j«rr'*i'-«iiiv %4 fuiuium ttliwisl tl , m i#ilirr i||© 


i j 
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I <•* >. 

eqtiilibriuia and the Ix^y is at iwt* xin«*«» hj rraMm ©f 

( 67 ), wllcnB=0, x*:0, Ya»0, tlim* coiMlifn'llW iJIU-t 
by a system of forces, whwe actio».lin« arti in oiw j»bim, w!iic}» 
are in equilibrium ; vh. 

X w a.PWWa as in I 

OsaS.ep *0. I,;;, I 

As the origin is arbitrary anil tim ilinNniiniw «•!* tb«’ uni 
also arbitraiy, a qistom of forces arttiig in on«* »»» a Im4y 
is in equilibrium, if the sums of tbo iwolwl j*«ry of tin* f.in***# 
along any two straight lines in the jilsne jier|H'ii4i«'njiir f« ofio 
another vanish, and if the sitm of the ntomrniti of fhc fiim?* 
about an axis |)erp«adlioular to the plan# «1«» vaiii*b»*. 

As the three conditions given in (HI) ami (lU- an* all that ,*Hti 
in the moat genevsl case Iw rtf|uirtxi for tlw ei{itiiiliriiiw of a 
iqrstem of forces in one plane, they show that the timiy on 
which the forces act btti at the mwt throe tIegmM of fb^t^oni j 
which have to be wrverally nentralisiil. Tlwrw aiv two ilisplacv. 
ments of translation abng any two lines whieh are |M*r|N«mlieular 
to each other, and a ditphceroent of mtotion hImmiI an jMtr. 
pendieukr to the plane of tlm form. 

If one point of the body in which the foree* net is llveil, and 
the point is in the plane of tlia fomi, the My r^n have no 
displacement of tomshtion, and this eiwmnstanee Mtisdni the 
first twowiiditione, via. (84)j and this eflwtl is alwi i,iherwise 
maaif^, inasmuch isi the determiniitlMn of a fwint nspiirwi two 
conditions, and these way he the first two of (iH). 

If two points of the My are flxeil in the plaim in which the 
foi^ act, the body !a mtinly fl*^, Thitse rtrviirfislamriis 
indeed give one condition in exeeas of throw whirh aw rr-ipiis»ir ; 
they give four condiiions, wberras three are siifliriwii i*i 
(04) and (6S). 

The four preceding mm ihow that when a liinly i« 
by a system of form whoM aetitnflinee am in oim plsim*. i}»* 
system is either one of eqollMnin, or is mlnrihlo i«i » stoL-b* 
force of translation, or to a idt^ oonpio of r«»taiinii, 

6 O .3 llie examples in which the ei]iiatinus nf n, 1 < 

and ( 65 ) are applied »m«rtiemclyiittB»eivmss mid « 

wal b« fomid ,I ,„y „r the tndiury nlleelini.. ; il „ 

“'T“l '""-P • «•» "*!•- tt... 

modo oi applitfation, 

■ 
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6o.] 

Kx. K A lie;ivy itiiifiiriii \mm\ ab rmtn in a plane, 

fig. 2H, witli line eiiil a on a smootlt pliiiie aiul the 

other eiiil ii iifiitiiiwt a liitiiitith ?ortii*ol wall: the <*iul a m pre- 
viniteil froiii hy ii horiisoiiital atriiig of given lengtli 

fitHteiunl to the end of tint heiim nml to the wall: detenuiiie the 
tein^ioii of the Hiring and the proiiiireg apiinit the hori/*oiittd 
jdiiiie and the widL 

liet the length tif Ihii hmm lie mid let w he itg weight; 
whieli, iw the lieiitii i« liiiiforini we may »nppo«e to net at ita 
iiihhlle point « | let li he the vertJeid preagnre of the horizontal 
phiiie agniiiit the heitm | and u* the horizontal preHHure of the 
verlieiil wall, atttl f the ttiwhin of the horizontid Hiring At: ; let 
II Af^ SB a, wdiieli m ii known angloi iw the lengtlm of the heam 
and the firing are given. Then eqiititioni (IM) and (US) heeomei 
for horizontal forati| t « 

for verlietd foreeg, w ss a; 

for inotnenta ahont a, %Vft eon a ■=; a'''2ri mi a ; 

/* u r = rot o* 


Kx. 2» A heavy iiiiiforni heiiin rirnta on two given amoolh in* 
eliiied pliiitw ; it m reipiired to hnd Iho poHition of the hefiiii, 
atid the jinwi^iireg nti the pliinea* 

lad All, fig. *iP, he the laaiint wlami length m 2ii, iitd wlioae 
%veiglil in w iirtiiig iii Ifn^ of gmvity o j let the inolina- 

tiiiiw of the jdiiiieH At) iiiiti no to the litiriwiii he reajieetively a 
mid ft I and let the inrlitiitiioii of the lieiiin hti ; lot it iiiut It' 
lie the prwmiren i»f the jiliini^a on the heani, and the linii« of 
iieltoii Ilf wliieh are |ier|ietiilieidiir In the planea hy reiiHuit of 
their Then we have 


lor liitrizoiittti fiinw, iiainn « u*mnft ; 

Ifir vert.it7ii! forre#, w m a con a | ifmmfti 

fiif iitiiiinnili iilwiiit ii| liii pm{i»^0} a ii'n p tf) ^ 

2 «ii m »tit ft * 


tm0 


mmtft ^ , Wiiiio 

iiiiffi'f PT* iinfap ft) * 


tA, -'I. A liravr tiiiifwrtii la^in Att, tig. in, rmts wifli one end 
A aipoioA. a ttrlkiil wall, mid the oilier a ii liiHleiietl hy 

» tdriiig ill i4 ^mm kiigtli ki « pint c i« the iialli llie 
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axidthestriiigareinavi>rt»ni!!*l«»'-: '? iv-iu.iv.! ! • -! J, n, ...... 

the pressure against the vvuil, tin* »( tlw •Irms, mu\ tl..< 

position of the beam atwl the string. 

Let AOsaBssfl, «< i, 

weight of beam=aw, tension of string- r. j.rrv,ur.' .4 oalS n, 
BABsestfi m’Kss,j,i 

It != f I.in 4 ; 


then for homontal forws, 
for vertaeal forces, 


W as 


for monients about a, w h sin l» b t r sin .|. ; 
e sin (? ■* a* tun '!» ; 
and, by the geometry of the lifur*», 

6 2a * 

siifd ** sin 4 sin (tf — #) ’ 

, s' 

1 


2a ' ”“'8 i * 


3 

mi 

whence r and T are known. 

®iK. 4. A. system of forees aetiiig on a rigiil Isnly in i»n» jjlmw 
is represented by the sides of a piano elwtod iiMlyii;»*n lakrn In 
order ; it is required to determine the resultant. 

, Let some point within the poiygtin lie taken fiir the oriifiii, 
and two lines drawn perpwditjnbriy to wh othor for wsmli- 
nate axes. Iiet the laigth# of the siilea of the polygon la> 
h) h} «nd kt their angfes of inotinatioii to the aais «f # 
bea„«„..,a„, and the pwqwndienkrs from the oriifiM un the 
linos of action be at the orkcin let |«ir» of wpial 

and opposik forces be introdu«*4, equal ami jmwII. 4 III 
along the sides of the polygon t m that the is rhfingrd 

into (1)^ a system of forces acting «t tie* wfigiii, w In. h S2i 
equilibrium by reason of Article 2M, and (8) » ..J‘ « . .t..4 

couples, the moment of the reaultatit uf whe b i« ..in.,! t.. 

that «, to a wiMWim *.f oln.-h sir-, 
geometrical Kqiresentativc Is twiw the ar»>a «>f l!,». |-.-f i 
A particular case is that of a triangle, Itlr 

metrical representetives of thwe fmmi of 
of translation vanishes, am! the 'twiweni of tk^ »e 04 !»i»ni 
IB represented by twice the arm of the trhuigk, rl l i 


ritillll.iMft fif »TAflCAL FtilteEH, 
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llv>* I 


l\\. fK A iiiitl ^iiicMilli rinniliir riii^ ivnin two lu)ri- 

\Hm^ wliirli iirt» iml in llit^ Kiiiiii* tu*iT/ 4 iittiil {ilaino : ikler- 

liiiiir tin* pii riieli litir. 

Ini, iiic* ri»j»r»wiit ti vi>rii«il iwilitiii of tho Hy 4 otii; p auul 4 

till’ Iwti lisir^, It atnl tt^ llie |ireiii 4 iir 4 *i^ nf tlio rin|»* ai^iiinni 
w till’ wri^lil tif llw ring meting iit itn eenire ci ; lei the 
liiigle r<H| » ««i wliieli m known ; mnl let llie intglim of ineliua- 
liiiit I** I lie ife'^erlieal of llni Ittiei cif iietiim of it niul of tt"' \m fi 
ittil f i llietii w ll'ic tliw» fumm mmi in Itie eentro of ilio ring^ 
wt litv® 


i 

•ill y 


1 

Piti^ 


w 

iiiitt ' 


Ik* IL A imrakilio riirei% fig. * 1 *J| in jiliiretl in 11 wHiriil jilaiio 
willi ill* ii^in terlirml »ii 4 eerk?x iliiwiiiriiriK iiiicl itwido of it iiiul 
mgtiiiwl II |»eg in tlio 11 niiicwlli iiiiiliiriti snicl heavy beam 
rwin : r«|tiir«l I lie jwipitioii of ri»i. 

Ul rt| l*if till'* U’liiiii of Iriigili 2 r mill iff weight w ; let «assO| 
m* * r, i*n .i '« ft ; 

*i*i 

I + %nm II 


hImi »t*T » •ri' Bi 

fiir fnif**# lilting * 

fur *, 



[•a SB <!Q as C, 


H Rill «TI> 
»rt1lll»PT 


W COifl' J 

w fr—Oaia® 


,} W 


tlial il ww# wjiiiwl tn Winl llw eiirve ae wieli tliat 

I III* Warn »1 i«mI4 rmt in *11 inmitioni* j thfn lau «ft « i 
fmiH (Wa), 


«/a ni# tf 


r aa 1*4 awaOj ( 87 ) 


ivlwri* .1 i» «M arWlnuy aonutaat i aa4 thia w tin* niinatina to 
thn Itinrlnini with mt ttrUtfai^r wodaltta. 

K* 7. 'i*u iliauttiw th* prapertie* «ati tniutlilhiiw nf ntptilibpiam 


iif s I ttg. 33 . ^ 

O l in im ll»» Una of th« baknoo ; ac «• cJit «» •< t Mini W thn 
tiilaiM-ii \m •u»|i«nil(^ by » point o in a linn jiitipniiilittMlttr to Att 
nt !}• ntMlillo iwtinta, wd ktoo m »} l«*t tin* bulaMW Itt^ Kytuiiic- 
ttitb fwpeot to Uw lino oe, sod kt lb** wtdn* «*f gravity 



;r f » ‘ tit 



■ ^ ^ ft s; ? 


#<<*i.ki«*t, %■< 

. »■« *1 

vi a.- 

k* vft.f 








t 

■i| *- 



I „i in f i 

" m 


t * 

*i* ' iii' » • c'l I - ) ^ ,, 




44M|4|#y.'»«»«'^| I* p 

Ilf 41 


1i . ^.1. # , .,, # . ^ 

^ f » ^ i » .# 

V '.^., ,. n.t •„. .,, l...^*,J.„i .* . . ^ 

■■“■' '*'”■■•’ ■<•.•>■ . ^ I 

’>. V'>..A ,. 1., -. 

m 1-. '-.ia w\.t« J ,- . 

I««..’.n..-, j 

I i.-HilMti^M. i, m t‘4 ■•■ .«ii -wImh. tkmm, |iij( |g 

* i^m , # ^ #■ 

■«# I-# i #^i»f\ $ l,i^ti| ^ | 

4 % i m *<»»f .tttMiiJ, #, «^l f, ,* k»pi, 

A -;:.►■,■,■•■ ,. .. ■ ,. , ,■■ yj 

l®l«^ , * 

^ '<'’•* J O'.-,#. Ia' « •. . ■ . . J ,,.| 

♦t'di t## #ls.t$'«‘f ^ 

> #i*w * « ^ 1^444 . .. ■ 

I # !#♦ ^ - ; : .i > - . . .| 


fc»4*4 ^ ' . - i i ^ , 

v-S.^- V : s . : * -.K i . j ' 

■^ *;**.. 1:' Wv.?t4; • .* . t .- ' :■ '. ; 

atu :. - Ui, ‘ ; t. . : . ■ .i ■ -• 

!■«•♦ 4t»tM i^g ift ii |i ^l^.M|i| 

1^*#’ #• to ^tij^ 

#1 I « to |W^II»% *1 to I 

l^= ^mm «•! #i»y^illii^S 


01 .] lo.wi-odiTios or roRC?Krt ix i»xk ri.isi-. 

to r«*t '*;»»);»)«*■ coopttinalni, yet it w t,«< m.ix-.tif *!(»• 

n.i-HW «hi<rh the rwluced weiUtonUi t«ke, if thr 

lire tililifjtui 

I^it the angle of ortiiiiaiion be «» | let the fom'# he »%> * »- * » i 

. (-f..#.) tb«f «*’ i i , 
the i-TiwiiilicHlaw fh»iii the origin on their Imi!** «» » t»' »* i 
u,ti„ ... «,j8. the angle* between the |«»r|.en4ie«bf*. U* * 10 ^ 
iiiie« .•r««lii*n ami the a*ee of Jr ami y rwj*«4i%'t4y ; lh«ii. ••>«• 
j.loyiiig the eymbob without any *«li«cri|»tsi m the ty|w.#ymwl#> 
we have for the lino of action of p 

jrtma+fmsft-~p m n. ^ (‘**‘1 

I»i4 two winal ami ojijwaite forew, «mh of whieh m i'vn»t to r 
aiul haa ita line of a»4ioM iwiallel to tliat of f, la* intwi»hM»4 at 
the origin | ao that-, iniitMil of the on# fwrw p ai»|4i«l at 
there ate (1) a j»awllel and etmal fon« at the origin, (3) » t'lmple 
whtMO arm i* p ami whim force is p. I^et the former l» rwaitvwl 
inhi parte along the wamlinali' avt***, vir.. — r »»n «, »n«l — rain ri j 
nml let ail the forw« !hi similarly r«4»iewl i let x ai»«l * l«’ the 
utitna of the re»«ilvwl jwrt« along the axi’o of * a**4 y rwjaw’t- 
ively j ilu’ti 

- X «* r, kino, } p,#in«, ♦ ♦ P,e»««, 

■i».p<*in«! 

— K « r, kin ii, -t r, *in /!» ♦ • > ' *♦ p, *in !*• 

m i.fmtfti 

iiinl therefore if a i* tho PWnltant * and of V» 
a* « t' + iatooaw-f »*. 

Ainl let M la* the nmnwnt of the rwwiUant «*ii|»le ! then 
II m ftPt + Pi^t + + P«/** 

m t.vp 

« a.p(.r«ito + y wwft)* 

If the imj»w«i»s«l fore^ are in e«juilihriiiin, « » <•» an4 i» •- o i 
a.Pkina «* n, i.piiin^ »♦ ».p/' » ‘'' 

If the «|Matiwn» to the litwa of action of the 
mr given, tlml to llie Una ofa^n of the mmUaiil $Mf th*..? I»# 
Iwnnil ; let l!*e e«|uation to the line* «f a»’li<»n of the l« i»*b t« 
#ooaa,4yeoi^,-/», w «, 

»iwaa,4y eo*^»--/»t “ *’• , 

#«» a, +y eoe |J,— /<, •«» , 

I'RU «, Vllt. III. ». 


f 4 COMWHTI**^ •»»’ ri •!!*'»>. 

tli«« in raferanee to wiy point in th*; h«4r ».>' .4 U»» «»- 

HtiUnut, z.vp m 0 } tJiewfol* wi» lw¥i> 

».r(x« 3 *a + |rtti**,‘i — /») >», 

# a.l> !*>• a +1' ».!• «»• “ * If/* « II. 

On referring to Art*. 8 H Mini u will I w liist li}^ 

wffwt* of a iyetow of forww aeting in mw |*Un« f.. iiitinlrtitHii 

urn! a* to rotation «l**|*»nd on a a»«l n, ^ * 

iwly tli« nMuttant of Inuwlaiion ami ilw wonniiiiii «f tlw* m 
Nuttont eonpio with rwprel to an arhiifanljf .!.•.■■. .•■ tj 
will Ik* olaiervedi tlwt a w ••! t» . 1 , • . tJn 

twirdinato axea, h**ii^ the aaitte wl»al«n«*r tln<% air ; it «• arr««»l. 
infly an invariant, lint not no i* o, who’h 1 * «**|niil i ] 

oiiiii)e<)Uotitly dr|a*oila on Uie wrifin, lh»»i^h if »a initoj«eiKhtnl i»l 
the voortliiiato a*o» •, thi« the value of if v*rn*» am»nl««.; ■;l.| 

pint variw in referene# to which it ia Mtitnatnl llte genml 
valne of it k dctottnindl mi follow* ; 

Lrt o, be the value of the nwiineiit of lh*» oewiUanl ttiuph 
with wferenee to and let (#■*./) li« a |Niint in tin 

Botiondino of v with rwipeet to {#„ y.lj hi that #»#,♦/ 
§ m ft '*■/ » th®n (ni), 

H, m V/-*/ 

- I 

■ «-»#, f«y„ f 7 | 

1 *li« following am* theomnna dednew)! foim ihk wn«tinn ; 

{{) It)) iMinpontig 1 * 5 ) »»»l» «!;■*• I;. ... :.i .■, - .;. . 

till* t'«<*>nhatil given 01 (ntt, it ta an-u u- .t o <:...■ .■.■L'; .> , 
uifddwr vani«hr». that w, $f iKr }»-u«i i, r: - ■■■ '> > .; ■■ i 

a.lmo of the ri'Ktdtaoi 

*»f Ijli! Il'llldtritt) . !. .! >.. 5 t: 

Uiu- <tf at-ltOli >»f the ir»«M)laOl . cti{; 1 tnr. U 1 ;'.-. ‘ 

\ Hliii* * 4 ' t|, 

It IS# u Iht'- v.t - , 

l»iinilltfl I# llii ^ ill# ^ 1 1 .v: ;. ;) *; 

ill II itmighlliw puiltl to Iti# a 

iiiiiiiirfil of i# tlir 

ir tlio m*- m v..s . 

ih » ti| ^ a 

*4 t}$r- 


